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Abstract

The main objective of this doctoral thesis is the study of existence and uniqueness, as
well as qualitative properties of solutions for evolution equations defined in abstract
Banach spaces.

Concerning to evolution equations, one of main subject of study is the study of exis-
tence of solutions. For this reason, we find sufficient conditions that guarantee exis-
tence of mild solutions for some evolution equations. Specifically, we study conditions
which guarantee existence of mild solutions for an integro—differential equation with
non-local initial conditions and a non—autonomous second order differential equation
with non-local initial conditions. Our approach is based on resolvent operator theory.

On th other hand, it is well known that concerning to evolution equations, another im-
portant subject of interest is the study of qualitative properties of their solutions. Moti-
vated by this, we study existence and uniqueness of periodic strong solutions for some
interesting evolution equations having maximal regularity property. Specifically, we
study maximal regularity property on periodic Lebesgue, Besov and Triebel-Lizorkin
spaces for a third—order differential equation and a fractional order differential equa-
tion with finite delay. In the case of periodic Lebesgue spaces our results involve the
notion of UM D-spaces and the concept of R—boundedness of some families of opera-
tors. In the cases of Besov and Triebel-Lizorkin spaces our results only involve bound-
edness conditions for some families of operators. Our approach is based on operator—
valued Fourier multipliers theorems.
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Resumen

El objetivo principal de esta tesis doctoral es el estudio de existencia y unicidad, asi
como también, propiedades cualitativas de soluciones de ecuaciones de evolucion
definidas en espacios de Banach abstractos.

En relaciéon a una ecuacion de evolucion, uno de los principales temas de estudio es
la existencia de soluciones. Por este motivo, nosotros encontramos condiciones sufi-
cientes que garantizan existencia de soluciones mild para algunas ecuaciones de evolu-
cién. Especificamente, estudiamos condiciones que aseguran existencia de soluciones
mild para una ecuacion integro—diferencial con condiciones iniciales no locales y una
ecuacion diferencial de segundo orden no autébnoma con condiciones iniciales no lo-
cales. Nuestros métodos estdn basados en la teoria de operador resolvente.

Por otro lado, es un hecho conocido que en relacion a una ecuacién de evolucion otro
topico de interés es el estudio de propiedades cualitativas de sus soluciones. Motiva-
dos por esto, estudiamos existencia y unicidad de soluciones periodicas fuertes para
algunas interesantes ecuaciones de evolucion teniendo la propiedad de regularidad
maximal. Especificamente, estudiamos la propiedad de regularidad maximal en espa-
cios periddicos de Lebesgue, Besov y Triebel-Lizorkin para una ecuacion diferencial
de tercer orden y una ecuacién diferencial de orden fraccionario con retardo finito.
En el caso de espacios periddicos de Lebesgue, nuestros resultados involucran la no-
cién de espacios UMD y el concepto de R—-acotamiento de algunas familias de oper-
adores. En los casos de espacios periddicos de Besovy Triebel-Lizorkin, nuestros resul-
tados involucran sé6lo condiciones de acotamiento de estas familias de operadores. Los
métodos usados estdn basados en teoremas operador-valuados de multiplicadores de
Fourier.
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Introduction

Because many natural phenomena arising from applied fields can be described by par-
tial differential equations and their generalizations, the study of properties of the solu-
tions of these equations is a very important and active field of research. In many cases,
partial differential equations can be transformed into an ordinary differential equa-
tion with values in an infinite dimensional space. This motivates the study of evolution
equations in abstract spaces, especially in Banach spaces.

This thesis is concerned with the study of existence, uniqueness and qualitative prop-
erties of solutions for some classes of abstract evolution equations. This work is the
outcome of the author’s research during his Math Ph.D. study at Universidad de Chile
(March 2009 - September 2012). The main results obtained in this research work are
available through the following four articles made in this period

1) C. Lizama, J.C. Pozo, Existence of mild solutions for semilinear integro—differential
equations with non—local conditions. Submitted

2) V. Poblete, J.C. Pozo, Periodic solutions of an abstract third-order differential equa-
tion. Submitted

3) V. Poblete, ].C. Pozo, Periodic solutions for a fractional order abstract neutral differ-
ential equation with finite delay. Preprint

4) H.R.Henriquez, V.Poblete, J.C. Pozo, Existence of mild-solutions of a non-autonomous
second order evolution equation with non-local initial conditions. Preprint
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Most of the results in the thesis is based on two methods of theory of evolution equa-
tions.

1. Theory of resolvent operators and variation of parameters formula.

2. Maximal regularity property and operator-valued Fourier multipliers.

It is well known that concerning to an evolution equation, one of the main subject of
study is the existence of a solution. However, there exist several notions of solution
of an evolution equation. Strong solution is the best, but more demanding notion. A
weaker concept of solution is the concept of mild solution. In fact, a strong solution is
a mild solution that satisfies additional differentiability properties. Many author prove
existence of strong solutions proving existence of mild solutions and giving smooth-
ness conditions in the initial value. Reader can see the works [83,84,125,/147] and
references therein.

The theory of resolvent operator has been subject of increasing interest in past decades,
because it is a central issue for the study of mild solutions of evolution equations.
The resolvent operator is applied to inhomogeneous equations to derive various vari-
ation of parameters formula. In this direction, we refer the works made by de Andrade
and Lizama [50], Arjunan, dos Santos and Cuevas [54], Lizama and N’Guérékata [111],
Priiss [131,132]. Moreover, there exists several methods for proving existence theorems
for the resolvent, for example operational calculus in Hilbert spaces, perturbation ar-
guments, and Laplace-transform method, (for more information see the works made
by Grimmer and Priiss [69] and Priiss [133,|134]). In Chapters [2| and [3, we study the
existence of mild solutions for two very interesting evolution equations. Our approach
is based in resolvent operator theory and variation of parameters formula.

Another important subject of research concerning to evolution equations is the study
of qualitative properties of their solutions. In particular, the problem of existence of
solutions having a periodicity property has been considered by several authors, the
reader can see [13,(77,/79,180,/114] and references therein. In the same manner, the
study of regularity properties of solutions for evolution equations has been an active
topic of research in last decades. In particular, maximal regularity property has re-
ceived much attention in recent years due to its applications to evolution equations.
Indeed, maximal regularity is an important tool in the study of the following problems:

¢ Existence and uniqueness of solutions of quasi-linear and non-linear partial dif-
ferential equations.

» Existence and uniqueness of solutions of Volterra integral equations.
¢ Existence and uniqueness of solutions of neutral equations.

* Existence and uniqueness of solutions of non-autonomous evolution equations.
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In these applications, maximal regularity is usually used to reduce, via a fixed-point
argument, a non-linear (respectively a non-autonomous) problem to a linear (respec-
tively an autonomous) problem. In some cases, maximal regularity is needed to apply
an implicit function theorem. (See [46, p.72]).

Several techniques are used to study the problem of maximal regularity of evolution
equations. One of these is the Fourier multipliers or symbols. There exists an exten-
sive literature about vector-valued Fourier theorems and concrete applications. The
reader can see the works made by, Amann [5], Arendt, Batty and Bu [8], Arendt and
Bu [10;/11,{12], Bu [26], Bu and Fang [27,/28,129,|30], Bu and Kim [25,/31,32], Clément,
de Pagter, Sukochev and Witvliet [43], Denk, Hieber and Priiss [52], Girardi and Weis
61, 62], Kalton and Lancien [90], Keyantuo and Lizama [93,94,(95,96], Lizama [110],
Poblete [126,127] and references therein.

As we have mentioned, this thesis consists in the study of 4 problems, two of them are
related with guarantee existence of mild solutions for some interesting evolution equa-
tions; the other two problems are related with guarantee existence of strong solution
with periodicity and maximal regularity properties for evolution equations. In what
follows, we will give a brief description of each Chapter of this thesis.

Chapter [1] contains notation and preliminary results. Furthermore, in this chapter,
for reader’s convenience, we have summarized some relevant concepts and Theorems,
concerning to general evolution equations.

In Chapter 2} we study the following problem. Find conditions that guarantee exis-
tence of a mild solution of the semi-linear integro—differential equation with non-local
initial conditions

u' (1)

t
Au(t)+f B(t—s)u(s)ds+ f(t,u(t)), tel0,1] D
0

u0 = guw.

where A: D(A) € X — X and B(t) : D(B(t)) € X — X for t € I = [0,1] are closed linear
operators in a Banach space X. We assume that D(A) < D(B(t)) for every ¢ € I and
f:IxX—X, g:6([;X)— X are given X-valued functions.

Evolution equations with non-local initial conditions are more realistic to describe
natural phenomena than classical initial value problem, because additional informa-
tion is taken into account. For this reason, in recent decades there has been a lot of
interest in this type of problems and applications. For importance of non-local initial
conditions in different fields of applied sciences the reader can see [42,/155,/156] and
the references cited therein.

First investigations in this area were made by Byszewski in the papers [36,37,|38,39].
Thenceforth, many authors have worked in evolution equations with non-local initial
conditions, the reader can see [16,57,88,/115,121,|158] for abstract results and concrete
applications.
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The initial-valued problem (1)), that is ©(0) = uy for some uy € X, has been the subject
of many research papers in recent years, because it has many applications in different
fields such as thermodynamics, electrodynamics, continuum mechanics among oth-
ers, see [134]. For this reason, the study of non-local initial for equation (I) is a very
interesting problem.

The main tool that we use is resolvent operator theory. In fact, to achieve our goal we
use a mixed method, combining existence of a family {R(?)} s called resolvent opera-
tor for equation (I), a formula of variation of parameters and a fixed—point argument
used in [158].

We prove existence of mild solution of equation (I)), under conditions of compactness
of g and norm continuity of R(#) for £ > 0. Moreover, in the special case B(t) = b(f) A,
where the operator A is defined on a Hilbert space and the kernel b is a scalar map,
we are able to give sufficient conditions for existence of mild solutions only in terms
of spectral properties of the operator A and regularity properties of the kernel b. We
remark that, this type of spectral conditions is a new feature that has not been observed
even in the special case B = 0. Finally, to prove the feasibility of the abstract results, we
consider an example for a particular choice of b(#) and A, which is defined by

Ox(t z) & x(t,z)

Zb()

(Ax)(t,2) = Z aij(2) 5 ———

i,j=1

+¢(2)x(t, 2),

where the given coefficients a;;, bj, ¢ (i, j = 1,2,..., n) satisfy the usual uniformly ellip-
ticity conditions. We remark that the results of this Chapter can be found in the joint
work made by Lizama—-Pozo [115]

In Chapter [3} we study the following problem. Find conditions that guarantee exis-
tence of a mild solution of second order non—autonomous equation with non-local
initial conditions.

u'(ty = Au(®)+ f(t,u(), tel0,al
u0) = gw), 2)
u'0) = huw.

where A(t) : D(A(t)) € X — X for t € J] = [0,a] denote closed linear operators de-
fined in a Banach space X. We assume that D(A(#)) = D for all ¢ € J. The function
f ] x€(;X) — X satisfies Carathéodory type conditions, and the functions
g, h:€6(J;X) — X are continuous maps.

The study of second order evolution equations is very interesting problem, because
this type of equation arises in several natural phenomena. In the autonomous case,
this is A(t) = A for all ¢, there exists an extensive literature. The existence of solutions
are closely related with the concept of cosine family. For abstract results and concrete
applications we refer the reader to [17,/41,/58,(140,|144] and references therein. In the
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non-autonomous case, the study of solutions becomes much more complicated. How-
ever, we prove existence of mild- solutions for equation (2) imposing very general con-
ditions for the operators A(¢) and the functions f, g and h.

The principal tool which we use is resolvent operator theory. In fact, we prove the
existence of an evolution operator {S(z, $)};,s¢;, and then we derive a variation of pa-
rameters formula. Finally, we check the feasibility of our abstract results in the special
case A(t) = A+ B(t) where the operator A is the generator of a cosine family and the
operators B(t) satisfy appropriate conditions.

We remark that the results of this Chapter can be found in the joint work made by
Henriquez-Poblete-Pozo [82] .

In Chapter [4] we study the following problem. Find a characterization of maximal
regularity for a linear abstract third-order differential equation.

Recent investigations have demonstrated that third order differential equations de-
scribe several models arising from very interesting natural phenomena, such as wave
propagation in viscous thermally relaxing fluids, flexible space structure with internal
damping, a thin uniform rectangular panel, like a solar cell array, or a spacecraft with
flexible attachments (cf. e.g., [18,/19,20,21,65,66,67]).

Motivated by this fact, many authors have worked in abstract third—order differential
equations. In particular, the following equation has been widely studied

au” (1) +u" (1) = BAu(t) + yAu' (1) + F(t,u(t)), for reR* 3)

where A is a closed linear operator defined on a Banach space X, the function F is
a given and X-valued, and a, 8,y € R". We mention some aspects that equation
has been analyzed. In [45], a characterization of solutions for its linear version, i.e.
F(t,u(t)) = f(¢), have been obtained in Holder spaces C*(R; X) by Cuevas and Lizama.
In the same manner, Ferndndez, Lizama and Poblete in [59] characterize well-posedness
in Lebesgue spaces, LP(R; X). In addition, Ferndndez, Lizama and Poblete, in [60],
study regularity of mild and strong solutions defined in R when the underlying spaces
are Hilbert spaces and some qualitative properties of their solutions. On the other
hand, existence of bounded mild solutions of the semi-linear equation is studied
by De Andrade and Lizama in [50].

However, the existence of periodic strong solutions of equation (3) has not been ad-
dressed in the existing literature. For this reason, Chapter 4 is devoted to study the
existence of periodic strong solutions for the following abstract third—order equation

au” () +u" () = BAu(r) +yBu' (1) + f(1), te€(0,27], 4)

with boundary conditions u(0) = u(2n), u'(0) = u'(27) and u”(0) = v’ (27), where the
operators A and B are closed linear operators defined on a Banach space X satisfying
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D(A)nD(B) # {0}, the constants a, §,y € R", and f belongs to either periodic Lebesgue
spaces , or periodic Besov spaces, or periodic Triebel-Lizorkin spaces. We remark, the
study of existence of solutions for equation (4) in the particular case A = B is a manner
to study periodic solutions of equation (3).

Our approach is based in maximal regularity property for evolution equations and
operator-valued Fourier multiplier theorems. In case of periodic Lebesgue spaces, our
results involve the key notions of UM D-spaces and R-boundedness (see Chapter
sectionfor definition and related results) of the families of operators

{kB(iak®+ k* +iykB+BA) M)}, and {ik*(iak® + k* + iykB + BA) '}, .

On the other hand, in the case of periodic Besov or Triebel-Lizorkin spaces, our results
only involve boundedness condition of the preceding families.

In general, it is not easy to verify the R-boundedness or boundedness condition of
a specific family of operators, especially when two different operators are involved.
However, we verify our hypothesis in the special case B = A!/2 where A is a sectorial
operator; the scalar values «a, §, and y related with equation (4) play a crucial role in
this proof.

We remark that the results of this Chapter can be found in the joint work made by
Poblete-Pozo [129].

In Chapter 5} we study the following problem. Find sufficient conditions that guar-
antee the existence of a periodic strong solution for a fractional neutral equation with
finite delay.

The fractional calculus which allows us to consider integration and differentiation of
any order, not necessarily integer, has been the object of extensive study for analyz-
ing not only anomalous diffusion on fractals (physical objects of fractional dimen-
sion, like some amorphous semiconductors or strongly porous materials; see [6}/118]
and references therein), but also fractional phenomena in optimal control (see, e.g.,
(119, 1304]137]). As indicated in (68,117, 137] and the related references given there, the
advantages of fractional derivatives become apparent in modelling mechanical and
electrical properties of real materials, as well as in the description of rheological prop-
erties of rocks, and in many other fields. One of the emerging branches of the study is
the Cauchy problems of abstract differential equations involving fractional derivatives
in time. In recent decades there has been a lot of interest in this type of problems, its
applications and various generalizations (cf. e.g., [1,3}44,85] and references therein). It
is significant to study this class of problems, because, in this way, one is more realistic
to describe the memory and hereditary properties of various materials and processes
(cf. [86,/100,119,130]).

In the same manner, several systems of great interest in science and engineering are
modeled by partial neutral functional differential equations. The reader can see [64,
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74,75,149,/151,(152,157]. Many of these equation can be written as an abstract neutral
functional differential equation (ANFDE). Additionally, it is well known that one of the
most interesting topics, both from a theoretical as practical point of view, of the quali-
tative theory of differential equations and functional differential equations is the exis-
tence of periodic solutions. In particular, the existence of periodic solutions of ANFDE
has been considered in several works [71,/89,/116,/145,(146,153].

Motivated by both practical and theoretical considerations, this Chapter is devoted to
the study sufficient conditions that guarantee existence and uniqueness of strong so-
lution for the following fractional neutral differential equation with finite delay

D*(u(t) — Bu(t—r))= Au(t) + Fu, + GDPu, + f(1), tel0,2n), (5)

with 0 < f < @ < 2, where r > 0 is a fixed number and A : D(A) € X — X and
B: D(B) € X — X are linear closed operators defined in a Banach space X such that
D(A) < D(B). Here the function u; is given by u;(0) = u(t +0) for 6 in an appropri-
ate domain, denotes the history of the function u(-) at ¢ and DPu,(-) is defined by
DPus() = (Dﬁ u)t(-). The delay operators F and G are bounded linear map defined
on an suitable space and f is a given function that belongs to either periodic Besov
spaces, or periodic Triebel-Lizorkin spaces.

Our approach is based in a mixed method. We prove and use maximal regularity on
periodic Besov spaces (respectively periodic Triebel-Lizorkin spaces) of an auxiliary
equation and a fixed—point argument to proving existence of a strong B;, g—solution
(respectively F}, ,—solution) of equation (5). Here the auxiliary equation is given by

D%u(t) = Au(t) + Fu, + GD'Bu,;+f(t), te0,2n], and0<f<a<2. (6)
with boundary periodic conditions. All terms in preceding equation are defined in the

same manner as equation (5).

Our main results involve, among other considerations, boundedness of the family of
operators,

[ (0 - Fe— (kPG — A) "}y

and regularity of the families of bounded operators {Fi} ez and {Gi}xez. Here the fam-
ilies of operators {Fy} ez and {Gy}xez are defined by

Fix=F(erx) and Gix = G(erx), where e;x(-) = et* x for xe X.

In last section of this chapter, to prove the feasibility of the abstract results, we consider
two examples for particular choices of operators A, B, F and G.

We remark that the main results of this Chapter can be found in the joint work made
by Poblete-Pozo [128].



CHAPTER 1

Preliminaries

In this thesis X and Y always are complex Banach spaces. We denote the space of all
linear operators from X to Y by Z(X, Y). In the case X = Y, we will write briefly £ (X).
Let A be an operator defined on X. We will denote its domain by D(A), its domain
endowed with the graph norm by [D(A)], its resolvent set by p(A), and its spectrum set
by o(A) =C\ p(A).

We denote by €([0, al; X) the space of continuous functions f: [0, a] — X.

Let f e L}OC(IR; X), we adopt the following notation for Fourier transform and Laplace
transform,
27

e f(ndt, and f(/l):f e L f(pdt,

0

f(&):ifo

respectively.

1.1 Families ./-bounded and n-regular sequences

In order to give certain conditions which we will need in Chapters[4|and[5} we establish
the following notation. Let {Li}rez € £ (X, Y) be a sequence of operators. Set

(A°Li) =Ly, (ALp) = (A'Ly) = Ly — Ly
andforn=2,3,..., set
(A"Li) =AM L),
Definition 1.1. [96] We will say that a family of operators {Lilxez < L(X,Y) is
M -bounded of ordern (neNuU{0}) if

sup sup IIkI(AlLk)II < oo. (1.1)
0<I<n kez



Note that, for j € Z fixed, sup supllkl(AlLk)Il < oo if and only if
0<I<n kezZ

sup sup|| kK'(A Ly, )|l < oo. The statement follows directly from the binomial formula.
0<I<n kez

In the preceding definition when n = 0, the .#-boundedness of order n for {Li}kez
simply means that {L}rc7 is bounded.
When 7 = 1, this is equivalent to

sup||Lill <oo and supllk(Lis+1 — Li) |l < oo. (1.2)
keZ kez

When 7 = 2, in addition to (1.2), we must have

sup1® (Lg+2 — 2Lg+1 + L) |l < 0o. (1.3)
kezZ

When 7 = 3, in addition to (I.2) and (I1.3), we must have

sup | k% (Li+3 — 3Lk+2 +3Lis1 — Li) | < co. (1.4)
kez

In the scalar case, that is, {a;} rez < C, we will write A"ay = A(A" L ay).

Definition 1.2. [91] A sequence {ay}rez < C\ {0} is called

. (Alay) . .
a) 1-regular if the sequence {k ak }kez is bounded,;
AZ
b) 2-regular if it is 1-regular and the sequence {kz (a—ak)} . is bounded;
k
A?)
c) 3-regular ifit is 2-regular and the sequence {k3 (a—ak)} is bounded.
k

For useful properties and further details about n-regularity, see [99].

Remark 1.1. Note that if {ay} ez is an 1-regular sequence then, for all j € Z fixed, the

Af+j — Ak

sequence {k } . is bounded. In the cases n = 2,3, analogous properties hold.

A+ j

1.2 Vector-valued Besov and Triebel-Lizorkin spaces

Periodic Besov and Triebel-Lizorkin spaces form part of functions spaces which are of
special interest. They behave in a similar manner to Sobolev spaces and the property
of maximal regularity can be stated elegantly on them. Furthermore, they generalize
many important spaces. For example, periodic Holder continuous functions of index
swith 0 < s < 1, is a particular case of periodic Besov spaces, see [12] for more details.
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However, the main reason to work in these spaces is that a certain form of Mikhlin’s
multiplier theorem holds for operator-valued symbols on arbitrary Banach spaces X,
unlike Lebesgue spaces LP(T; X), where this property is valid if and only if p = 2 (for
more information [61]).

Let . (R; X) be the Schwartz space on R, let #’(R; X) be the space of all the tempered
distributions on R and let 2'(T; X) be the space of the X-valued 27—periodic distribu-
tions. Let ®(R) be the set of all systems ¢ = {¢pj}j>0 S F(R;X) satistying
supp(po) < [-2,2], and

supp(py) <=2/, =2/ 720, Y g =1, for teR
j>0

and, for a € Nu {0}, there is a C, > 0 such that sup 20 ||(l>(a) ) < Cy. Itis a well
j=0,xeR

known fact from Littlewood—Paley decomposition theory that this type of systems there
exist. More information about this can be found in [4,5,9,12].

Definition 1.3. [12] Let 1 < p,q < 00,5 € R and ¢ = (¢p})j>0 € PR). The X-valued
periodic Besov spaces are defined by

B;»"Z('H';X)) = {fe 2'(T;X): ||f||B;;,sf7 < oo}

where

y ek®cp](k)f(k)H )%

kezZ

I lps0 = (Z 215

with usual modifications when p = oo or g = co.
The space B), d’ is independent of ¢ € ®(R) and different choices of ¢ € ®(R) generate
equivalent norms. As consequence, we will denote || - || B0 simply by |- |l B,

pq !

We recall some important properties of these spaces:

(@) Letl< p,g<oo,s€Rbefixed. The X-valued periodic space B,, ,(T; X) is a Banach
space.

(b) Letl < p,q < ocobefixed. If s >0, the natural injection from By, ,(T; X) into L”(T; X)
is a continuous linear operator.

(c) (Lifting property) Let 1 < p,g <o00,s€R, f € 2'(T; X) andat—:[R%thenf(—:B q(T X)
ifand Only1f2k¢oek®(lk)af(k) €B,, (T;X).

To define the X—valued periodic Triebel-Lizorkin spaces, we use the same notation for
L (R; X), ¥ (R; X), 2'(T; X) and ®(R) as those of definition of X—valued periodic Besov
spaces.



Definition 1.4. [25] Let ¢ = (Pp)ren, € PR) be fixed, for 1 < p, q < oo, and s € R.
The X-valued periodic Triebel-Lizorkin spaces are defined by

ESA T30 = {f €9/ (W50 1 fl 30 < o0}
where

Y er® k) fk)

kez

= s
1o = | (X 27
' j>0

V|
X p
with the usual modification when p = oo or g = co.
The space F;,’fg is independent of ¢ € ®(R) and different choices of ¢ € ®(R) generate
equivalent norms. Consequently, we simply denote | - || 70 byl | FS g
p.q !

Note that X—valued periodic Triebel-Lizorkin spaces have analogous properties as those
of X—valued periodic Besov spaces, the reader can see [25,32]. We summarize the most
important properties as follows

(@) Letl < p,q < o00o,s€Rbefixed. The X—valued periodic space F;_ q(T; X) isaBanach
space.

(b) Let1 < p,q < oo be fixed. If s > 0, then the natural injection from F;, q('[F;X) into
LP(T; X) is a continuous linear operator.

(c) (Lifting property) Let 1 < p,g < oo, s€R, f€P'(T; X) and a e R then f € Fp (T X)
if and only if ¥ 1. e ® (1K) f (k) € F3*(T; X).

1.3 Operator-valued Fourier multipliers

In this section, we recall some operator-valued Fourier multipliers theorems, that we
shall use to characterize maximal regularity of problems with periodic boundary con-
ditions in Chapters[d]and

We denote the space consisting of all 2r—periodic, X-valued functions by E(T; X). The
following definitions will be used in Chapters[4and[5lwith Lebesgue, Besov and Triebel-
Lizorkin spaces.

Definition 1.5. We say that the sequence {Ly}xcz € £ (X,Y) is an (E(X), E(Y))- multi-
plier if for each f € E(T; X), there exists a function u € E(T;Y) such that

u(k)=Lif(k), forallkeZ.

In the case X = Y, we will say that {Li}cz is an E-multiplier.



The next Theorem, proved by Arendt and Bu in [10], establishes a sufficient condition
that guarantees when a family {Ly} rez is a LP—multiplier. It is remarkable, in order to do
this the key concepts of family of operator R-bounded and UM D-spaces are needed
(see section[1.4).

Theorem 1.1. Let p € (1,00), and let X be UM D-space. Assume that {Li}rez S ZL(X).
If the families of operators {L} rez and {k(A'Ly)} ez are R-bounded, then {Li} ez is an
LP-multiplier.

The following Theorem, proved by Arendt and Bu in [12], establishes a sufficient con-
dition that guarantees when a family {Li}ez is a B;, ,—multiplier. We remark, this the-
orem impose stronger conditions than Theorem for family of operators {Li} ez,
however it is valid on an arbitrary Banach space X.

Theorem 1.2. Let1 < p, g < oo, and s € R. Let X be a Banach space. If the family
{Litkez € ZL(X) is M -bounded of order 2, then {L} ez isa B;,q—multiplien

The following Theorem, proved by Bu and Kim in [32] , establishes a sufficient con-
dition that guarantees when a family {L}rc7 is a F;_ q—multiplier. We remark, as well
as in Theorem this theorem is valid for arbitrary Banach space X, however more
conditions are imposed for the family of operators {L}xez-

Theorem 1.3. Let1 < p, g < oo, and s € R. Let X be a Banach space. If the family
{Li}kez € ZL(X) is M —bounded of order 3, then {Li}rez isa F;)q—multiplier.

1.4 L[P-maximal regularity of evolution equations

The L”-maximal regularity property is a special topic of evolution equations because is
a fundamental tool for the study of non-linear problems. It is remarkable that classical
theorems on LP-multipliers are no longer valid for operator-valued functions unless
the underlying space is isomorphic to a Hilbert space. However, Weis in [148] gives
a characterization of LP—maximal regularity in UM D-spaces using the key notion of
R-boundedness and Fourier multipliers techniques. Thenceforth, many authors have
used this concept in the study of L”-maximal regularity. The reader can see [7}/10,29,
30,143,/59,63,97,127]. In Chapter@]we characterize LP-maximal regularity of a third—
order differential equation in UM D-spaces, using R-boundedness for some families
of operators. We state in this section the necessary definitions.

Let #(R; X) be the Schwartz space, consisting of all the rapidly decreasing X—valued
functions. A Banach space will be called a UM D-space if the Hilbert transform can
be extended to a bounded linear operator in L (R; X), for some (and hence for all)
p € (1,00). Here the Hilbert transform H of a function f € .#(R; X) is defined by

(Hf)(s) = lim ~ f=9

=07 Je<|t<1 r

dt.
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Examples of UM D-spaces include Hilbert spaces, Sobolev spaces W; (Q), with
1 < p < oo, the Schatten-von Neumann classes C,(H) of operators on Hilbert spaces
for 1 < p < oo, the Lebesgue spaces L”(Q, 1) and LP(Q, u; X), with 1 < p<ooand X a
UM D-space. Moreover, every closed subspace of a UM D-space is an UM D-space.
On the other hand, every UM D-space is reflexive, and therefore, L Q, ), L*(Q, 1)
(if Q is an unbounded set) and periodic Holder spaces of index a with 0 < a < 1,
C*([0,2n]; X) are not UM D-spaces. For further information about these spaces, see
123}33}34].

As we have mentioned, the notion R-boundedness has proved to be a significant tool
in the study of abstract multiplier operators. Preliminary concepts for the definition
and properties of R—-boundedness that we will use may be found in [52,/87,90].

For j € N, denote by r; the j—th Rademacher functionon [0, 1], i.e. r;(#) = sgn(sin(2/n1)).
For x € X we write r;x for the vector-valued function ¢ — r;(#)x. The definition of
R-boundedness is given as follows.

Definition 1.6. Let X and Y be Banach spaces. A family of operators 5 < £ (X,Y)
is called R-bounded if there exist a constant C > 0 and p € [1,00) such that for each
neN, Tj €T, xj € X such that the inequality

n

<C erxj

~
LP((0,1);Y) j=1

n
> riTjx;
| LP((0,1);X)
holds. The smallest such C > 0 is called an R-bound of I, denoted R, ().

Remark 1.2. We remark that large classes of operators are R—bounded, (the reader can
see [63,87,143] and references therein). Several properties of R—bounded families can be
founded in the monograph of Denk-Hieber-Priiss [52]. For the reader convenience we
have summarized the most important of them.

(i) If 9 < £(X,Y) is R-bounded, then it is uniformly bounded with

sup{TI: Te T} < Rp(T).

(ii) The definition of R—-boundedness is independent of p € [1,00).

(iii) When X and Y are Hilbert spaces, 9 < £ (X, Y) is R-bounded if and only if I is
uniformly bounded.

(iv) Let X, Y be Banach spaces and I, ¥ < £ (X,Y) be R-bounded. Then
T+F={T+S:TeT,Se F}

is R-bounded as well, and Z,(T + F) < RBp(T ) + X p(SL).



(v) Let X, Y and Z be Banach spaces and 9 < £(X,Y), and & < £(Y,Z) be R-
bounded. Then
TF={TS: TeT,Se #}

is R-bounded as well, and Z,(T F) < Zp(T )R p(S).

(vi) LetX,Y beBanach spacesandJ < £ (X,Y) be R-bounded. If{a}rez is a bounded
sequence, then{ayT:keZ, T € 9} is R—-bounded.

The next Proposition proved in [10] relates LP—-multipliers and R-bounded families of
operators.

Proposition 1.1. Let p € (1,00), and let X and Y be UMD-spaces. Assume that
{Litkez € ZL(X,Y). If the family {Li}rez is an (LP(X), L (Y))-multiplier, then {Li}kez is
R-bounded.

In order to work with LP-maximal regularity for evolution equations, various researchers
introduce the following vector-valued spaces of functions. See [10,93,99].

Definition 1.7. Let p € [1,00), and let n e N. Let X and Y be Banach spaces. We define
the following vector-valued function spaces.

Hy (X, V) ={ue LP(T;X):3 ve LP(T;Y) such thar 0(k) = (ik)"@(k), forall k € Z}.

In the case X = Y, we just write H,,,(X). We highlight two important properties of

these spaces:

o Let n,meN.If n < m, then Hp,l (X,Y) € Hy} (X, Y).

e Ifue H,Z'e’;(X), then for all 0 < k < n—1, we have u® (0) = u® 2x).

Remark 1.3. For1 < p < oo, by [10, Lemma 2.2], for all n € N the family of operators
{k" M} ez is an LP—multiplier if and only if {Li}rez is an (LP (X)), Hg’e’; (X))-multiplier.
Lemma 1.1. [10] Let f, g € LP(T; X), with p € [1,00). If A is a closed operator in a Banach
space X, then the following two assertions are equivalent.

(i) f(t) € D(A) and that Af(t) = g(t) a.e.

(ii) f(k) € D(A) and that Af (k) =g(k), forallkeZ.



1.5 Measure of Non—-compactness

The theory of measures of non—compactness has many applications in Topology, Func-
tional analysis and Operator theory. For more information the reader can see [14]. In
this thesis we use the notion of Hausdorff measure of non—-compactness.

Definition 1.8. Let B be a bounded subset of a semi-normed linear space Y. The Haus-
dorff measure of non-compactness is defined by

Y (B) =inf{e > 0: B has a finite cover by balls of radius €}

Remark 1.4. This measure of non—compactness satisfies important properties, we have
summarized the most important for our work. For more details see [14].

(@) IfA< B theny(A) <y(B).

(b) Y(A) =y(A), where A denotes the closure of A.

(c) Y(A) =0 ifand only if A is totally bounded.

@) y(AA) =|Aly(A) with A €R.

(e) Y(AUB) =max{y(A),y(B)}

(f) y(A+B) <y(A)+y(B), where A+B={a+b: ac A, be B}.
(g) y(A) =vy(co(A)) whereco(A) is the closed convex hull of A.

The following Lemmas will be necessary for the problems that we study in Chapter
and Chapter In what follows, we denote by ¢ the Hausdorff measure of non-
compactness on X and by y the Hausdorff measure of non—compactness on € ([0, al; X).

Lemma 1.2. Let S € 6([0,al; X). If S is bounded and equicontinuous, then the set of
functions co(S) < €([0, al; X) is also bounded and equicontinuous. Here co(S) denotes
the convex hull of S.

Lemma 1.3. [14] Let W < C([0,al; X). If W is bounded, then {(W (1)) < y(W) for all
t € 10,al, where W(t) = {x(t) : x € W} < X. Furthermore, if W is equicontinuous on
[0, al, then ( (W (¢)) is continuous on [0, a], and

Y(W) =sup{((W(2)) : t€[0,al}.

Lemma 1.4. [22]. If W is a bounded set, then for each € > 0, there exists a sequence
{untnen € W such that

YW) < 2y({untnen) + €.



Lemma 1.5. [108]. Suposse that0 < e <1 and h > 0 and let

_ L h? h"
Sp=€"+Cle" 'h+Cle" > —+--+ —, neN
2! n!

then nlim Sn =0, where for 0 < m < n and the constants are defined by C}}, = (,’:l)
—00

The following results are the key in the proof of the Theorems of Chapter[2land Chapter
The first one was proved by Sadovskii [136] in 1967. In 1955 Darbo [48] proved the
same result for y—k—set contractions, k < 1. The second one is a sharpening of the first
one and it is due to Liu, Guo, C. Wu, Y. Wu [108].

Definition 1.9. A mapping F : € ([0, al; X) — €/([0,al; X) is said to be a y—k-set con-
traction, k € (0,1), if F is continuous and if for all bounded subsets B of 6 ([0, al; X),
Y(F(B)) < ky(B). Fis said to be y—condensing if F is continuous and y(F(A)) < y(A)
for every bounded subset A of € ([0, al; X) withy(A) > 0.

Theorem 1.4. Suppose M is a nonempty bounded closed and convex subset of a Banach
space X and suppose F : M — M isy—condensing . Then F has a fixed point in M.

Theorem 1.5. Let B be a closed and convex subset of a complex Banach space X, let
F: B — B be a continuous operator such that F(B) is bounded. For each bounded subset
C < B, set

F'(C)=F(C) and F"(C)=F(co(F"'(C)), n=23,...

If there exist a constant 0 < r < 1 and ngy € N such that for each bounded subset C < B
Y(F™(C) <ry(C)

then F has a fixed point in B.



CHAPTER 2

Mild Solutions for an Integro—Differential
Equation with Non-local Initial
Conditions

As we have mention in Introduction, evolution equations with non-local initial con-
ditions generalize evolution equations with classical initial conditions. This notion
is more complete for describing nature phenomena than the classical one because
additional information is taken into account. For the importance of nonlocal condi-
tions in different fields of applied sciences see [42,53,/155,156] and the references cited
therein. For example, in [51] the author describes the diffusion phenomenon of a small

p

amount of gas in a transparent tube by using the formula g(u) = Z ciu(t;), where c;,
i=0

i=0,1,...,p,are given constantsand 0 < fp < f1 < -+~ < fp < 1.

The earliest works in this area were made by Byszewski in [36,37}38,/39]. In these works,

using semigroup methods and Banach fixed point theorem the author prove existence

and uniqueness of mild and strong solutions of the problem

!
W) = Au®)+ f(t,u(t) tE[O»U} 2.1)

x(0) = gu.

when Ais an operator defined in a Banach space X and generates a semigroup {7 (#)} >0,
f and g are given X—valued functions.

Thenceforth, problem has been extensively examined. In fact, in [40] Byszewski
and Lakshmikantham have studied existence and uniqueness of mild solution when
f and g satisfy Lipschitz-type conditions. In [121,122] Ntouyas and Tsamatos have
studied this problem under conditions of compactness of the function g and the semi-
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group generated by A. Recently, in [158], Zhu, Song and Li have treated this problem
without conditions of compactness on the semigroup {T'(#)};>0 and the function f.

On the other hand, the study of integro—differential equations has been an active topic
of research in recent years since it has many applications in different areas. In addition,
there exists an extensive literature about integro—differential equations with non-local
initial conditions, (cf. e.g., [16}/56,57,88,106,115,|121,122,|123}|158]). Our work is a
contribution to this theory. In fact, this Chapter is devoted to the study of the exis-
tence of mild solutions for semi-linear integro—differential evolution equations. More
precisely, we consider the following problem on an abstract Banach space X

t
u'(n = Au(t)+f B(t—s)u(s)ds+ f(t,u(t), te[0,1]
0

u0 = gu).

where A: D(A) € X — X and B(t) : D(B(t)) € X — X for t € I = [0,1] are closed linear
operators in a Banach space X. We assume that D(A) < D(B(t)) for every t € I and
f:IxX—X, g:€6([;X)— X are given X-valued functions.

The initial valued version of equation has been extensively studied by many re-
searchers because it is very important in different fields such as thermodynamics, elec-
trodynamics, continuum mechanics and population biology, among others. For more
information see [15,47,134]. For this reason the study of mild solutions for equation
is a very interesting problem.

(2.2)

2.1 Main Results

Most of authors obtain the existence, uniqueness of solutions and well-posedness for
equation (2.2) establishing the existence of a resolvent operator {R(#)};c; (see Grimmer
and Priiss [69,(134]).

Next, we include some preliminaries concerning to resolvent operator {R(#)} s related
with equation (2.2).

Definition 2.1. A family {R(t)}:e; of bounded linear operators on X is called a resolvent
operator of equation if the following conditions are fulfilled.

(R1) Foreachx€ X, R(0)x=x and R(-)x € €(]0,1]; X).
(R2) The map R:[0,1] — ZL([D(A)]) is strongly continuous.

(R3) Foreachye€ D(A), the function t — R(t)y is continuously differentiable and

t
AR(t)y+f B(t—$)R(s)yds =

2 (2.3)
R(t)Ay+f R(t—9$)B(s)yds, tel.

0

4 i
ar Y
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Furthermore, we will say that the resolvent operator of equation (2.2), {R(#)}:c1, has the
property (EP) if the application from %(;X) to <%(I;X) defined by
u(-) — R(-)g(u) takes bounded sets into equicontinuous sets.

Remark 2.1. There exists several situations where the resolvent operator of equation
12.2), {R(1)} s, has property (EP), for example

a) If the function t — R(t) is continuous from (0, +o00) to £ (X) endowed with the uni-
form operator norm | - || ¢ (x).

b) Iffunction g takes values in D(A).
¢) Iffunction g is a compact operator.

As we have mentioned, the existence of mild solutions of the linear classical version of
equation (2.2), this is

u'(1)

t
Au(t)+f0 B(t—s)u(s)ds+ f(t), tel 2.4)

U(O) = Up€E X,
has been studied by Grimmer and Priiss. Assuming that the function f € L!(I; X) they
prove that
t
u(t):R(t)u0+f R(t—9s)f(s)ds, tel, (2.5)
0

is a mild solution of the problem (2.4). Motivated by this result, we adopt the following
concept of solution.

Definition 2.2. A function u € € (I; X) is called a mild solution of equation (2.2) if sat-
isfies the equation

t
u(t):R(t)g(u)+f R(t—=3)f(s,u(s))ds tel. (2.6)
0

Clearly, a manner to guarantee the existence of a mild solution of equation isusing
a fixed—point argument. For this reason, we apply an adaptation of the method used
in [158] where the authors prove that equation has a mild solution. The crucial
concept that is involved by this technique is Hausdorff measure of non-compactness.
See Chapter (1) Preliminaries for definition, properties and results related.
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Henceforth, we assume that the following assertions hold.
(H1) Equation (2.1) admits a resolvent operator {R(#)} ;e satisfying the property (EP).

(H2) The function g: € (I; X) — X is a compact map, and for each M > 0 the number
g, defined by g,, = sup{lig(@)|l : llull < M} is finite.

(H3) The function f : I x X — X satisfies the Carathéodory type conditions, that is,
f (-, x) is measurable for all x € X and f(¢,-) is continuous for almost all 7 € I.

(H4) There exist a function m € L' (I;R") and a nondecreasing continuous function
®:R" — R* such that
I f (6,0 < m@)P(ul)

for all x € X and almostall t € I.

(H5) There exists a function H € L'(I;R") such that for any subset of functions
Sc€(I; X), we have
Cif (e, S(0)} < H(H)C{S(0)}

for almostall € I.
The main result in this Chapter is the following theorem.

Theorem 2.1. If the hipothesis (H1)-(H5) are satisfied and there exists a constant R > 0
such that

1
Kg, + K(D(M)f m(s)ds < M,
0
where K = sup{IIR(t) |:te I}, then the problem (2.2) has at least one mild solution.

Proof. Define F:€6(I; X) — €6 (I; X) by

t

(Fu)(t)IR(t)g(u)+f R(t—s)f(s,u(s)ds, tel
0

forall ue €(I; X).

First we show that F is a continuous map. Let {u,},en € € (1; X) such that u,, — u (in
the norm of ¢ (I; X)) Note that

1
|F(u,) — F)l < Klg(u,) — gl + Kfo I £(s,un(s) = f(s,uls))lds,

by hypotheses (H2) and (H3) and Lebesgue dominated convergence theorem we have
that ||F(u,) — F(u)|| — 0 as n — oco.
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Now denote by B,, = {u € €(;X) : lu(d)ll, < M, forall € I} and note that for any
u € B,, we have

t
I(Fu) (DIl < IR g ()|l + fo R(t—9)f(s,u(s)ds

1
<Kg, +K(I)(M)f m(s)ds < M.
0

Therefore, F : B,, — B,, and F(B,,) is a bounded set. Moreover, since the family of
operators {R(%)}:cs has the property (EP), we have that F(B,,) is an equicontinuous set
of functions.

Define B = ¢o(F(B,,)). It follows from Lemmal[l.4]that the set B is equicontinuous and
the operator F : 8 — ‘B is bounded and continuous. In addition, F(*8) is a bounded
set of functions.

From properties of Hausdorff measure of non—compactness we have that

t
((FEB)) < {{R(1g(B)} +c( fo R(t-s) f(s,‘B(s))ds)
t
SKC{g(%)HKfO CLf(s,*B(s)}ds
t t
<Kf H(s)({%(s)}dngy(%)f H(s)ds
0 0

1
Since H € L!(I; X) for § < 1/K there exists ¢ € € (I;R") satisfyingf |[H(s)—@(s)|lds < 6.
0

Therefore,
t t
C(F(B(1)) < Ky(B) UO |H(s) —<p(S)IdS+f0 w(S)dS]
< Ky(B)[6 + Nt],
where N = ||¢|loo. Thus , we have
C(FCB(1)) < (a+b)y(B), where a=06K and b=KN.
Since (F(*8) is an equicontinuous set of functions we have that
Y(F(B)) < (a+ b)y(B).

In the same manner, it follows from properties of Hausdorff measure of non-compactness
that
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t
((F*(B (1)) < {(R()g(F'B)) +c( fo R(t— s)f(s,Fl%(s))ds)
t t
<K f (Uf(s, FYB()ds <K f H(s)({(F'B(s)}ds
0 0

t t
gKf |H(s)—(p(s)|C{F1‘B(s)}ds+Kf P(S)({F B (s)}ds
0 0

2
< Kdé(a+bt)y(B) + KN(at+ th) Y(B)

2

<l|lala+bt)+blat+ %)] Y(B).

Therefore, for all ¢ € I we have

2

((F?(B(1) < (a2 +2abt + (b5) )y(%).

Furthermore, since F2(8) is an equicontinuous set of functions, we have that

2
y(F*B) < (a2 +2ab+ %) Y(B).

It follows from an inductive process that for all n € N, it hold

n n—Z(bt)z n n—3(bt)3._.+(bt)n

((F”(‘B(t)))g(a”+Cfa”_1bt+C2a T+C3a 3l o )y(%).

In fact, suppose that

bt)? b)"
a"+C1”a”_1bt+C§lan_2%+w+ ( n') )Y(%).

C(F"(B(0) <
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By properties of Hausdorff measure of non—-compactness we have that for (n + 1) it
holds

t
((F”“(%(t)))<({R(t)g(F"(%))}+((fo R(t—S)f(s,F”(iB(S)))dS)
t t
SKf ({f(s,F”%(s)))}dngf H()C{F"B(s)}ds
0 0

t t
<Kf0 \H(s)—<p(s)|({Fn%(3)}ds+Kf @(S)((F"B(s)}ds

bi)? bt
<K§|a"+Cla" 'bt+Cya" 2(2') - o )Y(EB)
23 nen+l
+KN(a t+Cl'a™ 1b—t+C” n- 2b—t+-~-+b d y(B)
2 3! (n+1)!
bt)? bt
<a(a”+C1 "pt+Cla"" 2(2,) AL )Y(SB)
2 23 nen+l
+b(a t+Clla"" 1b—t+C” - 2b—t+-~-+b ‘ )y(%).
2 3! (n+1)!

From the fact that, forall 1 < m < n, itholds C! _, +Cj, = C,’}l“ we have have

2 n+1
((F”+1(SB(t)))<(a”“+cf+1a”(bt)+cg“a”‘1—(b” L ) (B).

2! i (n+1)! ¥

Hence, for all n € N, it hold

(b1)* +Cla 200 (D" )

((F"(B (1) < (a +Cl'a" 'bt+Cya"? o T (B).

Since, for all n € N the set of functions F" (*8) is equicontinuous we have that

3 "

b? b
y(F"(B) < |a"+Cha" b+ C3a" > —+Cla" 3 — -+ﬁ)y(‘3).

21 30

Furthermore, since 0 < a < 1 and b > 0, it follows from Lemma that there exists
ng € N such that

b2 pho
a™+Cpa™ b+ Cha" t—+ i+ —=r<1
2! no.
Therefore, there exists ny € N such that y(F™(8)) < ry(B), with r < 1.
It follows from Theorem that F has a fixed point in *B. This fixed point is a mild
solution of equation (2.2). [
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Our next result is related with a special case of equation (2.2). Consider the following
equation

u' (1)
u(0)

(2.7)

t
Au(t)+f b(t—s)Au(s)ds+ f(t,u(1), tel}
0
g(u).

where Ais a closed linear operator defined on a Hilbert space #, the kernel b € L' (0,1;X),

loc
and f is a given function.

To prove existence of mild solutions of equation (2?), we will need the following defini-
tions introduced in [134].

Letace L}OC([R{+ ; X). We say that a is Laplace transformable if there exists a constant
(e 0]

w € Rsuch thatf0 e ®!a(t)|dt < co. We denote d@(A) = fooo e Ma()dt, with Red>w
Definition 2.3. Leta e L}OC(IR“L; X) be Laplace transformable and k € N. We say that a(t)
is k—regular if there exists a constant C > 0 such that

A"a™ 1< Cla)
forallReA > w,0<n< k.

Convolutions of k-regular kernels are again k-regular. Moreover, integration and dif-
ferentiation are operations which preserve k-regularity as well. See [134, pp. 70].
We recall the following concept introduced in [134].

Definition 2.4. Let f € C*(I; X). We will say that f is completely monotone if and only
if(~1)"f"(A) >0 forall A >0 and neN.

Definition 2.5. Letac€ L}OC(I ; X) such that a is Laplace transformable. We say that a is
completely positive if and only if
and —a
Ad(A) (a(1))?

are completely monotone.

Finally, we recall that one-parameter family {S(#)};>o of operators is said to be expo-
nentially bounded of type (M, w) if there are constants M > 1 and w € R such that

1S(H) || < Me®?, forall t > 0.

The next Proposition guarantees existence of a resolvent operator of equation (2.7),
furthermore this resolvent operator is continuous in norm for ¢ > 0. For this purpose
we will introduce the conditions (C1) and (C2).
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t
(C1) For all t € I, the kernel a defined by a(¢) = f b(s)ds+1, forall t € I, is 2-regular
0

and completely positive.

(C2) There exists gy > w such that
-1

—-A =0

lim
|l —o0

b(uo+ i) +1 \ b(uo+ip) +1

1 ( Po+ip

Proposition 2.1. Suppose that A is the generates a Cy—semigroup of type (M, w) on A
a Hilbert space. If the conditions (C1)-(C2) are satisfied then, there exists a resolvent
operator {R(t)} s for equation (2.7) which is continuous in norm for t > 0.

Proof. Integrating on time equation (2.7) we get

t t
u(t) :f a(t— s)Au(s)ds+f f(s,u(s)) + g(u). (2.8)
0 0

Since the scalar kernel a is completely positive and A generates a Cp—semigroup, it
follows from [134, Theorem 4.2] that there exists a family of operators {R ()} ;¢ strongly
continuous, exponentially bounded that commutes with A, satisfying

t

R(t)x:x+f a(t—s)AR(s)xds. (2.9
0

On the other hand, using hypothesis (C2) and since the scalar kernel a is 2-regular, it
follows from [109, Theorem 2.2] that {R(#)};c; is continuous on £ () for ¢t > 0. Fur-
ther, since a € C!(R"), it follows from equation that R(r) is differentiable for all
t > 0 and satisfies

d t
ER(t)x:AR(t)x+f b(t—s)AR(s)xds, t>0. (2.10)

0
From the preceding equality, we conclude that {R(?)};c; is a resolvent operator for

equation (2.7) which is norm continuous. m

Corollary 2.1. Suppose that A generates a Cy—semigroup of type (M, w) on A a Hilbert
space and conditions (C1)-(C2) are fulfilled. If the hypothesis (H2)-(H5) are satisfied
and there exists M > 0 such that

1
Kg, +K<D(M)f m(s)ds < M, where K =sup{|R(?)||:te I},
0

then equation 2.7) has at least a mild solution.

Proof. 1t follows from Proposition [2.1| that the equation admits a resolvent op-
erator {R(t)}c; satisfying the property (EP). Moreover, since hypothesis (H2)-(H5) are
satisfied, we apply Theorem[2.1]and conclude that equation (2.7) has a mild solution. m
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2.2 An Example

In this section we prove the feasibility of our abstract results applying them to a con-
crete partial differential equation with non-local initial condition. Let X = L?(R") and
consider the following integro-differential equation

ow(t, <)
ot

N
w©0,6) = Y kG it y)dy, {eR".
i=1JR"?

t
= Aw(t,£)+f Be~ =9 Aw(s,&)ds+ t 713 cos(w(t, ), tel.
0 2.11)

where N is a positive integer, 0 < t; < t, < --- < ty < 1; k € L>(R" x R";R"), g € R", the
constants a, § satisfy —a < f < 0 < a. The operator A is defined by

& owd & dw(rd)
(Aw)(t,é)—iéla,](z)—afiaéj+i:ZIbl(6) 3%, +c(&w(t,8),

with given coefficients a;; , b; , ¢, (i, j = 1,2,..., n) satisfying the usual uniformly ellip-
ticity conditions, and D(A) = {v € X : v € H*([R™)}.

We will prove that there exists g > 0 sufficiently small such that equation has a
mild solution on X.

In what follows, we identify u(#) = w(t,-). With this identification the preceding equa-
tion takes the abstract form

u'(1)

t
Au(t)+f0 b(t - s)Au(s)ds + f (£, u(1), fef} (2.12)

u0) = guw),

N
where the function g: € (I; X) — X is given by g(u) = )_ qkg(u(t;)) with
i=1

(kgv)(f):fw k& yyv(ydy, forveX,EeR",

the function f: I x X — X is defined by f (¢, u(t)) = 18 cos(u(t) = t7Y3 cos(w(t, ),
and the kernel b is given by b(t) = fe” %",

1/2
Note that || g(w) || < qN(f f K (z, y)dydz) [l ull, and the function kg is completely
R Jrr

continuous.

Furthermore, the function f satisfies || f(z, u(2))| < t~18®(||ul), with @(|u|]) = 1 and
If (8 w) = f(8, u)ll < 713w — .

Therefore, conditions (H2)-(H5) are fulfilled.
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t
Define a(t) = f Be “*ds+1, for all ¢ € I. Since the kernel b defined by b(t) = fe~ %!

0
is 2-regular, it follows that a is 2-regular. Furthermore, we claim that a is completely
positive. In fact, we have

_ A+a+p
ah) = AA+a)’
1 1
Define the functions f; and f> by fi(1) = A and fo(1) = ENE respectively. In
another words
Aa A +2@+P)A+aBf+a?
A)=—— and for(A) =
e A+a+p and (1) A+a+p)?

Direct calculation shows that

(D" B(n+1)!
A+a+p)r+l

1" B(a+B)(n+1)!

(n) _
p A= A+a+ p)n+?

and fz(”) ) = for neN.

Since —a < B < 0 < a, we have that f; and f, are completely monotone. Thus, the
kernel a is completely positive.

On the other hand, it follows from [55] that A generates an analytic, non compact semi-
group {T(t)};>0 on L2(R™). Furthermore, there exists a constant M > 0 such that

M =sup{||T (D] :t =0} < +oo.

It follows from this fact and Hille-Yosida theorem that z € p(A) for Re(z) > 0.
A direct calculation shows that,

Re( Ho+ip )_ 1y + pga+ i (a+ B) + poa(a + P) + pop® — 4>

D(uo+ip) +1 (@ + B)2 +2ug(a + B) + 2 + p?
i
Hence, for uy > 0, we have that, Re ,,HO—W > 0. This implies that
b(uo+ip) +1
+i -
~'u0—m —A € £(X).
b(uo+ip) +1
Moreover,
. 1
1 po+ip o ‘ M H
Bluo+ i) +1 \ bluo +iw) +1 Tlpo+ipl

20



Therefore,
-1

-A =0.

lim
|ul—o0

1 Mo +ip
E(Ho +ip)+1 (E(Ho +ip)+1
It follows from Proposition equation admits a resolvent operator {R(#)}se;
satisfying property (EP). Let K = sup{[|R(¢)||: t€ I} and c = N([Rn fw k*(z, y)dydz)ll2

A direct computation shows that for each M > 0 the number g,, is equal to g,, = gcM.

1 3K
Therefore the expression g,, K + K®(M) f m(s)ds, isequivalentto gcKM + -
0

Since, there exists g > 0 such that gcK < 1 it follows that, there exists M > 0 satisfying
3K
qCKM + 7 < M.

From Corollary[2.1)lwe conclude that there exists a mild solution of equation (2.11).
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CHAPTER 3

Mild Solutions of Second Order
Non-autonomous Cauchy Problem with
non-local initial conditions

As we have mentioned in preceding Chapter, the study of mild solutions of evolution
equations is very important because it has a lot of applications. In particular, the study
mild solutions for problems with non-local initial conditions have taken great interest
in last decades.

This chapter is devoted to study the existence of mild solutions of non-local initial
value problem described as a second order non-autonomous abstract differential prob-
lem

u'(t) = ADu®+ f(t,u() tel0,al
u0 = g } (3.1)
u'0) = h(w

For te€ J=[0,al, A(t): D(A(t)) € X — X for t € ] = [0, a] denote closed linear operators
defined in a Banach space X. We assume that D(A(t)) = D for all ¢ € J. The function
f ] x¥€(;X) — X satisfies Carathéodory type conditions, and the functions
g, h:%€(J; X) — X are continuous maps.

There exists an extensive literature concerning second order problems. In the au-
tonomous case, thisis A(f) = A, for all ¢ € J, the solutions of these equations are closely
related with the concept of cosine families. We refer the reader to [58,140,(141,142,(144]
for basic concepts about these families.

In the same manner, the study of mild solutions of equation (3.1) are closely related
with the concept of evolution operator {S(z, 5)};,sc;. In the literature several techniques
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have been discussed to establish the existence of the evolution operator
{S(t, $)}1,s¢y. In particular, a very studied situation is that A(#) is the perturbation of an
operator A that generates a cosine operator function. For this reason, below we briefly
review some essential properties of the theory of cosine functions. We will mention a
few of properties and notations needed to establish our main results.

Let A: D(A) € X — X be the infinitesimal generator of a strongly continuous cosine

family {Cy(#)} />0 of bounded linear operators in X and let {Sy(#)} ;>0 be the sine family
t

associated with {Cy(1)};>0, which is defined by Syp(#)x = f Co(s)xds, for x € X and
0

t € R. Itis immediate that

t
Co(t)x—x:Af So(s)xds, forall xe X and t>0.
0

The notation E stands for the space consisting of vectors x € X such that the function
Co(-)x is of class C'. Kisynski in [101] has proved that E endowed with the norm

lxlly =llxll+ sup [IASe()xll, x€E,
0<r<1

is a Banach space. It is known that the operator valued function G(t) =

Co()  So(1) ]
ASp(1)  Co(2)
is a strongly continuous group of bounded linear operators on the space E x X. gener-

ated by the operator « = [,(31 é defined on D(A) x E. It follows from this property that

So(t) : X — E is a bounded linear operator such that the operator valued map Sy(-) is
strongly continuous and ASy(f) : E — X is a bounded linear operator such that, for
each x € E, satisfies ASy(#)x — 0 as t — 0. Furthermore, recall that, if f:[0,00) — X isa

t
locally integrable function, then u(¢) = f So(t—3)f(s)ds defines an E-valued contin-
0

uous function.
We finally mention that the function u(-) given by

t
u(t)zCo(t—S)x+So(t—S)y+f So(t=¢)f(&)d¢, te], 3.2)

is called mild solution of the problem

u'(ty = Au)+ f(1), te],
uls) = x, 3.3)
ues) = .
If x € E, the function u(-) given by is continuously differentiable and
t
u' (1) = ASo(t—s)x+ Co(t - S)y+f Co(t=8)f()d¢, te]. 3.4)
N
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If x€ D(A), y € E and f is a continuously differentiable function, then the function u(-)
is a classical solution of problem (3.3).

Non-autonomous second order problems have received much attention in recent years
due their applications in different fields. Specially, many authors have studied the ini-
tial value Cauchy equation

u'(ty = Au@®+f() te]
uis) = x (3.5)
u'es) = y.

We refer the reader to [17}78,/107,/138,/150]. As we have mentioned, the existence
of solutions of this equation is related with the existence of the evolution operator
{S(t, $)}1,s¢y for homogeneous equation

u'(t) = Au(t), te].
uis) = x (3.6)
ues) = .

In this thesis, we will use the concept of evolution operator {S(z, s)},sc; associated with
equation introduced by Kozak in [103]. With this purpose, we assume that the
domain of A(f) is a subspace D dense in X and independent of ¢ € J, and for each
x € D the function ¢t — A(f)x is continuous.

Definition 3.1. Amap S: ] x ] — £ (X) is said to be an evolution operator of equa-
tion if the following conditions are fulfilled.:

(D1) Foreach x € X the map (t,s) — S(t, s)x is continuously differentiable and

(a) Foreachte J, S(t,t) =
(b) Forallt,se J andeach x€ X, %S(t, S)X|;=s = x and %S(r, )X =5 = —x.

(D2) Forallt,s€],ifxe D, then S(t,s)x € D, the map (t,s) — S(t, s)x is of class C? and
(a) 6[28(t s)x = A(r)S(t, s)x.
(b) —S(t,s)x:S(t,s)A(s)x.
(c) 6sdts(t 8)x|=5=0.

(D3) Foralls,te ], ifxe D then atS(t s)x € D. Further, there exist ==
and

S(t,8)x S(t,9)x

tzas ’ aSZar

(@) atZasS(t S)x = A(t)a S(t,s)x. Moreover, the map (t, s) — A(t)a S(t,s)x is con-
tinuous.

(b) 555-S(t,9)x= AL S(t, 9)x.
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Assuming that f : ] — X is an integrable function, Kozak in [103] has proved that the
function u: J — X given by

0 t
u(t)=—6—85(t,8)x+5(l‘,5)y+f S(t,¢) f(&)dg, 3.7)

is a mild solution of equation (3.6). Motivated by this result, we will say that a function
u € 6 (J; X) is a mild solution of problem (3.1) if verifies

0 t
u(t) = —aS(t,O)g(u) +5(t,0)h(w) +f0 S(£,6) f(&, u&)dé. (3.8)

Henceforth, we assume that there exists an evolution operator {S(z, $)} ;<s,r<a aSsOCi-
ated with equation (3.6). To abbreviate the text, we introduce the operator
C(t,s) = —%. With this notation, the mild solution of problem (3.1) is

t
u(t) = C(t,O)g(u)+S(t,0)h(u)+f0 S(8,6) f(&, u)ds. (3.9)
In addition, we set K > 0 such that
sup [|S(,s)| < K and sup||C(¢,9)]| < K. (3.10)
t,s€] t,se]

We denote N; a positive constant such that

IS(t+ h,s)—S(t,s)| <Nilh| forall ¢t,s,t+he]. (3.11)

3.1 Main Results

In this section we will present our main results. In the same manner as that of Chapter
an argument to prove existence of mild solution of non-autonomous problem
is using fixed-point Theorems. The Theorems that we will use are related with the
concept of measure of non—compactness.

Similarly to Chapter |2} in order to give a condition that we will need in the proof of
main results of this Chapter, we consider the following list of assertions.

(Cghl) The functions g and h are continuous maps. Further, for each M > 0 the num-
bers g,, and h,, defined by

gy =sup{llig) : lul <M} and h,, =sup{llh@| : |ul < M}

are finite.
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(Cgh2) The functions f and g satisfy

1
y(g(B) +y(h(B)) < E(Y(B)

for all bounded set of continuous functions B. Here the constant K is defined as

in inequality (3.10).

(Cg1) The map from € (J; X) to € (J; X) given by u(-) — C(-,0)g(u) takes bounded sets
into equicontinuous sets.

1
(Cg2) The function g : €(J; X) — X satisfies y(g(B)) < §y(B) for all bounded set of
functions B € ¢ (J; X). Here the constant K is defined as in equation|3.10

(CS1) The evolution operator {S(Z, s)} 57 is @ compact family of operators.

(Cf1) The map f: ] x X — X satisfies the Carathéodory type conditions, that is, f(:, x)
is measurable for all x € X and f(¢,-) is continuous for almost all £ € J.

(Cf2) There exist functions m € LY(J;R*) and non-decreasing continuous function
@ : Rt — R* such that

I1f (&, 00 < m@Plxl)

for all x € X and almostall t € J.

(Cf3) There exists a function H € LY(J;R*) such that for any subset of functions
Sc¥€(J; X), we have

C(f(r,S(0) < H(OI(S(D)

for almostall £ € J.

Condition (Cgl) play a crucial role in the proof of Theorem for this reason we will
show several situations where this condition is valid.

Lemma 3.1. Let g:6(J; X) — X be a continuous map. If g is a compact function then
the function u(-) — C(-,0)g(u) takes bounded sets into equicontinuous sets.

Proof. let S <€ €6 (J; X) be a bounded set of continuous functions, this is, there exists

M > 0 such that |u|| < M for all u € S. Let € > 0 be an arbitrary positive number.

Since the function g is compact we have that there exist xj, xz,..., X, € X such that
P €

g(S) iZUIB (x,, 41<)'

For i € {1,2..., p}, define the functions f; : ] — X given by f;(t) = C(¢,0)x; . Clearly

these functions are continuous. Furthermore, since all functions f; are defined in a
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compact set it follows that for all i € {1,2,..., p} the functions f; are uniformly con-
tinuous. Hence, for i € {1,2,..., p} there exists h; > 0 such that for all £ € J we have

fa
I(C(t+ hi,0) - C(£,0) x; 1| < >
Denote § =min{h; :i=1,2,..., p}. Thus, we have that [ (C(¢+§,0) — C(£,0)) x; | < g for
allteJandi€{l1,2...,p}.
Let u € S, we know that there exists i € {1,2,..., p} such that || g(u) — x; || < g Therefore

IC(t+6,0)g(w) — C(£,0)g ()l < I(C(t+6,0) - C(z,0)) (g (w) — x1)l

+[(C(£+6,0) — C(£,0)) x; l

£
< 2Kl g(w) — x;l +5
<e.

This argument is valid for any u € S. Since, 6 is independent of u and ¢ we have that
the set
{C(,0)g(u) : ues}

is an equicontinuous set of continuous functions. [

Lemma 3.2. Assume that A(t) = A+ B(t) forallt € ], here the operator A is the generator
of a cosine family {Cy(t)};c; defined on X, and B(t) € ZL(E;X) for all t € ],
and B(t)z € C'(J;X) for z€ E. Let g : €(J;X) — X be a continuous map such that
g(u) € E for all u € €(J; X), then the function u(-) — C(-,0)g(u) takes bounded sets into
equicontinuous sets.

Proof. Under the hypothesis, it has been proved by Serizawa and Watanabe in [139]
that {C(t, s)}se; is differentiable in E. m

In the same manner as that of Chapter |2, henceforth we assume that the following
assertions hold:

Theorem 3.1. Suppose that the function g and h are compact maps and the conditions
(Cghl), (Cf1), (Cf2) and (Cf3) are fulfilled. If there exists a constant R > 0 such that

K(g, +h,)+ KCD(M)f m(s)ds < M,
0

then the problem (3.1) has at least one mild solution.

Proof. Define F:6(J;X) — €6 (J;X) by
t
(Fu)(t):C(t,O)g(u)+S(t,O)h(u)+f S(t,s)f(s,uls)ds, te].
0
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First, we show that F is a continuous map. Let {u,},en € € (J; X) such that u, — u (in
the norm of € (J; X)) Note that

I1F(un) — F(wll < Kllg(uy) — gl + Kllh(u,) —h(wl

+Kf0 £ (s, un(s) — f(s,u(s)lds.

Since, the functions g and h are continuous maps, it follows from Lebesgue dominated
theorem that | F(u,,) — F(u)| — 0 as n — oco.

Now denote by B,, = {u € €(J; X) : lu(t)|| < M for all ¢ € J} and note that for any u € B,,
we have

t
IFW) O < 1C(,0gw)l+ < 1S(£,0 k(W) + fo S(t,8) f(s,u(s)ds

<K(g, +h,)+ K@(M)f m(s)ds < M.
0

Therefore, F: B,, — B,, and F(B,,) is abounded set. Moreover, F(B,,) is an equicontin-
uous set of functions. In fact, let € > 0 be an arbitrary positive number. By Lemma3.1]

there exists 6; > 0 such that ||[(C(z+61,0) — C(£,0))g(u) || < Z Choose §, > 0 such that

. € € €
62<m1n{51, ) ’ },
4h,, Ny 4KO(M)M 4D(M)|mlly

where m is defined by m, = sup{m(t) 1 te ] } and ||m||; denotes the integral norm
of function m defined in condition (Cf2), the function ® is defined in condition (Cf2),
and K and N; have been chosen as inequalities (3.10) and (3.11). The constant h,, is
defined in condition (Cghl1)

Forall [, — f1] < 62 and for all u € B,, we have

| (Fu)(t) = (Fu) ()|l < IIC(2)g(w) — C(t) gl + 11S(5) h(u) — S(H) h(w) ||
) r
+ KO(M) 2m(s)dﬁ-CI)(M)f 1 IS(ts,8) — S(ty, s)|m(s)ds
r 0
81
< el
4

~

+t-+-+-=¢.

£ € £
4 4 4
Define B = ¢o(F(B,,)). It follows from Lemmal[l.2|that the set B is equicontinuous and
the operator F : °B — ‘B is bounded and continuous. In addition, F(*8) is a bounded
set of functions. Same argument made to show that F(B,,) is an equicontinuous set of

functions show that F(*8) is an equicontinuous set of functions.

From properties of Hausdorff measure of non—compactness we have that
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t
((FEB (1)) < {{C(1,0)g(B)} + {{S(,0)h(B)} +(( fo S(t, ) f(s,‘B(-))ds)
t
< K{Ig(B)} + K{h(B)} + K fo C{f (s, B(s)}ds

t
< Ky(‘B)f H(s)ds
0

a
Since H € L' (J;R*) for § < 1/K there is ¢ € €(J;R") such thatf |H(s) —p(s)|ds < 6.
0

Therefore,

C(F(B(1)) < Ky(*B) [fOtIH(S) —(p(S)IdS+f0t|(p(S)|dS]
< Koy(®B)+ KNt,
where N = ||@|lo. Thus, we have
Y(F(B(1)) < (A+Bt)y(’B) where A= K¢ and B=KN.

Following the same arguments as those of proof of Theorem[2.1]in Chapter[2} we have
that

2 n
_,(Ba) (Ba)
Furthermore, since 0 < A < 1 and Ba > 0, it follows from Lemma|[1.4] that there exists
ng € N such that

y(F"(B)) < [A"+ClA" 'Ba+Cy A"

BZ no
A"+ COATIB+ CP AT — b — =T <1
2! n()!
Therefore, y(F™(98)) < ry(®8), with r < 1. It follows from Theorem [L.5| that F has a
fixed point in ®B. This fixed point is a mild solution of equation (3.1). [

Theorem imposes some restrictive conditions about functions g and k. In fact,
non-local initial conditions that arise in specific applications, are very often condens-
ing maps. Motivated by this, the next result imposes much more weak restrictions for
g and h.

Theorem 3.2. Suppose that the functions g and h are condensing maps and the condi-
tions (Cghl), (Cgh2), (Cf1) and(Cf2) are fulfilled. If there exists a constant R > 0 such
that

K(g, +h,)+ K(D(M)f m(s)ds < M,
0

then the problem (3.1) has at least one mild solution.
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Proof. Define F:6(J;X) — €6 (J;X) by
t
(Fu)(t):C(t,O)g(u)+S(t,0)h(u)+f S(t,s)f(s,u(s))ds, te]
0

forall ue €(J; X).
Following the same argument as that of proof of Theorem we prove that F is a
continuous map. We introduce the mappings

F,:€6(;X)—€(;X) definedby (Fru)(t) =C(t,0)g(u) + S(t,0)h(u), te].

and

t
F:€6(];X) — €(J;X) defined by (Fgu)(t):f S(t,8)f(s,u(s))ds, te]
0

Since {S(t, $)};,se7 is a family of operators such that
IS(z+h,s)—S(t, )| <Nilh| forall t,s,t+he],

it follows from Arzela—Ascoli theorem that F, is a compact map. On the other hand F;
is a y—condensing map. In fact, y(F1B) < y(C(-,0)g(B)) +y(S(-,0)g(B)) < y(B) for all
bounded set of functions B.

By hypothesis, there exists a constant R > 0 such that

K(g, +h,)+ KCD(M)f m(s)ds <R.
0

Therefore, F : B, — B,,. It follows from Theorem 1.4|that F has a fixed point in B, and
this fixed point is a mild solution of equation (3.1). [

Assume now that A(#) = A+ B(t) for all ¢t € J, where B(:) : ] — £(E; X) is a map such
that the function ¢ — B(#)x is continuously differentiable in X for each x € E. It has
been established by Serizawa and Watanabe [139] that for each (y,z) € D(A) x E the
non-autonomous abstract Cauchy problem

u'(t) = (A+B))u(), te]
u© = x, (3.12)
u'0 =y,

has a unique solution u(-) such that the function ¢ — u(¢) is continuously differentiable
in E. It is clear that the same argument allows us to conclude that equation

u'(ty = (A+B®)u(r), te]
u(s) = x, (3.13)
ues) =y,
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has a unique solution u(:, s) such that the function ¢ — u(t, s) is continuously differen-
tiable in E. It follows from (3.7) that

t
u(t,s) = Co(t—8)x+Sp(t— S)y+f So(t=¢)B(u(s,s)d¢

In particular, for x = 0 we have

t
u(t,s) = So(t— S)y+f So(t=¢)B([u(s,s)ds

Consequently,

t
lutt, )l < ISo(t = )l iy 121 + f 15002 =l iy 1B iy 11E, )11 E.

Applying the Gronwall-Bellman lemma, there exists a constant N > 0 such that
lut, )l < Nlzl, ste].

We define the operator S(t,5)y = u(t,s). It follows from the previous estimate that
S(t, s) is a bounded linear map on E. Since E is dense in X , we can extend S(¢, s) to
X. We keep the notation S(¢, s) for this extension.

It is well known that, except in the case dim(X) < oo, the cosine function Cy(#) can-
not be compact for all £ € R. By contrast, for the cosine functions that arise in spe-
cific applications, the sine function Sy(#) is very often a compact operator for all ¢ € R.
This motivates the following result proved by Henriquez in [78]. We remark, this result
shows a situation where the condition (CS1) is valid.

Lemma 3.3. Under the preceding conditions, S(-,-) is an evolution operator for equation
(3.14). Moreover, if Sy(t) is compact for all t € R, then S(t, s) is also compact for all s < t.

Now consider the particular case of equation (3.1).

u'(t)y = (A+BM)ul®)+ f(t,u(r), te]
us) = guw), (3.14)
u'(s) = hu.

Next Theorem gives sufficient conditions to guarantee existence of a mild solution of
equation (3.14). We remark, this results imposes much more weak conditions for func-
tion h. In same manner as those of Theorems 3.1 and we enumerate following
conditions.

Theorem 3.3. Suppose that the functions g and h are condensing maps and the condi-
tions (Cghl), (Cg2), (Cf1) and (Cf2) are fulfilled. If the evolution operator {So()} iy is a
compact family of operators and if there exists a constant M > 0 such that

a
K(g, +h,) + K(D(M)f m(s)ds < M,
0

then the problem (3.14) has at least one mild solution.
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Proof. Define F:6(J;X) — €6 (J;X) by
t
(Fu)(t):C(t,O)g(u)+S(t,0)h(u)+f S(t,s)f(s,u(s)ds, te].
0

Following the same argument as that of proof of Theorem we obtain that F is a
continuous map. We introduce the mappings

Fi1:€(;X)—€(;X) definedby (Fju)(t)=C(t,0)g(u), te],

and

r
F:€(J;X) — €(J;X) defined by (Fgu)(t):S(t,O)h(u)+f S(t,s)f(s,u(s)ds, te].
0

It follows from Lemma that {S(z, s)},s¢7 is @ compact evolution operator, following
same argument of proof of Theorem [3.2] we have that F, is a compact map. Thus, for
all B< €6 (J; X) we have

Y(F(B)) < y(F1B) <y(B).

Therefore, F is a y—condensing operator. By Hypothesis, there exists M > 0 such that
F:B,, — B,,. It follows from Theorem|I.4|that F has a fixed point in B,,, and this fixed-
point is a mild solution of equation (3.14). m

Remark 3.1. Note that proof of Theorem|3.3 still is valid for general A(-) such that the
corresponding evolution operator {S(t, $)};,sc; of equation (3.1) is a compact evolution
operator.

3.2 Examples

The one-dimensional wave equation modeled as an abstract Cauchy problem has been
studied extensievolutionvely. See for example [154]. In this section, we apply the ab-
stract results established in preceding section to study the existence of solutions of the
non-autonomous wave equation with non-local initial conditions. Specifically, we will
study the following problem

w(t,&) ?w(t, &) ow(t,¢)

_ \»6) <&

32 3¢z +b(1) 3¢ +F(t,w(t,$)), te], and 0<E<2n
w(t,0) = w(t2n) te]

w©,8) = Y gwlt,d) (

i=0

ow(0, mn

w09 - _ Y hiw(t;,€)

ot i=0
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We model this problem in the space X = [%(T;R), where the group T is defined as
the quotient R/2nZ. We will use the identification between functions on T and 27—
periodic functions on R. Specifically, in what follows we denote by L?(T;R) the space
of 2n—periodic 2-integrable functions from R into R. Similarly, H?(T;R) denotes the
Sobolev space of 2r—periodic functions u : R — R such that u” € L?(T;R).

In what follows, we use the identification u(t) = w(t,-) for all £ € J. In another words,
for all ¢ € J, we have the the function u(z) : [0,27] — R defined by u(#)(¢) = w(t,¢).
Furthermore, consider the operator A defined by

d*z(©) . . B 2T . 207
Az = e with domain D(A) = {ze€ L“(T;R) : z€ H*(T;R)}.
For t € ] the operators B(t) are defined by
B(t)z = b(t)dfl—?) with domain D ={z € L*(T;C) : ze H(T;0)},

and the functions g and h defined by

p p
gw) =) giu(t) and h(u) =) hju(t),
i=0 i=0

fori=0,1,..., p, the numbers g; and h;, are given constants and 0 < o < --- < 1}, < a.

p
Assume that ) (gi+h;) <1.
i=0

With this considerations preceding equation can be written in the abstract form

u'(t) = (A+BM)ult)+ f(t,u(r), te]
u0) = guw), (3.15)
') = huw.

It is well known that A is the infinitesimal generator of a strongly continuous cosine
function {Cy ()} c; in X. Moreover, A has discrete spectrum, the spectrum of A consists
of eigenvalues —n? for n € Z with associated eigenvectors

1 .
2y (&) = ——e'™ fornez.

V2n

Furthermore, the set {z,, : n € Z} is an orthonormal basis of X. In particular,

Az = Z -n%(z, Zn) Zn

nez

for z e D(A). The cosine function Cy(?) is given by

Co()z=)_ cos(nt)(z,zn)zn, tER,

nez
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with associated sine function

sin(nt)

So(f)z = t{z,zp)zp + Z
nez\ioy 1

(2,z2n)z, TER.

Itis clear that || Cy(#)|| < 1forall £ € R. Thus, Cy(-) is uniformly bounded on R. Moreover,
the family {So ()} ;er is compact family of operators such that ||So(#)]| < 1 for all £ € R.
It has been proved by Henriquez in [78] that the equation admits an evolution op-
erator {S(¢, $)}o<t,s<a- From Lemmawe have that the evolution operator {S(, )} ¢ ses
is compact.

Consider the function f(t, u(t)) = a(f)B(u(t)) for all ¢t € J, where a is an integrable
function and $ is a bounded map.

By direct computation, the conditions (Cghl1), (Cg2), (Cf1) and (Cf2) are satisfied. In
addition, since

p
Z(gl + I’ll) <],
i=0

there exists M > 0 such that

M

p
(gi+h)+Llal; <M,

i=0

a
where L is the bound of function § and ||, = f la(t)|dt.

0
It follows from Theorem [3.3] that there exists a mild solution for equation (3:15) in
L*[R™;R).
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CHAPTER 4

Periodic Solutions of an Abstract
Third—Order Differential Equation

Recent investigations have demonstrated that third—order differential equations de-
scribe several models arising from natural phenomena, such as wave propagation in
viscous thermally relaxing fluids or flexible space structures with internal damping, for
example, a thin uniform rectangular panel, like a solar cell array, and a spacecraft with
flexible attachments. For more information see [18,/19,20,121,/65,66,67] and references
therein.

Considering the influence of an external force, many of these equations take the ab-
stract form

au" (1) + u" (1) = BAu(r) + yAu' (1) + F(t, u(1)), for teR", (4.1)

where A is a closed linear operator defined on a Banach space X, the function F is a
given and X-valued map, and the constants a, 8,y € R*.

Equation has been studied in many aspects. Next, we just mention a few of them.
A characterization of solutions for its linear version, i.e. F(t,u(t)) = f(t), have been
obtained in Holder spaces C*(R; X) by Cuevas and Lizama in [45]. In the same man-
ner, Ferndndez, Lizama and Poblete in [59] characterize well-posedness in Lebesgue
spaces, L (R; X). Further, Fernandez, Lizama and Poblete, in [60], study regularity and
qualitative properties of mild and strong solutions defined in R* where the underlying
space is a Hilbert space. On the other hand, existence of bounded mild solutions of the
semi-linear equation is studied in [50] by De Andrade and Lizama.

As we have said in Introduction, concerning to abstract evolution equations, the study
of solutions having periodicity property is a very important subject of research. How-
ever, for abstract third-order differential equation (4.I), this aspect has not been ad-
dressed in the existing literature. For this reason, this Chapter is dedicated to study
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existence and uniqueness of periodic strong solutions for abstract third—order equa-
tion
au" (r) +u" (1) = BAu(t) +yBu' (1) + f (1), t€l0,2n], (4.2)

with boundary conditions ©(0) = u(27x), u'(0) = u'(27) and 1" (0) = v (27). Here A and
B are closed linear operators defined on a Banach space X with D(A) n D(B) # {0}, the
constants a, 8,y € R, and f belongs to either periodic Lebesgue spaces , or periodic
Besov spaces, or periodic Triebel-Lizorkin spaces. Our approach is based in vector-
valued Fourier theorems and maximal regularity property. We remark, the study of
existence of solutions for equation in the particular case A = B is a manner to
study periodic solutions of equation (4.1).

With a specific norm, we will denote the space consisting of all 2r—periodic, X—valued
functions by E(T; X), and denote the set consisting of all functions in E(T; X) which
are n times differentiable by E”(T; X). The following definitions will be used in subse-
quent sections with either periodic Lebesgue spaces, periodic Besov spaces or periodic
Triebel-Lizorkin spaces.

Definition 4.1. A function u is called a strong E-solution of equation (4.2) if
u e E¥(T; X) n ENT;[D(B)]) N E(T; X) and equation @2) holds a.e. in (0,27).

Definition 4.2. We say that solutions of equation (4.2) has E-maximal regularity if for
each f € E(T; X), equation 4.2) has a unique strong E-solution.

For the rest of this chapter we introduce the following notation. Given «, 8,y > 0, and
closed linear operators A and B defined on a Banach space X, with D(A) n D(B) # {0}.
For k € Z, we will write

ar=ik® and br=iak®+k? (4.3)
and the operators
Ni = (be +iykB+BA)™' and M; = aiNg. (4.4)
Furthermore, we denote

p(A,B) ={k€Z : Ni exists and is bounded} and o(A,B)=2Z\p(A,B).

4.1 Maximal regularity for a third—order differential equa
tion in periodic Lebesgue spaces

In this section, we give a characterization of LP-maximal regularity for equation (4.2).
For this reason we prove Theorem [4.1]and to carry out its proof, we need the following
results.
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Lemma 4.1. Let a,fB,y > 0, and let A and B be closed linear operators defined on a
Banach space X. If {My}rez and {kB Ny} ez are R—-bounded families of operators, then

{kag(A'N)bkez and {(k*B(A'Ni)ez
are R-bounded families of operators.

Proof. First note that {ayNi}rez is R—-bounded if and only if {by Ni} ez is R-bounded.
Furthermore, for all j € Z fixed, we have {ay N, j}rez and that {kBNy, j}rcz are R-
bounded families. For k € Z, we have

(A'Np) = Nigy1 (bg = by — iy B) Ny = —(A' bg) Ny Ni — iy Ny 1 BNg.. (4.5)
Hence, for all k € Z \ {0} we have
(A'by) by

— a Ni+1 My + vy ag Ni+1 kB Ni
ko Gk

kap(A'Np) = -k

and,
k*B(A'Ny) = —k(A'br) kBNj1 Ny — iykBNyy1 kBNj
k(AIbk) b

—kBNj+1 My — iykBNj.1kBNj.
br ak

Direct computation shows that if k = 0 the operators k'a;(A'Ny) and k*B(A!Ny) are

bounded. In addition, {bi}rez is a 1-regular sequence and sup |bk/ ak| < o0o. The
keZ\{0}

Lemma results from the properties of R—-bounded families. [

Lemma 4.2. Let p € (1,00), and let X be a UM D-space. If a,f,y >0, and A and B are
closed linear operators defined on X, then the following two assertions are equivalent.

(i) The families {kBNy}xez and{My}rez are R—bounded.

(ii) The families {kBNy}xez and {My}rez are LP—multipliers.

Proof. (i) = (ii). By hypothesis, {Mj} ez and {kB Ny} ez are R—-bounded families of
operators. According to Theorem|[1.1} it suffices to show that the families

k(A'Mp}kez and {k(A'kBNp)}rez
are R-bounded. For this, note that

(Alay)
ag

k(A*Mp) =k arNii1 + kap(A'Np).

Similarly, we write
k(A'kBN;) = k2B(A'Ny) + kBNpy 1.

Since {ai}rez is a 1-regular sequence, statement (i) results from Lemma[4.1]and the
properties of R—-bounded families.
(ii) = (i). Statement (i) follows from Proposition|1.1 [
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Theorem 4.1. Let p € (1,00), and let X be a UM D-space. The following two assertions
are equivalent.

(i) Equation has LP-maximal regularity.
(ii) o(A,B) =@. The families {My}rcz and {kBNy}rez are R—bounded.

Proof. (i) = (ii). Let k € Z be fixed, and let x € X. Define h(t) = e'*’x. A simple
computation shows that (k) = x. By hypothesis, there exists a function u € H;’epr(X )N
Hll,’epr (X;[D(B)]) N LP(T; [D(A)]) such that, for almost all ¢ € [0,27], we have

au" (1) + u" (t) = BAu(r) + yBu'(t) + h(r).
Applying Fourier transform to both sides of the preceding equality, we obtain
(—iak® - k* —iykB - BA) (k) = x.

Since x is arbitrary, we have that (—by — iykB — BA) is surjective.

On the other hand, let z € D(A)nD(B), and assume (—by—iykB—[A)z = 0. Substituting
u(t) = e’* z in equation ([@.2), we see that u is a periodic solution of this equation when
f =0. The uniqueness of the solution implies that z = 0.

Now suppose (by + iykB + A) has no bounded inverse. Then for each k € Z, there
exists a sequence {yi n}nez S X such that

||J/n,k|| <1 and ||Nkyk,n|| >n? forall nez.

Write xi = ykx. We obtain || Nyxill > k?, forall ke Z.
X1
Letg(t)= ), =k ekt Note that g € LP(T; X). By hypothesis, there exists a unique

2
keZ\{0}
strong LP—solution u € LP(T; X). Applying Fourier transform to equation (4.2), we have

(k) = —Nrg(k), forall k € Z. We know

X1 -
u(t) = Z —k—I;e’k[Nk, for almost £ € [0,27].

kez\{0}

X
For all k € Z, we have “ k_IZCNk

LP—solution of equation (4.2), this is a contradiction. Hence Ny € £ (X), forall k € Z.
Therefore, (A, B) = @.

‘ > 1 and conclude that u ¢ LP(T; X). Since u is a strong

Next let f € LP(T;X). By hypothesis, there exits a unique function u € Hz’ep,(X) N
Hyl(X; [D(B)]) N LP (T; [D(A)]) such that

au (1) +u" (1) = BAu(t) + yBu' (1) + f (1)
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for almost all ¢ € [0,27]. Applying Fourier transform to both sides of the preceding
equation, we have R
(=br—iykB - BA)i(k) = f(k)

forall k€ Z. Since 0 (A, B) = @, we have
ti(k) = (~bg — iykB—BA) " f(k), forallke Z.
Multiplying by iyk on both sides of the preceding equality, we obtain
iykii(k) = —iyk(by + iykB+ A (k).

Since u € H;’ep, (X;[D(B)]), thereis a function v € LP(T; [D(B)]) satisfying v(k) = iykii(k),
for all k € Z. Therefore,

v(k) = —iyk(bp + iykB+ BA) ' f(k), forall k € Z.

Define w = Bv. Since v € LP(T;[D(B)]), we conclude w € LP(T; X). Since B is a closed
linear operator, it follows from Lemmal(l.1|that,

(k) = —iykBNf(k), forall keZ.

This implies that the family {kB Ni} ez is an LP-multiplier.

On the other hand, since u € L”(T;[D(A)]), we define r = —Au, and we have r €
LP(T; X). Since A is linear and closed, it follows from LemmalL.1]that

7(k) = —BAN f(k), forall ke Z.

Hence, the family {— B AN} ez is an LP—-multiplier. Now for all k € Z, we have
kak =1- iYkBNk - IBAN]C.

Since the sum of LP-multipliers is also an LP-multiplier, we conclude {bj N}z is an
LP-multiplier. Since, the sequence {ax/bi} .7\, is bounded and Z—’; bi Ny = M. , we
have that {M}cz an LP-multiplier. It now follows from Proposition that {M} ez
and {kB Ny} ez are R-bounded families.

(ii) = (i). By hypothesis, the conditions of Lemmal4.2|are satisfied. Therefore, {My}cz
and {kBNj}rcz are LP-multipliers. From Remark[1.1jwe conclude that {(—by — iykB —
BA) ez is an (LP(X), H;’fr(X ))-multiplier. Thus, given a function f € L”(T; X), there

exists a function u € H?,’epr (X) such that, forall k€ Z,

(k) = (~bi— BA—iykB) " f (k). (4.6)
Moreover, from Lemmall.1]we have that u(t) € D(A) n D(B) for almost all ¢ € [0, 27].
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As we have shown, the family {ikB(—by —iykB — ﬁA)_l}kEZ is an LP-multiplier. Then
there exists a function v € LP(T; X) satisfying

(k) = ikB(~by— iykB - BA) " (k)

for all k. According to equality (4.6), we have U (k) = ikBii(k), for all k € Z.
On the another hand, since Hf,’ep, (X) c Hll,’ep, (X), there exists a function w € LP(T; X)
such that (k) = ikii(k), for all k € Z. Since B is closed linear operator, we have

v(k) = B(ikii(k)) = Biv(k) = Bw(k)

for all k € Z. By the uniqueness of the Fourier coefficients, v = Bw. This implies that
w € LP(T;[D(B)]). Therefore, u € H;,’ep,(X; [D(B)]). We claim that u € LP(T; [D(A)]). In
fact, using the identity

BA(by + iykB + BA) ' =T —bp(by + iykB + BA) ' — iykB(bi + iykB + BA) ™!

we see that { BA(br+iykB+pA) -1 } ez isan LP-multiplier. Thus, there exists a function
h € LP(T; X) satisfying R R
h(k) = A(b + iyB+ BA) "L f(k)

for all k. It follows from equality that h(k) = Afi(k), for all k € Z. By the unique-
ness of the Fourier coefficients, we have & = Au. This implies that u € L”(T;[D(A)]) as
asserted. Therefore, u € Hy..(X) N Hylr (X; [D(B)]) N LP(T; [D(A)).

We have shown that u € HZ'ep,(X). Thus, u(0) = u2n), u'(0) = v'(2n), and u"(0) =
u" (2m). Since A and B are closed linear operators, it now follows from equality
that

au (k) + u" (k) = BAu(k) +yBu(k) + f(k), forall ke Z.

From the uniqueness of the Fourier coefficients we conclude that equation holds
a.e. in [0,27]. Therefore, u is a strong LP-solution of equation (4.2). It remains to show
that this solution is unique. Indeed, let f € L”(T; X). Suppose equation has two
strong LP—solutions, u; and u,. A direct computation shows that

(~by— iykB - BA) U1 (k) — (k)] =0

for all k € Z. Since (—by — iykB — BA) is invertible, we have (k) = %, (k) for all k € Z.
By the uniqueness of the Fourier coefficients, u; = u,. Therefore, equation has
LP-maximal regularity. n

It is not easy to verify the R—-boundedness condition of a specific family of operators,
especially when two different operators are involved. Our next Corollary require ad-
ditional conditions about the operators A and B, however is a more practical result to
check that families {axNi}rez and {kBNi}rez are R-bounded. With this purpose, for

by -1
k € Z define the operators Sy = (_F - A) .
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Corollary 4.1. Let1 < p < oo, and let X be a UM D-space. Supose that for all k € Z we
b
have _Fk € p(A). Assume that the families of operators %, = {axSk : k € Z} and F» =

{ik%BSk k€ Z} are R-bounded. If R,(%») < 1 then equation has

LP-maximal regularity.

Proof. According to [81, Lemma 3.17], the family

{l=5es)

ik -1 ik -1
is R-bounded. For k € Z the operators My = a; Sk (I - %Bsk) kBN = kBSj (I— %BS;C) .
By properties of R-boundedness, we conclude the families { M} ez and {kB N}z are
R-bounded. The Corollary results from Theorem m

Following corollary is given as an answer to the study of existence of periodic solutions
for equation (4.1). With this purpose, we denote the complex sequence {d}cz given
by
kS + k?
di = _L for ke Z.
iyk+p

Corollary 4.2. Let p € (1,00), and let X be a UM D-space. The following two assertions
are equivalent.

(i) Equation (@.2), with B = A, has LP -maximal regularity.
(i) {di}rez S p(A) and that {dy(dy — A) ™} kez is R-bounded.

Proof. (i) = (ii). According to Theorem [4.1} we have that 0(A, A) = ¢ and that the
operators (iak®+ k?+ iykA+ BA) ™' € £(X), for all k € Z. In addition, {ik>(iak® + k? +
iykA+ BA)"'}1ez is R—bounded. Hence, this family of operators is bounded. Then
there exists a constant C > 0 such that sup|| iBGak® + K+ iykA+ ﬁA)_1 || < C.
kez

This implies
liyk + Bl

i k3|
Since 0 € p(A, A) ifand only if 0 € p(A), we have {dy} ez < p(A). Properties of R—bounded
families and the equality

I(dr— A7 < C, forallkeZ\{0}.

iakd + k?

di(di— A7 = 3 ik Gak®+ K+ (iyk+ ) A) ™!
l

show that {di(dr — A) "'} rez is R—bounded.
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(ii) = (i). For this, note that assertion (ii) guarantees that condition (ii) of Theorem
is satisfied. In fact, let k € Z, by hypothesis d € p(A), this implies that (d; — A)~! is well
defined in £ (X). Since {d(d; — A)"'}rez is R—bounded, there exists a constant C > 0
such that

sup lldi(di — A7 = supliak® + kK| | (iak® + k> + (iyk+ B) A < C
keZ kez

Then, for all k € Z\ {0}, we obtain

13 12 (- A—l < .
I(—iak® - k*—(iyk+p)A) | a1 I

Since 0 € p(A) ifand only if 0 € p(A, A), we have (A, A) = @
We combine properties of R—bounded families with the identities

13
1 30s 13,12 |+ -1_ ik -1
ik>(iak>+k +l)/kA+ﬁA) —mdk(dk—A)
and
kAGiak® +k* +iykA+ A~ = i ’B(dk(dk Al-D
to obtain that the families {i k®(by + iykA+ ,BA)‘l}kEZ and {kA(bg + iykA+ BA)  iez
are R—bounded. m

4.2 Maximal regularity for a third—order differential equa-
tion in periodic Besov spaces

In this section, we give a characterization of B, ,.—-maximal regularity for equation (4.2).
For this reason we prove Theorem[4.2]and to carry out its proof, we need the following
results.

Lemma 4.3. Let a, B,y > 0, and let A and B be closed linear operators defined on X. If
{Mp} ez and {k BNy} ez are bounded families of operators, then

K ar (A’ Nikez and {K*B(A*Np)kez
are bounded families of operators.

Proof. We make the same considerations as that of Lemmal4.1] We have that {a; Ny} ez
is bounded if and only if {by Ni} ez is bounded. Further, for all j € Z fixed, we have that
{aiNk+ j} oy and {kBNi, j}kez are bounded families. For k € Z \ {0}, we have
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. (A%by) b
k*ar(A*Ny) = iykap (N — Ns2) kBNiy1 — My kzb—ka—kakan
ko Gk

(A'bys1) by

+kag(Nii2 — N )k——————a; N
b, ax
and
A%by) b
3B(A2Ny) = k2B(Ny — Niy2) kBNjy — kBN k2 (A”bk) a—kakaH
k
(A'bri) b
— K*B(Njyp — N k— 2 2K g N,
br ax

A direct computation shows that if k = 0 the operators k?a;(A’Ni) and k3 B(A%2Ny) are
bounded. Since {by}rcz is a 2-regular sequence, same calculation made in proof of
Lemma 4.1 shows that the families of operators {k?ai(A?Ni)} ez and {k* B(A> Ni)} xez
are bounded. [

Lemma4.4. Letl1 < p,g<oo,ands>0. Leta, B,y € R, and let A and B be closed linear
operators defined on a Banach space X. The following two assertions are equivalent.

(i) The families {kB N} ez and {My} ez are bounded.
(ii) The families {kBNy}rez and {My}ycz are B;,’q—multiplien

Proof. (i) = (ii).According to Theorem([I.2], we need to show that the families {Mj} ez
and {kB Ny} ez are 4 -bounded of order 2. Exactly, the same calculation made in proof
of Lemma displays that {k(A'Mi)} ez and {k(A'kBNj)} re7 are bounded. Now note
that

A? Al
KRAZMy) = Kar 02N + k2 L% 0 N — 8
a

k ag

kax(Ni — Ni+2).

Also
k% (A2kBNy) = kK3 B(A%2Ny) + k> B(Nj1o — Ni).

A simple verification shows that if k = 0 the operator k?(A? M) is bounded. Further-
more, it follows from Lemma[4.1]and Lemma[4.3|that {M}} ez and {kB Ny} ez are 4 —
bounded of order 2.

(ii) = (i). It follows from the Closed Graph theorem that there exists a C > 0 (indepen-
dent of f) such that, for f € B}, ,(T; X), we have

Y ex® M f(k)
kez

py, <CIf sy,
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Let x € X, and define f () = ekt x for k € 7 fixed. The preceding inequality implies
lexllps, I Mixllps | = llexMixlgs < Cllexlgs lIxls -

Hence for all k € Z we have ||[Mi| < C. Consequently, sup| M| < co. Similarly,
kezZ

sup || kBNg| < oo. n

kez

The following Theorem gives a characterization of maximal regularity on periodic Besov
spaces for equation (4.2). Its proof is very similar to as that of Theorem (4.1), so we will
pass over it.

Theorem 4.2. Let1 < p, q < oo, and s > 0. Let X be a Banach space. The following two
assertions are equivalent.

(i) Equation has By, ,~maximal regularity.
(ii) (A, B) = @. The families {My} ez and {kB Ny} ez are bounded.

In the same manner as preceding section, we give a more practical criteria to checking
boundedness condition about families {a; Ni}rez and {kBNy}rez. We use the same
notation introduced in Corollary [4.1] for the family {Si}icz. We do not give its proof
because it follows the same lines as those of proof of Corollary[4.1]

Corollary 4.3. Let1 < p,q < 0o, s > 0 and X a Banach space. Suppose that for all

b ivk
k € Z we have _Fk € p(A). Assume that the families {aySi}xez and {%BS;C}IC _ are
€

bounded. If sup |lar Skl < 1, then the equation (4.2) has B;,, q—maximal regularity.
kez

As Corollary[4.2]in preceding section, the following result is an answer to the study of
existence of periodic solutions for equation (4.1). Its proof follows the same lines as
those of proof of Corollary[4.2} so we pass over it.

Corollary 4.4. Let X a Banach space and 1 < p,q < oo and s > 0 The following asser-
tions are equivalent,

(i) The equation (A1) with B = A, has By, ,—maximal regularity.

(ii) {di}rez S p(A) and {di(di — AV} rez is bounded.

4.3 Maximal regularity for a third—order differential equa-
tion in periodic Triebel-Lizorkin spaces

In this section, we give a characterization of F ;,y q—maximal regularity for Equation (4.2).
For this reason we prove Theorem[4.3] its proof will depend on our next results.
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Lemma 4.5. Let a, 3,y >0, and let A and B be closed linear operators defined on X. If
{Mj}xez and {kB Ny} ez are bounded families, then

P ar(M Niteez  {K*BIA’ N kez
are bounded families.

Proof. We make the same considerations as those of Lemmas and We have
that {ayxNi}rez is bounded if and only if {by Ny} ez is bounded. Further, for all j € Z
fixed, we have that {a; Ny i}, ., and {kBNi, j}kez are bounded families. Using the
calculations as those of Lemma[4.3] for all k € Z we see that

A?Ny = (Ni+2 — Ni) (= (A'bry2) = iyB) Nigw1 — Ni(A?bg) Ny 1 -
Therefore, for k € Z \ {0}, we have

K ap (A3 Ny) = K ai ((A* Niy ) + (A2Np)) k (= (Abg12) — iy B) Nieyo (4.7)

(A%bgy1) b
K b—kﬂ a_kaka+2

+ kag(Ngs2 — Ni) k*(=(Abgs1) — iyB) (A Niy1)

(A3by) (A%by)
- k3—kk axNi+1 b Nio — K° kk

(A2Dby)
k

—kap(Ni+2 — Ni)

kap(A* Ni) b Niso

— K2

b Ny kay(Nii2 — Ni),

and

k*B(A’Ni) = k° B(A* Ni41) k(—(A'bs2) — iy B) Nis (4.8)
+ k*B(A*Ng) k(—(Abgs2) — iy B) Ny

(A%bys1)
+ kZB(Nk+2 — Ni) k2¢ br+2 N2
bk+2

— k*B(Ni+2 — Ni) k*(—=(A%bjes2) — iy B) (Ni42 — Ni)

K3 (A3by) k?(A%by)
+ = @ N1 b Niyo - ———= k*B(A' Ni) by Nics 2

bk bk
k?(A?by)

bi BNy, k*(Ni2 — Np).
by

A direct computation shows that if k = 0 the operators k3 a; (A3 Ni) and k* B(A3Ny) are
bounded. Since {by}rez is a 3-regular sequence, it follows from Lemmas and
that all of the terms on the right side of identities and are uniformly bounded.
Therefore, {k3a;(A3Ny)} ez and {k* B(A3 Ni)}rez are bounded families. n
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Lemma 4.6. Let1 < p, q < oo, and s > 0, and let A and B be closed linear operators
defined on a Banach space X. The following two assertions are equivalent.

(i) The families {kB N} ez and {My} ez are bounded.

(ii) The families {kBNy} ez and {My}ycz are F;,yq—multiplier.
Proof. (i) = (ii). The proof of Lemma [4.4] shows that {Mj}ez and {kBNi}cz, are
(-bounded of order 2. Moreover, we have
K (A° M) = K arp (A’ Np) + k° (k43 — @) (A Ny 1) + k(A% @g1) (A Nir)
- 2k* (A% ag) (A Nigs1) + (A @) Niy,
and
K3 (A2kBNL) = k*B(A3Ny) + 3k B(A% Niy1).
It follows from Lemmas and [4.5|that {Mj}rcz and {kBNy} are .#-bounded of
order 3. Statement (i i) now follows from Theorem [1.3]
(ii) = (i). The proof follows the same lines as that of Theorem ]

The following Theorem gives a characterization of maximal regularity for equation
(4.2) on periodic Triebel-Lizorkin spaces. Its proof is similar to proof of Theorems|4.1
and[4.3} so we pass over it.

Theorem 4.3. Let1 < p and g < oo. If s > 0 and X is a Banach space, then the following
two assertions are equivalent.

(i) Equation #.2) has F,, ,~maximal regularity.

(ii) (A, B) = @. The families {M}} ez and {k BNy} ez are bounded.

In the same manner as preceding sections, we give a more practical criteria to checking
boundedness condition about families {a; Ni}iez and {kBNi}rez. We use the same
notation introduced in Corollary [4.1] for the family {Si}ircz. We do not give its proof
because it follows the same lines as those of proof of Corollary[4.1}

Corollary 4.5. Let1 < p,q < o0, s >0 and X a Banach space. Supose that for all k € Z we

b k
have ——~ € p(A). Assume that the families {aySi} ez and {%Bsk}k . are bounded.
€

If sup |larSkll < 1, then the equation (4.2) has Ff,yq—maximal regularity.
kez

As Corollary[4.1]and [4.3]in preceding sections, the following result is an answer to the
study of existence of periodic solutions for equation (4.1). Its proof follows the same
lines as those of proof of Corollary[4.1} so we pass over it.

Corollary 4.6. Let X a Banach space and 1 < p,q < oo and s > 0 The following asser-
tions are equivalent,

(i) The equation (A.1) with B = A, has F,, ,—~maximal regularity.

(ii) {di}rez S p(A) and {di(di — AV} rez is bounded.
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4.4 Examples.

To finish this chapter, in this section, we apply our results to some interesting exam-
ples.

ExampleA.1. Let a, B,y e R*. Let 1 < p, q < oo, and s > 0. Consider the abstract equa-
tion

au” (1) + u'(t) = BAu(t) +yAu' (1) + f(t), for te€[0,27] (4.9)
with boundary conditions u(0) = u2n), u'(0) = u'2n) and u"(0) = u”"(2n), and A a
positive selfadjoint operator defined on a Hilbert space H such that Ain(fA){/l} £0. If

€0

f€B;, 4T H) (resp. Fy, ,(T; H)), then equation has By, ,—~maximal regularity (resp.
F, ,—maximal regularity).

—(ayk* + pk? —apf)k®
Proof. We have dj. = ((C?;C)z n ,l632 ) +1i (())//k)gf)ﬁz . Since A is positive selfadjoint such

that/lin(flq) Al #0, we know that o (A) < [g,+00), with € > 0. This implies that dy. € p(A),
€0
forall k € Z. Moreover, by [92, Chapter 5, Section 3.5], we know that for k € Z, || (dy —

dist(dy,o(A)) kez
and equation (.9) has, respectively, B), ,—-maximal regularity and F, ,~maximal
regularity. (]

Az —m—m78M . Therefore, sup || dy(dj — A7 < 0. According to Corollaries

For the next example we need to introduce some preliminaries on sectorial operators.
Denote by 4 < C the open sector

2p={A€C\{0} / |argA| < ¢}.

We denote
A (Zp) ={f :Zy — C holomorphic}

and
H°(Zp) = {f : Zp — C holomorphic and bounded }.

F°(Zp) is a Banach space endowed with the norm

If1%,= sup IfAI.
larg(A)|<¢

We further define the subspace #}(Zy) of #°(Z) as follows:

HoZp)= |J (feAEy): ||f||3cfﬁ < oo}
a,$<0

where
11505 = sup IA® F()]+ sup IA P F Q).

A1 A1=1
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Definition 4.3. [91] A closed linear operator A in X is called sectorial if the following
two conditions hold.

(i) We have D(A) = X, R(A) = X, and (—00,0) < p(A).
(ii) We have sup,., |lt(t+ A)~!| < M, for some M > 0.

A is called R-sectorial if the family {t(t + A)~'} ;¢ is R-bounded. We denote the class of
sectorial operators (resp. R—sectorial operators) in X by S(X) (resp. RS(X)).

If Ae S(X), thenZy < p(—A), forsome¢p>0 and sup [[A(A+ A7 < oo.
larg(A)|<¢
We denote the spectral angle of A € S(X) by

da=inf{p : ;< p(=A), sup IAA+A) | <oo}
/IEZH_(P

Definition 4.4. Let A be a sectorial operator. If there exist ¢ > ¢ 4 and a constant Ky > 0
such that
If NS Kl IS, forall fey(Zy)

then we say that a sectorial operator A admits a bounded .7¢*°—calculus.

We denote the class of sectorial operators A which admit a bounded .#*°—calculus by
JE°(X). Moreover, the #°-angle is defined by

¢ =inf{¢p > Pp4: Definition holds}.

Remark4.1. Let A be a sectorial operator which admits a bounded #*°—calculus. If the
set

(h(A):he #7(Zp) , IS} <1}
is R—bounded for some 6 > 0, we say that A admits an R-bounded 7> -calculus. We
denote the class of such operators by ZA>(X). The R A -angle is analogous to the
SO —-angle, and is denoted 9§°°. For further information about sectorial and R-sectorial
operators, see [91].

We state the following Proposition from functional calculus theory without proof (com-
pare [52]). The proof of Lemma of[4.7]depends on this result.

Proposition 4.1. Let A € ZA4°(X) and suppose that {hj} cp S A (Zg) is uniformly
bounded for some 0 > Hﬁf"’ , Where A is an arbitrary index set. Then the set {h)(A)} e IS
R-bounded.

Lemma4.7. Leta, f € R*. Assume that X is a UM D—-space. Suppose that A € RA>(X),
with RA/€>°-angle 0§°° < 3, then the families of operators

jak3+k2 7 jak3+k2 7
{ik3(_’“—_A) } and{ikA”z(—m——A)
’6 kez ’6 kez

are R-bounded.
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Proof. Forevery A€ C and z € Z,/,, we define the functions

,6/13 ) ,3121/2
Fll,z)=———— and FP(l,z2)= —————.
A= A2 B2 S E I
We claim that there is a constant M > 0 such that supHFj (ik,-) || (1) < M,
kez 4

for j =1,2. Indeed, note that

3,912 _ 3, 92v(1 _ Bz
@A+ 2% = ) = (@l + A9)(1- —5——5 ).
Hence, there exists a constant M; > 0 such that
ipk3 M
I (ik,2)| = —— 'zﬁ | T < =
liak +k |‘1+ Tk k2 ‘“’ Tak3+ k2

On the other hand, note also that

1/2 ,1/2 3 2
(@A® + A2 - B2) = VaA® + 2212 (1 - L2 ) (pU/2 4 Yed ),

Thus, there exists M> > 0 such that

ik, 2)| < My
’ = _ plI2z112 ’31/2 + Voiaki—i2|"
V—_iak3—k2 z1/12

Since z € /2, we have that the denominators never Vgnish. In addition, F'(0,z) =0 =
F2(0, z). Therefore, there exists M > 0 such that sup||F] (ik,") ”Jfoo(z ) <M, forj=1,2.
kez *

It follows from Propositionthat the sets {F/ (ik, A)} ez with j =1,2 are R-bounded.
In particular, for all k € Z the operators (—iak® — k? — BA)~! exist. Furthermore, for all
iakd+k? -1

k € Z the operators (— - A) exist in £ (X), and

B
(A and fiea ()
are R—bounded families of operators. [

Example 4.2. Let X be a UM D-space, and let p € (1,00). Suppose A € A (X), with
R A —-angle 6§°° < 3. Consider the family of operators

iakd + k2

gyz{mm”ﬂ— ;

—Ayd:kez}
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with a,p > 0. Ify > 0 is such that %%p(f}‘) < 1, then the equation

au” (D) +u" (1) = BAu) +yAY2u (O + f(1), forte(0,27) (4.10)

with boundary conditions u(0) = u2n), u'(0) = u'2n) and u"(0) = u"(2n), has LP-
maximal regularity.
Proof. According to Lemmal4.7, the families of operators

P13 4 12 1 N S ) -1
fiarn () g (i)
:6 kez :6 kez

are R-bounded. Since %@p(g ) < 1, it follows from Corollary that equation

has LP-maximal regularity. ]
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CHAPTER5

Periodic Solutions of a Fractional Neutral
Differential Equation with Finite Delay

It is well known that neutral functional differential equations are used to represent im-
portant physical systems. We refer to [72,76,(102] for a discussion about this aspect of
the theory. Similarly, motivated by the fact that abstract neutral functional differential
equations (abbreviated, ANFDE) arise in many areas of applied mathematics, this type
of equations has received much attention in recent years ([49}73,(76]). On the other
hand, because several important physical phenomena are modeled by abstract frac-
tional differential equations, this type of equations have been studied extensively last
time for many authors. We refer the reader to the works [2,/104,120,/124, 135] and the
references listed therein for recent information on this subject.

There exists several notions of fractional differentiation. In this thesis we use the frac-
tional differentiation in sense of Liouville-Griinwald-Letnikov. This concept was in-
troduced in [70,/105] and has been widely studied by several authors. In these works
the fractional derivative is defined directly as a limit of a fractional difference quotient.
In [35], the authors apply this approach based on fractional differences to study frac-
tional differentiation of periodic scalar functions. This idea has been used to extend
the definition of fractional differentiation to vector—valued functions, (see [98]). In the
case of periodic functions this concept enables one to set up a fractional calculus in
the LP setting with the usual rules, as well as provides a connection with the classical
Weyl fractional derivative (see [137]).

Let a > 0. Given f € LP(T; X) for 1 < p < oo the Riemann difference

ATfx):=) (—l)j(cf)f(X— tj),
j=0 J
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- (a—7-1
(Where (a) = ale—1) ‘(a / )) exists almost everywhere and

. il
a
J

J
The following definition is a direct extension of Definition 2.1 in [35] to vector—valued
case. See [98] for its connection with differential equations.

o0
IAY fllr e < Y
j=0

I fllzrr;x)

since Z‘;‘;O |(?)| < oo (see [35]).

Definition 5.1. Let X be a complex Banach space, @ >0 and1 < p <oo. Let f € LP(T; X).
If there exists g € LP(T; X) such thatlim;_.o+ t”*AY f = g in the LP(T; X) norm, then g is
called the a'"~Liouville-Griinwald-Letnikov derivative of f in the mean of order p.

We abbreviate this terminology by a’"-derivative and we denote it by D* f = g.

Example5.1. The a'"*-derivative of e'** for any real a is given by (ia)e'**. In particular,
D%sinx =sin(x+ S a) and D* cos x = cos(x + S a).

We also mention here a few properties of this fractional derivative. The proof follows
the same steps as in the scalar case given in Proposition 4.1 in [35].

Proposition 5.1. Let1 < p <oo and f € LP(T; X). For a, > 0 the following properties
hold:

(@) IfD*f € LP(T; X), then DP f € LP(T; X) forall0 < B < a.
(b) D*DP f = D**P f whenever one of the two sides is well defined.

Let f € LP(T;X) and a > 0. It has been proved by Butzer and Westphal [35] that
DY f € LP(T; X) ifand only if there exists g € L”(T; X) such that (ik)“ f (k) = g(k), where
(ik)% = k|2 8"® n this case DY f = g.

In this chapter, we study a characterization of maximal regularity on Besov and Triebel-
Lizorkin spaces of fractional differential equation with finite delay

D“u(t):Au(t)+Fut+GDﬁut+f(t), te[0,2n], and0<f<a <2. (5.1)

with different periodic boundary conditions depending on the values of @ and . They
are

u(0) = u(2m) if 0<p<a<l
D 'u0)=D*12n) and u(0)=u@n) if 0<f<l<a<?2

D 1y(0)=D*12n) , u(0)=u@n) and
DPF1u(0) = DA~ (2m) if 1<p<a<?
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Here the function u; is given by u;(0) = u(¢+60) for 0 in an appropriate domain, denotes
the history of the function u(-) at t and DPu,(-) is definded by DP u;(-) = (Dﬁ u),(-). The
delay operators F and G are bounded linear map defined on an suitable space and f
is a given function that belongs to a Besov or Triebel-Lizorkin spaces. The operator
A:D(A) € X — X isalinear closed operator defined in a complex Banach space X.

In recent years, several particular cases of equation have been studied by many
authors. If a =1 and F = G = 0, Arendt and Bu in [10,/12] have studied LP—-maximal
regularity and B;J, q—maximal regularity, and Bu and Kim in [32], have studied F;y q-
maximal regularity. On the other hand, Lizama in [110] has obtained a characteriza-
tion of existence and uniqueness of strong LP-solutions, and Lizama and Poblete in
[112] study C*-maximal regularity of the corresponding equation on the real line. In
the same manner, if « = 2 and 8 = 1, Bu in [24] characterizes C°*-maximal regularity
on R. Furthermore, if @ =2 and § = 1, Bu and Fang in [30] have studied this equation
simultaneosly in cathegories of periodic Lebesgue, Besov and Triebel-Lizorkin spaces.
Moreover, if 1 < @ <2 and G =0, Lizama and Poblete in [113] study L”-maximal regu-
larity of this equation.

We use maximal regularity on Besov spaces (respectively Triebel-Lizorkin spaces) of
equation (5.1) and a fixed point argument to proving existence of a strong B;, ,~solution
(respectively F;, ,—solution) of neutral fractional differential equation with finite delay

DY(u(t) - Bu(t—1))= Au(t) + Fu; + GDPu, + f(t) te0,27], (5.2)

with 0 < f < a <2,where r > 0isafixed numberand B: D(B) € X — X isalinear closed
operator defined in a Banach space X such that D(A) < D(B). All of the rest of terms
of this equation are defined like in equation (5.1I). This method is an adaptation of the
technique that Henriquez and Poblete use successfully in [81] to prove that equation
(5.2) in the particular case G = 0 has a unique strong L”-solution for some 1 < p < oo.

With a specific norm, we denote the space consisting of all 2r—periodic, X—valued
functions by E(T; X). Let @ > 0 and denote the set consisting of all functions in E(T; X)
which are a times differentiable in sense of Liouville-Griinwald-Letnikov (if it is well
defined) by E“(T; X). The following definitions will be used in subsequent sections
with periodic Besov and Triebel-Lizorkin periodic spaces.

Definition 5.2. A function u is called a strong E-solution of equation (5.1) if
ue EY(T; X) N E(T; [D(A)]) N E(T; X) and equation (5.1) holds a.e. in [0,27n].

Definition 5.3. We say that solutions of equation (5.1) has E-maximal regularity if for
each f € E(T; X), equation (5.1) has a unique strong E-solution.

For the rest of this chapter we introduce the following notation. Given 0 < f < a < 2,
and a closed linear operator A defined on a Banach space X. For k € Z, we will write

ar=(ik)% and by =(ik)P (5.3)
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and the bounded operators Fy and Gy defined by

Fix=F(erx) and Grx = G(erx), where e;x(t) = ety (5.4)

Moreover, we will denote
Ni = (apl — Fy — biGr— AL (5.5)

and
M = ak(akl—kak—Fk—A)_l = a; Ny (5.6)

In order to give conditions which we will need later, we say that {Fy}ycz satisfies the
condition

2

k
(F2) If the family of operators {—

(Asz) } is a bounded.
ag

kez\{0}

i3
(F3) If {Fi}rez satisfies (F2) and the family { (Ast)} is bounded.
ag kez\{0}

In the same manner, we say that the family {Gy} <z satisfies the condition

kb kb
(G2) If the families of operators {—k(AIGk)} and { k (Asz)} are
ag kez\{0}

ag kez\{0}
bounded.

I3 by,
(G3) If {Gy}rez satisfies (G2) and the family { (A3 Gk)} is bounded.
ay kez\{0}

5.1 Periodic Strong B, —solution.

The first objective of this section is the study B,, ,—-maximal regularity of equation ( (.1).
For this purpose, given a > 0 we present a characterlzatlon of the Besov space BS+“ (T; X)
in terms of Liouville-Griinwald-Letnikov fractional derivative.

Proposition 5.2. Let a > 0 and a function u € By, ,(T; X) with1 < p,q < oo and s > 0.
D%u € By, ,(T; X) if and only if there exists g € B 1,q(T; X) such that (ik)*u(k) = g(k),
and in this case D*u = g. In fact we have

BS+“(1T X)={ueB; p,q(1;X): D%u€ B p,q (T X))
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Proof. letuc€B; g (TX) such that D®u € B 1,q(T; X). We claim that u € B”“(T X). In
fact, since D%u € Bs p,q(T; X), it follows from llfnng property of Besov spaces, that

Y ek®D“u(k)€B 4(TX).
k#0

Since D¥u(k) = (ik)%ii(k) for all k € Z, we have that

Y ex®(ik)®u(k) € By, ,(T; X).
k#0
By lifting property this is equivalent to u € B),"*(T; X).
Reciprocally, suppose that u € B”“ (T; X). by lifting property this is equivalent that

/;oew (ik)*u(k) € By, ,(T; X) (5.7)

Since s > 0, we have that
Y erx® (ik)“u(k) € LP(T; X)
k#0

It follows from [35, Theorem 4.1] that there exists g € LP (T; X) such that g(k) = (i k)*#(k)
for all k € Z. Furthermore, it follows from the affirmation that g € By, ,(T; X).
Therefore D%u € B;,qﬂr; X). n

With this characterization we redefine elegantly B,, ,—-maximal regularity of solutions
of equation (5.1) in particular case s > 0.

Definition 5.4. Let1 < p,q < oo, s> 0 and let f € By, ,(T;X). A function u is called
strong By, ,—solution of equation (.1) ifu e B %(T; X) N B p,q(I; [D(A)]) and u satisfies
the equation for almost t € [0,2r]. We say that solutions of equation has By, ,~
maximal regularity if, for each f € By, ,(T; X) equation has an unique strong B;, .~
solution.

The proof of Theorem 5.1]will depend of our next results.

Lemma5.1. Let1 < p,g<oo,s>0and0<fB<a<?2. LetGe £(B; q(T X); X). If the
family {Gy} ez satisfy the condition (G2) then

k k?
{—(Al kak)} and {—(Azkak)}
ag kez\{0} ag kez\{0}

are bounded families of operators.

Proof. We note that for all k € Z, it holds

(A kak) (A bk)Gk+1+bk(A Gk)
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Therefore, for all k € Z\ {0},

k(A'by) b kb
k aj aj

k
—(A'brGy) =
ax

On the other hand, for all k € Z we have
(A%brGr) = (A brs1) [(A'Gry1) + (A'GR)] + (A%Dy) Gi + by 1 (A*Gy).

Therefore, for all k € Z\ {0} we have,

k* k(A'b )ch k*(A*by) b k*b
L OPhiGy = == B G) + (8GOl + =) =5 B G = EHAYGY).
aj bk bk
Since the sequence {b} ez is 2-regular and sup |Gk || < C|| G| for some C > 0, it follows
kez
from the hypothesis that
k, k>,
(A kak) and —(A kak)
ag kez\{0} ag kez\{0}
are bounded families. m

Lemmab5.2. Let1 < p,q<00,5s>0and0< f<a<2. Let A bea linear closed operator
defined in a Banach space X and F,G € $(B;w(T X); X). Assume that for all k € Z, the
operators Ny are well defined in £ (X). If the family {Fi}xez satisfies the condition (F2)
and {Gy}rez satisfies (G2) and the family of operators {My} ez is bounded then

{kar(A'Ni)} ez and {k*ar(A*Ni)te;
are bounded families of operators.

Proof. We note that for all k € Z it holds

(A'Nk) = Niyi(ak — Fi— beGi — a1 + Fie1 + bie1 Gir1 ) N

5.8
= (=Aay)Ni+1Ni + Niy1 (A Fp) Ni + Nyt (A brGe) N, (5.8)

Therefore, for all k € Z \ {0}

—Al
k(/lk(AlNk) = kﬂ

k 1 k 1
g Nis1 My + — @ N1 (A" Fi) M + ai Niyr— (A" b G ) M
ag ag ag

A direct computation, shows that kak(AlNk) is bounded if k = 0. Since the sequence
{ar} ez is 2-regular and the families of operators {Fy}xcz and {Gy}xecz are bounded, it
follows from Lemmal5.1]that {kai (A" Ni)} . is a bounded family of operators.
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On the other hand, for all k € Z we have

(A°Ni) = [(A'Nigs) + (A'NQ|[(-A' 1) + (A Fres1) + (A bies1 Gis1) | Niea

+ Ni[(-A%ag) + (A%Fy) + (A%biGr) | N1 (5.9)

Therefore, for all k € 7\ {0}

k
kK ap (A% Ny) = kag [ (A Niy) + (AT Np) | p [—(A@rs1) + (A1 Fry1) + (A bis1 Gis1)| @ Nis

_Aza k2 k2
M | A7) K e B a2h60 | aeis.
aj ag Ak

A direct computation shows that if k = 0 the operator k?ay(A?Ny) is bounded. Since
the sequence {ay}rez is 2-regular, the families {F}rez and {Gi}rez are bounded, and
the family {kap(A'Np)}rez is bounded, it follows from Lemma that the family of
operators {k*ai(A®Ni)},., is bounded. n

Lemmas5.3. Let1 < p,g<00,s>0and0< f<a<2. Let A be a linear closed operator
defined in a Banach space X and F,G € £(B), ,(T;X); X). Assume that for all k € Z,
the operators Ny are well defined in £(X). If {Fx}kez satisfies the condition (F2) and
{Grlkez satisfies the condition (G2) and the family of operators {My} xez is bounded then
the family {FxNi}rez is a B;,’q—multiplier.

Proof. According to Theorem it suffices to show that the family of operators

{FxNi}rez is 4 -bounded of order 2. With this purpose, note that sup || Fi|| < C| F]|
kezZ

for some C > 0 and sup || Nkl < co. Therefore the family of operators {Fka} ez 18
kezZ
bounded.

On the other hand, we have

k(A'FiNy) =

(A'Fp) My + iF,Clcak(AlNk)
Af+1 aj
and

1 k? k
k*(A*FiNi) = a—kaszak(Asz) + a—k(Asz)Mk + a—k(AleH)kak((AlNkH) +(A'NY)

It follows from Lemmas[5.1]and [5.2]that {F Ny} ez is .4 -bounded of order 2. n

Lemma5.4. Let1 < p,g<00,s>0and0< f<a<2. Let A be a linear closed operator
defined in a Banach space X and F,G € Q(B;,q(T;X);X). Assume that for all k € Z,
the operators Ny are well defined in £ (X). If {Fx}xez satisfies (F2) and {Gy} ez satisfies
(G2) and the family of operators {My} ez is bounded then {(ik)ﬁGka}kEZ isa B;,yq—
multiplier.
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Proof. According to Theorem it suffices to show that the family of operators
{(ik)P G Ni}rez is #-bounded of order 2.

For this, note that sup || G|l < C||G|| for some C > 0 and sup || by Nk |l < oo.
kez keZ

Therefore {(i k)’ G Nk} ., is bounded.

On the other hand, we have

k b
k(AIkaka) = a_k[Alkak) ANy + a—ZGkkak(AlNk)

and

k k>
kz(Azkaka) = a_k(Albk+1Gk+1)kak[(AlNk+l) + (AlNk)] + a—k(Azkak)Mk
bk+

+ le.,.lkzdk(Asz).
ag

It follows from Lemmas and that {(i k)P GiNi}rez is A -bounded of order2. m

Lemma5.5. Let1 < p,g<00,s>0and0< f<a<2. Let A be a linear closed operator
defined in a Banach space X and F,G € $(B;,q(T; X); X). Assume that for all k € Z, the
operators Ny are well defined in £ (X). If {Fi} kez satisfies (F2) and {Gy} ez satisfies (G2)
then the following assertions are equivalent

(i) The family of operators {My} ez is a bounded.
(i) The family of operators {Mj}kez is a By, ,~multiplier.

Proof. (i) = (ii). According Theorem it suffices to show that that {M;}icz is

#-bounded of order 2. By hypothesis, sup || M| < co. We note that
kez

k(A'ay)

Aic+1

k(A M) = Mjes1 + kag(A'Ny).

On the other hand, we have

k(AlakH) kZ(Azak)
—_— + —_—

ag
Since the sequence {a} ez is 2-regular, it follows from Lemmas[5.1Jand[5.2|that {M} kez
is .4-bounded of order 2.

K (A* M) = kai[(A' Nps1) + (AN )] My + K* a1 (A* Ni).

(i) = (i). It follows from Closed Graph Theorem that there exists C > 0 (independent
of f) such that for f € B;,,q('ﬂ';X) we have,

Y er® Mif(k)
kezZ

<11l
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Let x € X and define f (1) = e'*t x for k € Z fixed. Then the above inequality implies
lexlss, IMxllgs,, = lexMixllgs,, < Cllexllss, I xlss,

Hence for all k € Z we have || M|l < C. Thus sup || M|l < co. m
kez

Next Theorem establishes a characterization of By, .~maximal regularity of solution of

equation (5.1).

Theorem 5.1. Let1 < p,g < oo, s> 0. Let be X a Banach space. If the families {Fy} ez
and {Gy} ez, defined by the operators F and G of equation (5.1) satisfy the conditions
(F2) and (G2) respectively, then the following assertions are equivalent

(i) The solution of equation has By, ,~maximal regularity.
(ii) {Ni}rez S Z(X) and the family {My} ez is bounded.

Proof. (i) = (ii). We show that for k € Z the operators ((ik)*I — (ik)P Gy — Fi — A)
are invertible. For this, let k € Z fixed and x € X, and define h(f) = e!¥’x, a direct cal-
culation shows that h(k) = x. By hypothesis there exists a function u € Byl (T X)n
B;w(T; [D(A)]) such that, for almost all ¢ € [0,27], we have

D%u(t) = Au(t) + Fu, + GDPu, + h(p).
Applying Fourier transform to both sides of the preceding equality, we obtain
((ik)® = Fy.— (ik)P Gy — A)ai(k) = h(k) = x,

since x and k are arbitrary, we have that for k € Z the operators ((ik)“ —Fj— (ik)P Gk—A)
are surjective.

On the other hand, let z € D(A), and assume that ((ik)® — Fj — (ik)? G — A)z = 0. Sub-
stituting u(t) = e'*’z in the equation (5.1) we see that u is a periodic solution of this
equation when f = 0. The uniqueness of solution implies that z = 0.

Since for all k € Z the linear operators Ny are closed defined in whole space X, it follows
from Closed Graph Theorem that N € £ (X). Thus {Ni}rez € £ (X).

Let f € By, ,(T; X). By hypothesis, there exists a function u € B;fq“ (T, X)nB,, ,(T,[DA)])
such that u is the unique strong solution of the equation

D®u(t) = Au(t) + Fu, + GDPu, + f(, tel0,2m].
Applying Fourier transform to both sides of the preceding equation, we have

((ik)® = F.— (ik)P G — A)aik) = F (k)
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for all k € Z. Since for all k € Z the operator ((ik)% — Fy — (ik)PGL— A) is invertible, we
have

(k) = ((ik)* = Fr— (ik)’Gy — A) ' f(k) forall keZ.
Hence, (ik)®ii(k) = D%u(k) = (ik)* Ny f (k) = My f (k) forall k € Z.

Since u € B;,fq“(T;X), by Proposition we have that D%y € B;,yqﬂT;X). Therefore

the family {M}kez is a B,, ;~multiplier. It follows from Lemma that {M}}ez is a
bounded family of operators.

(ii) = (i). By hypothesis, the conditions of Lemmal5.5|are satisfied. Therefore, {M} ez

is a B, ,-multiplier. Define the family of operator {I;}cz, by Ix = ﬁ] when k # 0 and

Iy = I. It follows from Theorem that {Ix}rez is a B, ,~multiplier. Since Ny = Iy Ly
for all k € Z\ {0} we have {Ni}rez is a B;,, q—multiplier. Accordingly, given a arbitrary
function f € B, ,(T; X) there exist functions u, w € B, (T, X) such that

(k) = Nef(k) and @(k) = (ik)* N f(k) forall ke Z. (5.10)

Therefore,
(k) = (ik)%h(k) = Du(k) forall k€ Z.

By the uniqueness of the Fourier coefficients, D*u = w. This implies that that D%u €
B;,qﬂT; X). It follows from Propositionthat Uue B;fq“ (T; X).

On the other hand, it follows from Lemmathat {FxNi}kez is a B}, ,~multiplier. Con-
sequently, there exists a function g € By, . (T; X) such that

g(k) = FyNyf(k) forall keZ.
By equality we have
g(k) = Frui(k) forall keZ.

A direct computation shows that m(k) = Fiii(k) for all k € Z. By the uniqueness of the
Fourier coefficients, Fu, = g. This implies that that Fu, € B), ,(T; X).

In the same manner, it follows from Lemmathat {(ik)P GiNilrezisa B;’ q—multiplier.
Hence there exists a function s € B;, q(v; X) such that

h(k) = (ik)P Gy N f(k) forall keZ.
By equality we have
h(k) = (ik)PGrii(k) forall ke Z.

A direct computation shows that (i L Gru(k) = Eﬁﬁ(k) for all k € Z. By the unique-
ness of the Fourier coefficients, GDPu; = h. This implies that that GDPu, e B;,' q (T; X).
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It follows from equality that
(k) = ((ik)% - Fr - (ik)P G — A) 7' f (k).

Thus, —~
((()* - Fe - (ik)P Gy — A)itk) = f (k)

for all k € Z. Using the fact that A is a closed operator, we have that u(¢) € D(A) for
almost t € [0,27]. Moreover, by uniqueness of Fourier coefficients we have

D%u(t) = Au(t) + Fu; + GDPu, + f (1)

for almost ¢ € [0, 27]. Since f, Fuy, GDPu,and D%u € B;,q(T; X), we conclude that Au €
B;,y (T X). This implies that u € B;,’ ¢(T; [D(A))). Therefore, u is a strong B;,y q—solution
of equation (5.1).

Since ((ik)*I - (ik)P Gy — Fr. - A)_1 is invertible for all k € Z, this strong B;, ,—~solution is
unique. Therefore the solution of equation has B, ,~maximal regularity. [

As we have mentioned, the verification of assumptions concerning the family {Ni} ez
is not an easy work. Our next Corollary require additional conditions about the opera-
tors A, F and G, however is a more practical result to check that {(i k)* Ny} is bounded.
Let a > 1, define the operators Si = ((ik)* — A)7Y forall ke Z.

Corollary 5.1. Let 1 < p,q < oo, s > 0. Let be X a Banach space. Assume that

{(i )%} kez < p(A) and the families {Fi} ez and {Gy} ez, defined by the operators F and

G of equation satisfy the conditions (F2) and (G2) respectively. If the family of oper-

ators {(ik)*((ik)* = A) " }xez is bounded, and sup“ ((ik)P Gy + Fy) S, H < 1 then equation
kez

(5.1) has B,, ,~maximal regularity.

Proof. Since iug” ((ik)P G + Fy.) Sk | < 1, we have that the family
€

{(1— (PG + Fk)sk)_l}

keZ

is bounded. In addition

N

(0% - A) (1= (kPG + Fi)S)|

(I-(GPGL+Fr)Sk) (e - A)

Therefore the family {(i k)* Ny} ez is bounded. Since the families {Fi}xez and {Gylyez
satisfy the conditions (F2) and (G2) respectively, it follows from Theoremthat equa-
tion has B;, ,-maximal regularity. ]
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5.2 Periodic Strong B, —solutions of a Neutral Fractional
Differential Equation with Finite Delay
In this section, as we have said, we use the results about B’S,' q—maximal regularity of
solution of equation to prove that fractional neutral differential equation
D*(u(t) - Bu(t—r))= Au(t) + Fu, + GDPu, + f (1), (5.11)
has a periodic strong Bj, ,~solution.

Note that, if equation (5.I) has B;, q—maximal regularity for some 1 < p, g < co and
s> 0, the linear map ¥ : Bfm(T;X) — B;,’q(T;X) given by ¥(g) = D%v, is well defined.
Here v is the unique strong By, ,~solution of the equation

D%v = Au+Fu,;+GDPu,+g(1). (5.12)

Lemma 5.6. Let1 < p,g < oo, s>0,and1 < < a. Let be X a Banach space. As-
sume that B is a bounded operator, for all k € Z the operators Ny is well defined in
Z(X) and the families {Fi}rez and {Gy}rez defined by the operators F and G of equa-
tion satisfy the conditions (F2) and (G2) respectively. If{(ik)* Ny} xez is a bounded
family of operators, such that supc7 |kI*| BNkl <1 and | Bl WYl < 1, then the family
(I - e ™ (ik)*BN) Y kez is a By, ,~multiplier.

Proof. Denote Ry = (I—e ¥ (ik)*BN;) ! for all k € Z. Since sup |k|%| B|||| N¢|l < 1, the
kezZ
family {Ri}rez € Z(X). Let f € BfmﬂT;X). Define the map &2 : B;,yq(T;X) — B;,yqﬂT;X)

by
Po(t)=BY(@)(t—r1)+ f(1).

By Theorem 5.1/ the map £ is well defined. Moreover &2 is a contraction, thus there
exists a function g € B;, qﬂT; X) such that

g(t) = BY(@@t-nr+f(t) = BD%u(t—r)+ f(1), (5.13)
where u is the unique strong By, ,~solution of the equation
D%u(t) = Au(t) + Fu, + GDPu, + g(r) te[0,2n], 0<f<a<2. (5.14)
Applying Fourier transform to both side of equation we have

gk) = e *(ik)*Bu(k) + f(k) forallkeZ (5.15)
On the other hand, applying Fourier transform to both sides of equation we have

(k) = Ny gk) forallkezZ (5.16)
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Therefore .
gk =e * (i k)*BNg(k) + f(k) forallkeZ.

This implies that g(k) = Ry f (k) for all kez.
Hence, the family of operators {(I — e **" (i k)*BN}) ez is a B;, g—multiplier. m

Next Theorem gives sufficient condition that guarantee existence of a strong
B;, q—solution of equation (5.11). We use the notation introduced in preceding Lemma.

Theorem 5.2. Let1 < p,g <00, 5s>0,and0< f < a < 2. Let be X a Banach space.
Assume that B is a bounded operator, for all k € Z the operators Ny is well defined in
Z(X) and the families {Fi} xez and{Gy} ez defined by the operators F and G of equation
satisfy the conditions (F2) and (G2) respectively. If {(ik)* Nx}rez is a bounded
family of operators, such that sup;c7 |k|*I|BIlINkll <1 and ||B||II'Y| < 1, then for every
[ €B,, 4(T; X) there exists an unique strong By, ,~solution of Equation (5.11).

Proof. Ttfollows from Lemmathat the family of operators {(I—e ¥ (ik)* BNj) ™'} kez

is a By, ~multiplier. Denote Ry = (I—e ¥ (ik)*BN;)™'. Let f € B}, ,(T;X). Since
{Ri}rez i B;, g—multiplier, there exists g € B;, ¢(T; X) such that

g(k)=Rcf(k) forallkeZ. (5.17)

On the other hand, by Theorem there exists a function u € B;,’ qﬂT; X) such that u is
the unique strong B, ,—solution of equation

D%u(t) = Au(t) + Fu, + GDﬁut +g(1), tel0,2n], 0<PB<a<?2. (5.18)
Applying Fourier transform to both side of the preceding equality we have
(k) = Ny g(k) forallkeZ. (5.19)
It follows from equality that
(k) = NeRef(k) forallkez. (5.20)
Note that
NiRy = ((ik)% — e %7 (ik)*B - (ik)’ Gy — Fy — A) ™' forall k € Z.

Thus, . R
((ik)* = e ™* (ik)* B (ik)P Gy — Fr — A)ai(k) = f(k) for all k € Z.

Since A is a closed linear operator, it follows from uniqueness of Fourier coefficients
that u satisfies the equation

D*(u(t) - Bu(t —1))= Au(t) + Fu, + GDPu, + f(¢) for almost ¢ € [0,27].
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Therefore u is a strong Bp q —solution of equation (5.11). It only remains to show that
the strong pr q—solutlon is unique. Indeed let f € B;,, q('[F;X). Suppose equation (5.11)
has two strong B;,y q—solutions, u; and up. A direct computation shows that

(0% - e ™ (ik)*B - (1P Gy — Fi = A) (@1 (k) - 3(k)) = 0

for all k € Z. Since ((ik)* — e~ **(ik)* B — (ik)P Gy, — Fy. — A) is invertible, for all k € Z we
have that %7 (k) = U (k). By the uniqueness of the Fourier coefficients, u; = us. n

5.3 Periodic Strong F, —solution.
Recall, we are studying the equations
D“u(t):Au(t)+Fut+GDﬁut+f(t), (5.21)

and

D*(u(t) — Bu(t—r))= Au(t) + Fu, + GDPu,+ f(1), (5.22)

where all terms of these equations are defined in and (5.2). Our approach is simi-
lar as that of preceding section. For this reason, the first objective of this section is the
study Fj, ,~maximal regularity of equation (5.21). For this purpose, in the same manner
of preceding section, given a > 0 we present a characterization of the Triebel-Lizorkin
space F sta (T X) in terms of Liouville-Griinwald-Letnikov fractional derivative.

Proposition 5.3. Let a > 0 and a function u € FS ¢(I;X) with 1 < p,q < co and s > 0.
D%ue F) (T; X) ifand only if there exists g € F}, , (T X) such that (ik)*u(k) = g(k), and
in this case D*u = g. In fact we have

FS+“(TT X) = {uEqu(TT X): D“uEFSq(TT X)}.

Proof. The proof follows the same lines as those of proof Proposition[5.2] [

With this characterization we redefine elegantly F)) .—~maximal regularity of solutions
of equation (5.21) when s > 0.

Definition 5.5. Let1 < p,q < oo, s >0 and let f € F, ,(T;X). A function u is called
strong F,, ,~solution of equation (6.21) ifu € F***(T; X) m F), «(T;ID(A)]) and u satisfies
the equation for almost t € [0,27]. We say that equation has F,, ,~maximal
regularity if, for each f € F,, ,(T; X) equation has a unique strong F,, ,—solution.

The proof of Theorem[5.3|will depend of our next results.
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Lemma5.7. Let1 < p,g<o00,s>0and0<f<a <2. LetGe&f(PSq(T X X). If
{Grlkez satisfy (G3) then

(Ewna

k kez\{0}

is a bounded family of operators.

Proof. We note that for all k € Z it holds

(A*brGr) = br(A3Gr) + (Dgss — br) (A*Gryy) + (A by 1) (A Gy 1)
+ (A%Dr) Grsa — 2(A%bg) (A Gy ).

Therefore, for all k € Z\ {0} we have

kby k(biss — bi) k*by

i3 k*(A*by41) kb
—(A%brGy) = (ASG )+ (A%Gpyy) + U 2K A Gryy)
ag by ay by aj
k3(A3b )b k?(A%by) kb
—k—ka+z—2—k k(AIGIHl)
bk aj bk

Since the sequence {by} ez is 3-regular and {Gy} ez is abounded family satisfying con-
dition (G3) it follows from Lemmal5.1]that

k3
{ (Agkak)}
ag kez\{0}

is a bounded family of operators. [

Lemma5.8. Let1 < p,g<o00,5>0and0< f<a<?2. Let A be a linear closed operator
defined in a Banach space X and F,G € x(F;, (T; X); X). Assume that for all k € Z, the
operators Ny are well defined in £ (X). If the family {Fy} ez satisfies the condition (F3)
and {Gy}rez satisfies (G3) and the family of operators {My} ez is bounded then

{ar(8° Nt ez
is a bounded family of operators.

Proof. We note that for all k € Z it holds
(A3Ny) [(A2Nyi1) + (A2NQ | [(-AYags2) + (A1 Fri2) + (A'bry2Grs2) | Nis1

[(A'Niyr) + (A'ND | [(=A% ags1) + (D> Fp) + (A bges1 Grs1) | Nion

[(A'Ngy) + (A'ND | [(=A agi1) + (AT Fp) + (A by1 Grs1) ] (AT Ng)

(A'NQ)[(~A%ag11) + (A*Frs1) + (A%Drs1 Gre1) | Nics 2

Ni[(=A%ay) + (A’ Fi) + (A°biGi) | Ni+2

Ni[(=A%ag) + (A*F) + (A*brGi) | (A Ny ).

+ + + + +
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Therefore,

k

A+

K ap (A’ Ni) = K ai [ (A* Ni) + (A2 Np) | —— [ (-A ag2) + (A Fipa) + (A a2 Gier2) | My
k2
+ kag[(A' Nis1) + (AN a—k[(—AzakH) + (A?Fi) + (A*bg11 G 1) | M1

k
+ kag[(A' Ngo1) + (A'Np)| a—k[(—AlakH) + (A'FR) + (A' i1 Gy ) | kag (A Ng)

k2
+ kai(A'Np)

o [(=A2ag41) + (A% Fjs1) + (A%bps1 Gy 1) | ax Nieso
+1

k3
+ My— [(=A3ap) + (APFp) + (A3br G| ax Ni+o
k
k_z _A2 2 2 1
+Mka [(—=A%ag) + (A°Fp) + (A" b Gi) | kag (A" Ni11).
k

Direct computation shows that k®a(A3Ny) is a bounded operator in the particular
case k = 0. Since the sequence {ay} ez is 3-regular, it follows from Lemmas|5.1]and[5.2}
and hypothesis that the family {k*a, (A3 Ny}, is bounded. =

Lemmab5.9. Let1 < p,qg<00,s>0and0< f<a<2. Let A bea linear closed operator
defined in a Banach space X and F,G € .,Sf(F;,,q(TT; X); X). Assume that for all k € Z, the
operators Ny are well defined. If {Fy}xez satisfy (F3) and {Gy}xez satisfy (G3) and the
family of operators {Mi}kez is bounded then the family {FiNi} ez is a F), ,~multiplier.

Proof. According to Theorem it suffices to show that the family of operators
{F;Ni}kez is 4 -bounded of order 3. It follows from Lemma5.3|that {Fy Ny} ez is 4~
bounded of order 2. It remains to show that {k3(A3F.Ni)} ez is bounded. For this we
note that

(A’ FNp) = Fi (A’ Ni) + (Fia3 — Fi) (A* Nis1) + (A% Fii1) (A Niyp)
+ (A% F) Nies2 = 2(AF) (A" Njes1).

Therefore, for all k € Z\ {0} we have
3,3 1 3 3 k 2 2 K, 1
k®(A°Fi Ng) = a—Fkk ax(A Nk)+a—(Fk+3_Fk)k ax(A Nk+1)+a—(A FryDkag(A" Nii)
k k k
K3 K, 1
+ —(A°Fi) g Ni2 —2— (A“Fr) kag (A" Niy1).
aj aj

Clearly, if k = 0 the operator k3 (A3 Fj.Ny) is bounded. Since {Fi} ez satisfies the condi-
tion (F3), it follows that {F;. Ny} ez is 4 -bounded of order 3. n
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Lemma5.10. Let1 < p,q<o00,s>0and0< < a < 2. Let A bea linear closed operator
defined in a Banach space X and F,G € £(F,, ,(T;X); X). Assume that for all k € Z,
the operators Ny are well defined. If {Fi}rez satisfy (F3) and {Gy}rez satisfy (G3) and
the family of operators {My}rez is bounded then the family {(ik)PG N} kez is a Ff,,q—
multiplier.

Proof. According to Theorem it suffices to show that the family of operators
{brGyNi}rez is A4 -bounded of order 3. It follows from Lemma [5.4] that {by Gy Ny} kez
is .#-bounded of order 2. It remains to show that {k3(A3b; G Ni)} kez is bounded. For
this we note that
(A°br G NK) = b Gi(A° N + (Bk+3Gie3 = bk Gi) (A* Nicy1) + (A1 Gis1) (A Niy1)
+ (A°brGy) N2 — 2(A* b Gi) (A Nyy 1)

Therefore, for all k € Z \ {0} we have
b k
3 (A%br Gy Ny) = a—kak3 ar (A Np) + a—(bk+3Gk+3 — br G k* ar(A® Nyy1)
k k
K 1 K
+ a—(A bi11Grs1)kar (A" Niy 1) + a—(A b Gr) axNi2
k k
K 1
- Za—(A by Gr)kax (A" Ni41)
k

A direct computation shows that k®(A3b;. G Ni) is a bounded operator in the particular
case k = 0. Since {Gy}kez satisfies the condition (G3), it follows from Lemmas
and[5.8|that {b; Gy Ny} ez is 4 -bounded of order 3. n

Lemma 5.11. Let1 < p,g < o00o,s>0and1 < B < a. Let A be a linear closed operator
defined in a Banach space X and F,G € $(F’§,q(T; X); X). Assume that for all k € Z, the
operators Ny are well defined. If {Fy} ez satisfies (F3) and {Gy} ez satisfies (G3) then the
following assertions are equivalent

(i) The family of operators {My} ez is a bounded.
(i) The family of operators {My} ez is a Fy, ,~multiplier.

Proof. (i) = (ii).According Theoremit suffices to show that {M}} ez is 4 —-bounded
of order 3. It follows from[5.5|that {M} ez is a family of operators .#/—bounded of order
2. It remains to show that {k3(A3 M)} ez is a bounded family of operators. For this we
note

A3 My = ap (N3 Ny) + (axs3 — ar) (A* Nir1) + (A% agi 1) (A Niy 1)
+ (A3 ag) Ntz — 2(A% ag) (A Niy ).
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Therefore,

3,73 3 3 k(a3 — ax) 2 k* 2 1
k” (A M) = k° ar (A Nk)"'a—kak(A Nk+1)+a—(A ag+1)kag(A” Nit)
k k
K3 (A3ay) 2k% (A% ay)
+—kaka+2_—kk6lk(A1Nk+1)-
aj aj

Clearly, if k = 0 the operator k*(A3F;Ny) is bounded. Since the sequence {ai}rcz is
3-regular, it follows from Lemma and Lemma that the family {My}rez is -
bounded of order 3.

(ii) = (i) The proof follows the same lines as those of Lemma|5.5 n

Theorem5.3. Let1 < p,g <o00,s>0and0< < a < 2. Let A bealinear closed operator
defined in a Banach space X and F,G € £ (F,, ,(T; X); X). If {Fi}ez satisfies (F3) and
{Gr}kez satisfies (G3) then the following assertions are equivalent,

(i) The solution of equation (5.21) has F,, ,~maximal regularity.

(ii)) {Ni}xez © £ (X) and the family {My} ez is bounded.
Proof. The proof follows the same lines as that of Theorem 5.1} [

As we have mentioned, the verification of assumptions concerning the family {Ni} ez
is not an easy work. Our next Corollary require additional conditions about the op-
erators A, F and G, however is a more practical result to check that these families are
bounded. Define the operators Sy = (ay — A7 forall ke Z.

Corollary 5.2. Let 1 < p,q < oo, s > 0. Let be X a Banach space. Assume that
{(ik)*} ez < p(A) and the families {Fi}rez and {Gi}rez, defined by the operators F and
G of equation satisfy the conditions (F3) and (G3) respectively. If the family of op-
erators {(ik)*((ik)* — A) "}xez is bounded, and sup ‘((ik)ﬁG;C + F) (% —A)~" H <1
kez
then equation has Fy, ,-maximal regularity.

Proof. The proof follows the same lines as those of Corollary[5.1} [

5.4 Periodic Strong F, —solutions of a Neutral Fractional
Differential Equation with Finite Delay

Now, we use the results about maximal regularity on periodic Triebel-Lizorkin spaces
to prove that equation (5.22) has a strong F;,, q—solution.

Note that, if equation (5.21) has F;y q—maximal regularity for some 1 < p,q < oo and
s € R, the linear map ¥ : F;MIGT;X) — F;,q(T;X) given by ¥(g) = D%v, where v is the
unique strong Fy, ,—solution of the equation (5.21), is well defined.
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Lemma 5.12. Let1 < p,g <00, §>0,and0< f <a < 2. LetbeX aBanach space.
Assume that B is a bounded operator, for all k € Z the operators Ny is well defined in
Z(X) and the families {Fi} ez and{Gy} ez defined by the operators F and G of equation
satisfy the conditions (F3) and (G3) respectively. If {(ik)* Ni}rez is a bounded
family of operators, such that sup.c7 |kI*|BI|INikll <1 and | BI|¥Y |l < 1, then the family
(I - e ™" (ik)*BNY) Ykez is a Fy ,~multiplier

Next Theorem gives sufficient condition that guarantee existence of a strong B, -~
solution of equation (5.22). We use the notation introduced in preceding Lemma.

Theorem 5.4. Let1 < p,g < oo, s>0,and0 < f <a < 2. Let be X a Banach space.
Assume that B is a bounded operator, for all k € Z the operators Ny is well defined in
ZL(X) and the families {Fi} xez and{Gy} ez defined by the operators F and G of equation
satisfy the conditions (F3) and (G3) respectively. If {(ik)* Ni}rez is a bounded
family of operators, such that sup;c |k|*I|BllINkll <1 and |B|III'Y|l < 1, then for every
f € B,, 4(T; X) there exists an unique strong F,, ,—solution of equation (.22).

5.5 Examples.

In this section we apply the results that we have obtained in the previous sections to
concrete equations.

Example5.2. Let X =C,1< p,g<oo,s>0andl < f<a<2. Supposethat p € R\{—1}.
Consider the fractional differential equation with finite delay

D%u(t) = pu(t) + u(t—2m) +DPu(t-2m) + f(t) tel0,2m] (5.23)

where f € B, ,(T;C). Writing A= pI and Fu; = Gu; = u(t — 211) we have an abstract
differential equation of the form (5.1).

Let1< p,q < ooand s> 0, weclaim that this equation has By, ,-maximal regularity. In
fact, for all k € Z the operators Fy and Gy are given by Fj. = Gk = eZi”k = 1. Therefore the

family {Fy}xez and {Gy} ez satisfy the conditions (F2) and (G2). Moreover, the operators

N take the form
1

(k)% —(ik)f-1-p
Since Im((ik)® — (ik)P) # 0 for all k € Z\ {0} and 1 + p # 0, we have {(ik)* Ni}rez is a
bounded family of operators. This means that there exists a constant C, > 0 such that
supjez I (Ek)* Nl < Ci.

On the other hand, it follows from Theorem that equation has B,, ,-maximal
regularity and\¥ : B,, . (T;C) — By, ,(T;C), defined by ¥ f = D%u , where u is the unique
strong B;, ,—solution of equation (5.23), is a bounded linear operator. Thus there exists
Co > 0 such that |V < Co.

Ny = , forallkeZ.
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Suppose that || B|| < min { Cil, Clz }, it follows from Theorem that equation

D*(u(t) — Bu(t—r1)) = pu(t) + u(r—2m) + DPu(t-2m)+ f() tel0,2n] (5.24)
has a unique strong By, ,—solution.

Example 5.3. Let 1 < p,q < oo and s > 0. Consider the following neutral fractional
differential equation with finite delay

11 2
a—a(u(t,x)—bu(t—Zn,x)) = M f qiy(Su(t+s,x)ds
ot 0% (5.25)
+ qu(s)Dﬁu(t+ s,x)ds+ f(t,x),
—27

with1 < f < a < 2. We will show that there exists b > 0 sufficiently small such that
the equation has B,, ,~maximal regularity. For this purpose, we assume that y :
[-27,0] — £ (X) is a function twice strongly continuously differentiable. Furthermore,
q1 and q» are positive numbers such that

a1+ acos(F) | < |ascos |

and
. .anm
q2Cy < sm(—2 ),

0

1/2
where Cy = ( Y (s)d s) . The function f satisfies Carathéodory type conditions.

—271
Considering the space X = L2([0, ]) and the operators A, B, F and G given by

0%v(x)

2 with domain D(A) = {ve X:ve H*([0,7]), v(0) = v(m) =0}

Av =

Bv=bv forallve X with be R*

0 0
Fv:f qr1y(S)v(s)ds Gv:f G2y(s)v(s)ds forallve X.
=27 =27

equation (5.25) takes the abstract form of equation (5.1).
Clearly | FIl < q1Cy and |G|l < q2C,. Define, for all k € Z the operators

0 . 0 ,
Fk:f qlelks,y(s)ds and Gk:f qzelks,y(s)ds
—2n -2n

A direct computation shows that for all k € Z \ {0}

/ _ _ I(_ Al : 0
F = iqily(=2m) —y(0)]  qily (=27) —y'(0)] _@f ek (5)ds

k k? k?
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and

G e*sy"()ds.

_i@ly(=2m) —y0)]  qly'(=2m) —y'(O)] iﬂfo
= - Z ¢

—27

; 0

1 .

Denote Py, = %f e'*Sy"(s)ds. Since
—27

2 1
+_

PR k122 G+ R

ag

<00,

sup <4qily"ll,

kez\{0}

the family {Fy}xez satisfies the condition (F2).

Following the same argument to prove that { Fy} xez satisfies (F2), we note that the family
{Grlkez satisfies the condition (G2).

On another hand, the spectrum of A consists of eigenvalues —n? for n € N. Their associ-

ated eigenvectors are given by
/2 .
Vn(x) =1/ —sin(nx).
/2

Morever, the set {x,,: n € N} is an orthonormal basis of X. In particular

Ax=Y —-n*(x,x;)x,  forallxe D(A). (5.26)
neN
Therefore {(ik)*} kez < p(A) and ((ik)*I - A)_1 = ,;e,:\,(ilc)‘x—+i12<x' Xn)Xp.
Since |(ik)® + n?| > |Im((ik)*)| = |k|* sin(%E) we have
|(@mer-a)7" < S (5.27)
| k|* sin(5F)
On the other hand,
[P G+ Fi|| <10 g2 + @11 Cy < 2| 1P| Cy = | [P €. (5.28)
It follows from that
sup | (ik)*((ik)*T - A) || < 00
kez
Moreover, from we have that
a: k1P C,

|(0PGe+F (a0 T1-2)7" | < Tk sin(@)"
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. . aﬂ
Since q>Cy < sin(5*) we have ?clélz)
that fractional delay equation

‘((ik)ﬁGk + Fk)Sk” < 1. From Corollary it follows

il (t,x) O ult,x) + ’ qry(Su(t+s,x)ds
., Ul X XA, 1 )
ot® 0x*  Joon (5.29)

0
f qzy(s)Dﬁu(t+ s,x)ds+ f(t,x)
-2

+

has By, ,—~maximal regularity, for1 < p,q < oo and s> 0.

Thus the map ¥V : B;,_q(T;X) — B;’q(T;X), defined by ¥ (f) = D%u where u is the unique
strong By, ,—solution of equation (5.29), is a bounded linear operator. Therefore there
exists Cy > 0 such that | VY| < Co.

Moreover, there exists C; > 0 such that sup | k||| N || < Cy. If the constant b > 0 satisfies
kez
11

the condition b < min {F' C—} we have
1 2

sup|k|I*IIBIINgll <1 and sup|B|I¥] <1
kezZ keZ

It follows from Theorem|5.2 that equation (5.25) has a unique strong B?, _-solution.
q q 8Dp.q

72



(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

9]

[10]

(11]

(12]

Bibliography

R. P Agarwal, Y. Zhou, and Y. He, Existence of fractional neutral functional differential equations,
Comput. Math. Appl. 59 (2010), no. 3, 1095-1100. MR2579474/(2010h:34170)

R. P Agarwal, M. Benchohra, and S. Hamani, A survey on existence results for boundary value prob-
lems of nonlinear fractional differential equations and inclusions, Acta Appl. Math. 109 (2010),
no. 3, 973-1033. MR2596185/(2011a:34008)

R. P Agarwal, V. Lakshmikantham, and J. J. Nieto, On the concept of solution for fractional dif-
ferential equations with uncertainty, Nonlinear Anal. 72 (2010), no. 6, 2859-2862. MR2580143
(2010m:34003)

H. Amann, Linear and quasilinear parabolic problems. Vol. I, Monographs in Mathematics, vol. 89,
Birkhduser Boston Inc., Boston, MA, 1995. Abstract linear theory. MR1345385|(96g:34088)

H. Amann, Operator-valued Fourier multipliers, vector-valued Besov spaces, and applications,
Math. Nachr. 186 (1997), 5-56. MR1461211 (98h:46033)

V. V. Anh and N. N. Leonenko, Spectral analysis of fractional kinetic equations with random data,
J. Statist. Phys. 104 (2001), no. 5-6, 1349-1387. MR1859007(2002m:82053)

W. Arendt and M. Duelli, Maximal LP -regularity for parabolic and elliptic equations on the line, J.
Evol. Equ. 6 (2006), no. 4, 773-790. MR2267707/(2007k:34193)

W. Arendt, C. Batty, and S. Bu, Fourier multipliers for Holder continuous functions and maximal
regularity, Studia Math. 160 (2004), no. 1, 23-51. MR2029738,(2005:42006)

W. Arendt, C. J. K. Batty, M. Hieber, and E Neubrander, Vector-valued Laplace transforms and
Cauchy problems, Second, Monographs in Mathematics, vol. 96, Birkhduser/Springer Basel AG,
Basel, 2011. MR2798103/(2012b:47109)

W. Arendt and S. Bu, The operator-valued Marcinkiewicz multiplier theorem and maximal regu-
larity, Math. Z. 240 (2002), no. 2, 311-343. MR1900314/(2003i:42016)

W. Arendt and S. Bu, Tools for maximal regularity, Math. Proc. Cambridge Philos. Soc. 134 (2003),
no. 2, 317-336. MR1972141/(2004d:47078)

W. Arendt and S. Bu, Operator-valued Fourier multipliers on periodic Besov spaces and applica-
tions, Proc. Edinb. Math. Soc. (2) 47 (2004), no. 1, 15-33. MR2064734(2005€:42040)

73


http://www.ams.org/mathscinet-getitem?mr=2579474
http://www.ams.org/mathscinet-getitem?mr=2579474
http://www.ams.org/mathscinet-getitem?mr=2596185
http://www.ams.org/mathscinet-getitem?mr=2596185
http://www.ams.org/mathscinet-getitem?mr=2580143
http://www.ams.org/mathscinet-getitem?mr=2580143
http://www.ams.org/mathscinet-getitem?mr=1345385
http://www.ams.org/mathscinet-getitem?mr=1345385
http://www.ams.org/mathscinet-getitem?mr=1461211
http://www.ams.org/mathscinet-getitem?mr=1461211
http://www.ams.org/mathscinet-getitem?mr=1859007
http://www.ams.org/mathscinet-getitem?mr=1859007
http://www.ams.org/mathscinet-getitem?mr=2267707
http://www.ams.org/mathscinet-getitem?mr=2267707
http://www.ams.org/mathscinet-getitem?mr=2029738
http://www.ams.org/mathscinet-getitem?mr=2029738
http://www.ams.org/mathscinet-getitem?mr=2798103
http://www.ams.org/mathscinet-getitem?mr=2798103
http://www.ams.org/mathscinet-getitem?mr=1900314
http://www.ams.org/mathscinet-getitem?mr=1900314
http://www.ams.org/mathscinet-getitem?mr=1972141
http://www.ams.org/mathscinet-getitem?mr=1972141
http://www.ams.org/mathscinet-getitem?mr=2064734
http://www.ams.org/mathscinet-getitem?mr=2064734

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(23]

(26]

(27]

(28]

(29]

(30]

W. Arendt and P. J. Rabier, Linear evolution operators on spaces of periodic functions, Commun.
Pure Appl. Anal. 8 (2009), no. 1, 5-36. MR2449097/(2009i:34130)

J. Bana$ and K. Goebel, Measures of noncompactness in Banach spaces, Lecture Notes in Pure and
Applied Mathematics, vol. 60, Marcel Dekker Inc., New York, 1980. MR591679 (82£:47066)

A. Bétkai and S. Piazzera, Semigroups for delay equations, Research Notes in Mathematics, vol. 10,
A K Peters Ltd., Wellesley, MA, 2005. MR2181405 (2006j:34001)

M. Benchohra and S. K. Ntouyas, Nonlocal Cauchy problems for neutral functional differential
and integrodifferential inclusions in Banach spaces, J. Math. Anal. Appl. 258 (2001), no. 2, 573-590.
MR1835560/(2002d:34130)

J. Bochenek, Existence of the fundamental solution of a second order evolution equation, Ann.
Polon. Math. 66 (1997), 15-35. Volume dedicated to the memory of Wlodzimierz Mlak. MR1438326
(99c:34125)

S. K. Bose and G. C. Gorain, Exact controllability and boundary stabilization of flexural vibrations
of an internally damped flexible space structure, Appl. Math. Comput. 126 (2002), no. 2-3, 341-360.
MR1879167|(2002j:93008)

S. K. Bose and G. C. Gorain, Uniform stability of damped nonlinear vibrations of an elastic string,
Proc. Indian Acad. Sci. Math. Sci. 113 (2003), no. 4, 443-449. MR2020076,(2004i:74056)

S.K. Bose and G. C. Gorain, Exact controllability and boundary stabilization of torsional vibrations
of an internally damped flexible space structure, J. Optim. Theory Appl. 99 (1998), no. 2, 423-442.
MR1657037(99i:93032)

S. K. Bose and G. C. Gorain, Stability of the boundary stabilised internally damped wave equa-
tion y" + Ay"" = c?(Ay + uAy') in a bounded domain in R", Indian J. Math. 40 (1998), no. 1, 1-15.
MR1654783(99i:35106)

D. Bothe, Multivalued perturbations of m-accretive differential inclusions, Israel J. Math. 108
(1998), 109-138. MR1669396/(2000a:34124)

J. Bourgain, Some remarks on Banach spaces in which martingale difference sequences are uncon-
ditional, Ark. Mat. 21 (1983), no. 2, 163-168. MR727340(85a:46011)

S. Q. Bu, Maximal regularity of second order delay equations in Banach spaces, Acta Math. Sin.
(Engl. Ser.) 25 (2009), no. 1, 21-28. MR2465519(2009j:34198)

S. Q. Bu and J. M. Kim, Operator-valued Fourier multipliers on periodic Triebel spaces, Acta Math.
Sin. (Engl. Ser.) 21 (2005), no. 5, 1049-1056. MR2176315|(2006g:42014)

S. Bu, Mild well-posedness of vector-valued problems, Arch. Math. (Basel) 95 (2010), no. 1, 63-73.
MR2671239/(2011k:34127)

S.Bu and Y. Fang, Maximal regularity for integro-differential equation on periodic Triebel-Lizorkin
spaces, Taiwanese J. Math. 12 (2008), no. 2, 281-292. MR2402114/(2009j:47158)

S. Bu and Y. Fang, Periodic solutions for second order integro-differential equations with infinite
delay in Banach spaces, Studia Math. 184 (2008), no. 2, 103-119. MR2365804 (2008h:34097)

S.Bu and Y. Fang, Periodic solutions of delay equations in Besov spaces and Triebel-Lizorkin spaces,
Taiwanese J. Math. 13 (2009), no. 3, 1063-1076. MR2526359/(2010e:34129)

S.Bu and Y. Fang, Maximal regularity of second order delay equations in Banach spaces, Sci. China
Math. 53 (2010), no. 1, 51-62. MR2594746/(2011b:34158)

74


http://www.ams.org/mathscinet-getitem?mr=2449097
http://www.ams.org/mathscinet-getitem?mr=2449097
http://www.ams.org/mathscinet-getitem?mr=591679
http://www.ams.org/mathscinet-getitem?mr=591679
http://www.ams.org/mathscinet-getitem?mr=2181405
http://www.ams.org/mathscinet-getitem?mr=2181405
http://www.ams.org/mathscinet-getitem?mr=1835560
http://www.ams.org/mathscinet-getitem?mr=1835560
http://www.ams.org/mathscinet-getitem?mr=1438326
http://www.ams.org/mathscinet-getitem?mr=1438326
http://www.ams.org/mathscinet-getitem?mr=1879167
http://www.ams.org/mathscinet-getitem?mr=1879167
http://www.ams.org/mathscinet-getitem?mr=2020076
http://www.ams.org/mathscinet-getitem?mr=2020076
http://www.ams.org/mathscinet-getitem?mr=1657037
http://www.ams.org/mathscinet-getitem?mr=1657037
http://www.ams.org/mathscinet-getitem?mr=1654783
http://www.ams.org/mathscinet-getitem?mr=1654783
http://www.ams.org/mathscinet-getitem?mr=1669396
http://www.ams.org/mathscinet-getitem?mr=1669396
http://www.ams.org/mathscinet-getitem?mr=727340
http://www.ams.org/mathscinet-getitem?mr=727340
http://www.ams.org/mathscinet-getitem?mr=2465519
http://www.ams.org/mathscinet-getitem?mr=2465519
http://www.ams.org/mathscinet-getitem?mr=2176315
http://www.ams.org/mathscinet-getitem?mr=2176315
http://www.ams.org/mathscinet-getitem?mr=2671239
http://www.ams.org/mathscinet-getitem?mr=2671239
http://www.ams.org/mathscinet-getitem?mr=2402114
http://www.ams.org/mathscinet-getitem?mr=2402114
http://www.ams.org/mathscinet-getitem?mr=2365804
http://www.ams.org/mathscinet-getitem?mr=2365804
http://www.ams.org/mathscinet-getitem?mr=2526359
http://www.ams.org/mathscinet-getitem?mr=2526359
http://www.ams.org/mathscinet-getitem?mr=2594746
http://www.ams.org/mathscinet-getitem?mr=2594746

(31]

(32]

(33]

(34]

[35]

(36]

(37]

(38]

(39]

(40]

(41]

[42]

(43]

(44]

(45]

[46]

(47]

(48]

S.Buand ].-M. Kim, Operator-valued Fourier multiplier theorems on Ly, -spaces on T4, Arch. Math.
(Basel) 82 (2004), no. 5, 404-414. MR2061447/(2005e:42041)

S. Bu and J.-M. Kim, Operator-valued Fourier multiplier theorems on Triebel spaces, Acta Math.
Sci. Ser. B Engl. Ed. 25 (2005), no. 4, 599-609. MR2175925|(2006k:42013)

D. L. Burkholder, A geometric condition that implies the existence of certain singular integrals of
Banach-space-valued functions, Conference on harmonic analysis in honor of Antoni Zygmund,
Vol. I, II (Chicago, Il., 1981), 1983, pp. 270-286. MR730072(85i:42020)

D. L. Burkholder, Martingales and singular integrals in Banach spaces, Handbook of the geometry
of Banach spaces, Vol. I, 2001, pp. 233-269. MR1863694/(2003b:46009)

P. L. Butzer and U. Westphal, An access to fractional differentiation via fractional difference quo-
tients, Fractional calculus and its applications (Proc. Internat. Conf., Univ. New Haven, West
Haven, Conn., 1974), 1975, pp. 116-145. Lecture Notes in Math., Vol. 457. MR0492115| (58 #11267)

L. Byszewski, Uniqueness criterion for solution of abstract nonlocal Cauchy problem, J. Appl. Math.
Stochastic Anal. 6 (1993), no. 1, 49-54. MR1214305/(94k:34119)

L. Byszewski, Strong maximum principles for parabolic nonlinear problems with nonlocal inequal-
ities together with arbitrary functionals, ]. Math. Anal. Appl. 156 (1991), no. 2, 457-470. MR1103024
(92b:35032)

L. Byszewski, Theorem about existence and uniqueness of continuous solution of nonlocal problem
for nonlinear hyperbolic equation, Appl. Anal. 40 (1991), no. 2-3, 173-180. MR1095412/(92d:35197)

L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear evolution
nonlocal Cauchy problem,]J. Math. Anal. Appl. 162 (1991), no. 2, 494-505. MR1137634,(92m:35005)

L. Byszewski and V. Lakshmikantham, Theorem about the existence and uniqueness of a solution
of a nonlocal abstract Cauchy problem in a Banach space, Appl. Anal. 40 (1991), no. 1, 11-19.
MR1121321/(92h:34121)

L. Byszewski and T. Winiarska, An abstract nonlocal second order evolution problem, Opuscula
Math. 32 (2012), no. 1, 75-82. MR2852470

M. Chandrasekaran, Nonlocal Cauchy problem for quasilinear integrodifferential equations in Ba-
nach spaces, Electron. J. Differential Equations (2007), No. 33, 6 pp. (electronic). MR2299587
(2008a:34140)

P. Clément, B. de Pagter, E A. Sukochev, and H. Witvliet, Schauder decomposition and multiplier
theorems, Studia Math. 138 (2000), no. 2, 135-163. MR1749077/(2002¢:47036)

C. Cuevas and J. C. de Souza, S-asymptotically w-periodic solutions of semilinear frac-
tional integro-differential equations, Appl. Math. Lett. 22 (2009), no. 6, 865-870. MR2523596
(2010£:45017)

C. Cuevas and C. Lizama, Well posedness for a class of flexible structure in Holder spaces, Math.
Probl. Eng. (2009), Art. ID 358329, 13. MR2530061(2010i:35399)

G. Da Prato, P. C. Kunstmann, I. Lasiecka, A. Lunardi, R. Schnaubelt, and L. Weis, Functional an-
alytic methods for evolution equations, Lecture Notes in Mathematics, vol. 1855, Springer-Verlag,
Berlin, 2004. Edited by M. Iannelli, R. Nagel and S. Piazzera. MR2108957|(2005{:35003)

C. M. Dafermos, An abstract Volterra equation with applications to linear viscoelasticity, J. Differ-
ential Equations 7 (1970), 554-569. MR0259670 (41 #4305)

G. Darbo, Punti uniti in trasformazioni a codominio non compatto, Rend. Sem. Mat. Univ. Padova
24 (1955), 84-92. MR0070164(16,1140f)

75


http://www.ams.org/mathscinet-getitem?mr=2061447
http://www.ams.org/mathscinet-getitem?mr=2061447
http://www.ams.org/mathscinet-getitem?mr=2175925
http://www.ams.org/mathscinet-getitem?mr=2175925
http://www.ams.org/mathscinet-getitem?mr=730072
http://www.ams.org/mathscinet-getitem?mr=730072
http://www.ams.org/mathscinet-getitem?mr=1863694
http://www.ams.org/mathscinet-getitem?mr=1863694
http://www.ams.org/mathscinet-getitem?mr=0492115
http://www.ams.org/mathscinet-getitem?mr=0492115
http://www.ams.org/mathscinet-getitem?mr=1214305
http://www.ams.org/mathscinet-getitem?mr=1214305
http://www.ams.org/mathscinet-getitem?mr=1103024
http://www.ams.org/mathscinet-getitem?mr=1103024
http://www.ams.org/mathscinet-getitem?mr=1095412
http://www.ams.org/mathscinet-getitem?mr=1095412
http://www.ams.org/mathscinet-getitem?mr=1137634
http://www.ams.org/mathscinet-getitem?mr=1137634
http://www.ams.org/mathscinet-getitem?mr=1121321
http://www.ams.org/mathscinet-getitem?mr=1121321
http://www.ams.org/mathscinet-getitem?mr=2852470
http://www.ams.org/mathscinet-getitem?mr=2299587
http://www.ams.org/mathscinet-getitem?mr=2299587
http://www.ams.org/mathscinet-getitem?mr=1749077
http://www.ams.org/mathscinet-getitem?mr=1749077
http://www.ams.org/mathscinet-getitem?mr=2523596
http://www.ams.org/mathscinet-getitem?mr=2523596
http://www.ams.org/mathscinet-getitem?mr=2530061
http://www.ams.org/mathscinet-getitem?mr=2530061
http://www.ams.org/mathscinet-getitem?mr=2108957
http://www.ams.org/mathscinet-getitem?mr=2108957
http://www.ams.org/mathscinet-getitem?mr=0259670
http://www.ams.org/mathscinet-getitem?mr=0259670
http://www.ams.org/mathscinet-getitem?mr=0070164
http://www.ams.org/mathscinet-getitem?mr=0070164

(49]

[50]

(51]

(52]

(53]

(54]

[35]

(56]

[57]

[58]

(59]

[60]

(61]

[62]

(63]

(64]

(65]

R. Datko, Linear autonomous neutral differential equations in a Banach space, J. Diff. Equations
25 (1977), no. 2, 258-274. MR0447743(56 #6053)

B. de Andrade and C. Lizama, Existence of asymptotically almost periodic solutions for damped
wave equations, J. Math. Anal. Appl. 382 (2011), no. 2, 761-771. MR2810829|(2012e:35167)

K. Deng, Exponential decay of solutions of semilinear parabolic equations with nonlocal initial
conditions, J. Math. Anal. Appl. 179 (1993), no. 2, 630-637. MR1249842|(95a:35076)

R. Denk, M. Hieber, and J. Priiss, Z -boundedness, Fourier multipliers and problems of elliptic and
parabolic type, Mem. Amer. Math. Soc. 166 (2003), no. 788, viii+114. MR2006641(2004i:35002)

Q. Dong and G. Li, Existence of solutions for semilinear differential equations with nonlocal con-
ditions in Banach spaces, Electron. J. Qual. Theory Differ. Equ. (2009), No. 47, 13. MR2524984
(2010g:34192)

J. P. C. dos Santos, M. M. Arjunan, and C. Cuevas, Existence results for fractional neutral integro-
differential equations with state-dependent delay, Comput. Math. Appl. 62 (2011), no. 3, 1275-
1283. MR2824714 (2012d:45012)

K.-J. Engel and R. Nagel, One-parameter semigroups for linear evolution equations, Graduate Texts
in Mathematics, vol. 194, Springer-Verlag, New York, 2000. With contributions by S. Brendle, M.
Campiti, T. Hahn, G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli and R.
Schnaubelt. MR1721989|(2000i:47075)

K. Ezzinbi and X. Fu, Existence and regularity of solutions for some neutral partial differential
equations with nonlocal conditions, Nonlinear Anal. 57 (2004), no. 7-8, 1029-1041. MR2070623
(2005f:34232)

K. Ezzinbi, X. Fu, and K. Hilal, Existence and regularity in the a-norm for some neutral par-
tial differential equations with nonlocal conditions, Nonlinear Anal. 67 (2007), no. 5, 1613-1622.
MR2323307/(2008g:35204)

H. O. Fattorini, Second order linear differential equations in Banach spaces, North-Holland Math-
ematics Studies, vol. 108, North-Holland Publishing Co., Amsterdam, 1985. Notas de Matemadtica
[Mathematical Notes], 99. MR797071/(87b:34001)

C. Fernandez, C. Lizama, and V. Poblete, Maximal regularity for flexible structural systems in
Lebesgue spaces, Math. Probl. Eng. (2010), Art. ID 196956, 15. MR2610518|(2011h:34123)

C. Fernandez, C. Lizama, and V. Poblete, Regularity of solutions for a third order differential
equation in Hilbert spaces, Appl. Math. Comput. 217 (2011), no. 21, 8522-8533. MR2802263
(2012f:34146)

M. Girardi and L. Weis, Criteria for R-boundedness of operator families, Evolution equations, 2003,
pp- 203-221. MR2073746/(2005€e:47086)

M. Girardi and L. Weis, Operator-valued Fourier multiplier theorems on Besov spaces, Math. Nachr.
251 (2003), 34-51. MR1960803(2003m:46050)

M. Girardi and L. Weis, Operator-valued Fourier multiplier theorems on L,(X) and geometry of
Banach spaces, J. Funct. Anal. 204 (2003), no. 2, 320-354. MR2017318|(2004g:42019)

K. Gopalsamy and P. xuan Weng, Oscillations in systems of linear neutral differential equations,
Chinese Quart. J. Math. 16 (2001), no. 4, 61-68. MR1898009)(2003b:34136)

G. C. Gorain, Exponential energy decay estimate for the solutions of internally damped wave equa-
tion in a bounded domain, J. Math. Anal. Appl. 216 (1997), no. 2, 510-520. MR1489594 (98i:35111)

76


http://www.ams.org/mathscinet-getitem?mr=0447743
http://www.ams.org/mathscinet-getitem?mr=0447743
http://www.ams.org/mathscinet-getitem?mr=2810829
http://www.ams.org/mathscinet-getitem?mr=2810829
http://www.ams.org/mathscinet-getitem?mr=1249842
http://www.ams.org/mathscinet-getitem?mr=1249842
http://www.ams.org/mathscinet-getitem?mr=2006641
http://www.ams.org/mathscinet-getitem?mr=2006641
http://www.ams.org/mathscinet-getitem?mr=2524984
http://www.ams.org/mathscinet-getitem?mr=2524984
http://www.ams.org/mathscinet-getitem?mr=2824714
http://www.ams.org/mathscinet-getitem?mr=2824714
http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.ams.org/mathscinet-getitem?mr=2070623
http://www.ams.org/mathscinet-getitem?mr=2070623
http://www.ams.org/mathscinet-getitem?mr=2323307
http://www.ams.org/mathscinet-getitem?mr=2323307
http://www.ams.org/mathscinet-getitem?mr=797071
http://www.ams.org/mathscinet-getitem?mr=797071
http://www.ams.org/mathscinet-getitem?mr=2610518
http://www.ams.org/mathscinet-getitem?mr=2610518
http://www.ams.org/mathscinet-getitem?mr=2802263
http://www.ams.org/mathscinet-getitem?mr=2802263
http://www.ams.org/mathscinet-getitem?mr=2073746
http://www.ams.org/mathscinet-getitem?mr=2073746
http://www.ams.org/mathscinet-getitem?mr=1960803
http://www.ams.org/mathscinet-getitem?mr=1960803
http://www.ams.org/mathscinet-getitem?mr=2017318
http://www.ams.org/mathscinet-getitem?mr=2017318
http://www.ams.org/mathscinet-getitem?mr=1898009
http://www.ams.org/mathscinet-getitem?mr=1898009
http://www.ams.org/mathscinet-getitem?mr=1489594
http://www.ams.org/mathscinet-getitem?mr=1489594

(66]

[67]

(68]

[69]

[70]

[71]

[72]

[73]

(74]

[75]

[76]

[77]

(78]

[79]

(80]

(81]

(82]

[83]

(84]

G. C. Gorain, Boundary stabilization of nonlinear vibrations of a flexible structure in a bounded
domain inR", ]J. Math. Anal. Appl. 319 (2006), no. 2, 635-650. MR2227928/(2007b:93114)

G. C. Gorain, Stabilization for the vibrations modeled by the ‘standard linear model’ of viscoelastic-
ity, Proc. Indian Acad. Sci. Math. Sci. 120 (2010), no. 4, 495-506. MR2761788(2011j:74014)

R. Gorenflo and E Mainardi, Fractional calculus: integral and differential equations of fractional
order, Fractals and fractional calculus in continuum mechanics (Udine, 1996), 1997, pp. 223-276.
MR1611585/(99g:26015)

R. Grimmer and J. Priiss, On linear Volterra equations in Banach spaces, Comput. Math. Appl. 11
(1985), no. 1-3, 189-205. Hyperbolic partial differential equations, II. MR787436(86h:45004)

A. Griinwald, Uber begrenzte derivationen und deren anwendung, Math. Phys. 12 (1867), 441-480.

L. X. Guo, S. P. Ly, B. Du, and E Liang, Existence of periodic solutions to a second-order neutral
functional differential equation with deviating arguments, J. Math. (Wuhan) 30 (2010), no. 5, 839-
847. MR2731674/(2011i:34115)

S. Guo, Equivariant normal forms for neutral functional differential equations, Nonlinear Dynam.
61 (2010), no. 1-2, 311-329. MR2661804/(2011j:34232)

S. Hadd, Singular functional differential equations of neutral type in Banach spaces, J. Funct. Anal.
254 (2008), no. 8, 2069-2091. MR2402084/(2010b:34180)

J. K. Hale, Coupled oscillators on a circle, Resenhas 1 (1994), no. 4, 441-457. Dynamical phase tran-
sitions (Sao Paulo, 1994). MR1357945/(97d:58143)

J. K. Hale, Partial neutral functional-differential equations, Rev. Roumaine Math. Pures Appl. 39
(1994), no. 4, 339-344. MR1317773|(96g:35204)

J. K. Hale and S. M. Verduyn Lunel, Introduction to functional-differential equations, Applied
Mathematical Sciences, vol. 99, Springer-Verlag, New York, 1993. MR1243878 (94m:34169)

H. R. Henriquez, Periodic solutions of quasi-linear partial functional-differential equations with
unbounded delay, Funkcial. Ekvac. 37 (1994), no. 2, 329-343. MR1299869 (96a:34150)

H. R. Henriquez, Existence of solutions of non-autonomous second order functional differen-
tial equations with infinite delay, Nonlinear Anal. 74 (2011), no. 10, 3333-3352. MR2793566
(2012¢:34260)

H. R. Henriquez and C. Lizama, Periodic solutions of abstract functional differential equations with
infinite delay, Nonlinear Anal. 75 (2012), no. 4, 2016-2023. MR2870895

H. R. Henriquez, M. Pierri, and A. Prokopczyk, Periodic solutions of abstract neutral functional
differential equations, J. Math. Anal. Appl. 385 (2012), no. 2, 608-621. MR2834838|(2012f:34172)

H. R. Henriquez and V. Poblete, Periodic solutions of neutral fractional differential equations. Pre-
Fint.

H. R. Henriquez, V. Poblete, and J. C. Pozo, Existence of mild-solutions of a non—-autonomous sec-
ond order evolution equation with non-local initial conditions. Preprint.

H. R. Henriquez and C. H. Vasquez, Differentiabilty of solutions of the second order abstract Cauchy
problem, Semigroup Forum 64 (2002), no. 3, 472-488. MR1896382(2003a:34084)

H. R. Henriquez and C. H. Vasquez, Differentiability of solutions of second-order functional differ-
ential equations with unbounded delay, ]. Math. Anal. Appl. 280 (2003), no. 2, 284-312. MR1977912
(2004b:34201)

77


http://www.ams.org/mathscinet-getitem?mr=2227928
http://www.ams.org/mathscinet-getitem?mr=2227928
http://www.ams.org/mathscinet-getitem?mr=2761788
http://www.ams.org/mathscinet-getitem?mr=2761788
http://www.ams.org/mathscinet-getitem?mr=1611585
http://www.ams.org/mathscinet-getitem?mr=1611585
http://www.ams.org/mathscinet-getitem?mr=787436
http://www.ams.org/mathscinet-getitem?mr=787436
http://www.ams.org/mathscinet-getitem?mr=2731674
http://www.ams.org/mathscinet-getitem?mr=2731674
http://www.ams.org/mathscinet-getitem?mr=2661804
http://www.ams.org/mathscinet-getitem?mr=2661804
http://www.ams.org/mathscinet-getitem?mr=2402084
http://www.ams.org/mathscinet-getitem?mr=2402084
http://www.ams.org/mathscinet-getitem?mr=1357945
http://www.ams.org/mathscinet-getitem?mr=1357945
http://www.ams.org/mathscinet-getitem?mr=1317773
http://www.ams.org/mathscinet-getitem?mr=1317773
http://www.ams.org/mathscinet-getitem?mr=1243878
http://www.ams.org/mathscinet-getitem?mr=1243878
http://www.ams.org/mathscinet-getitem?mr=1299869
http://www.ams.org/mathscinet-getitem?mr=1299869
http://www.ams.org/mathscinet-getitem?mr=2793566
http://www.ams.org/mathscinet-getitem?mr=2793566
http://www.ams.org/mathscinet-getitem?mr=2870895
http://www.ams.org/mathscinet-getitem?mr=2834838
http://www.ams.org/mathscinet-getitem?mr=2834838
http://www.ams.org/mathscinet-getitem?mr=1896382
http://www.ams.org/mathscinet-getitem?mr=1896382
http://www.ams.org/mathscinet-getitem?mr=1977912
http://www.ams.org/mathscinet-getitem?mr=1977912

(85]

[86]

(87]

[88]

(89]

[90]

(91]

[92]

(93]

[94]

(95]

[96]

(97]

[98]

(99]

[100]

[101

[102]

E. Herndndez, D. O’Regan, and K. Balachandran, On recent developments in the theory of abstract
differential equations with fractional derivatives, Nonlinear Anal. 73 (2010), no. 10, 3462-3471.
MR2680040(2011g:35413)

R. Hilfer, Applications of fractional calculus in physics (R. Hilfer, ed.), World Scientific Publishing
Co. Inc., River Edge, NJ, 2000. MR1890104 (2002j:00009)

T. Hytonen and M. Veraar, R-boundedness of smooth operator-valued functions, Integral Equations
Operator Theory 63 (2009), no. 3, 373-402. MR2491037/(2010b:47037)

S.Jiand G. Li, Existence results for impulsive differential inclusions with nonlocal conditions, Com-
put. Math. Appl. 62 (2011), no. 4, 1908-1915. MR2834816

M. Jia, X. P. Liu, W. G. Ge, and Y. P. Guo, Periodic solutions to a neutral integro-differential equation
with three delays, J. Systems Sci. Math. Sci. 27 (2007), no. 4, 615-623. MR2349985(2008g:34181)

N. J. Kalton and G. Lancien, A solution to the problem of L” -maximal regularity, Math. Z. 235
(2000), no. 3, 559-568. MR1800212/(2001k:47062)

N. J. Kalton and L. Weis, The H* -calculus and sums of closed operators, Math. Ann. 321 (2001),
no. 2, 319-345. MR1866491 (2003a:47038)

T. Kato, Perturbation theory for linear operators, Classics in Mathematics, Springer-Verlag, Berlin,
1995. Reprint of the 1980 edition. MR1335452|(96a:47025)

V. Keyantuo and C. Lizama, Fourier multipliers and integro-differential equations in Banach
spaces, J. London Math. Soc. (2) 69 (2004), no. 3, 737-750. MR2050043(2005h:45015)

V. Keyantuo and C. Lizama, Maximal regularity for a class of integro-differential equations with
infinite delay in Banach spaces, Studia Math. 168 (2005), no. 1, 25-50. MR2133386(2005k:35418)

V. Keyantuo and C. Lizama, Hélder continuous solutions for integro-differential equations and
maximal regularity, J. Differential Equations 230 (2006), no. 2, 634-660. MR2269937 (2007k:45011)

V. Keyantuo and C. Lizama, Periodic solutions of second order differential equations in Banach
spaces, Math. Z. 253 (2006), no. 3, 489-514. MR2221083|(2007d:34114)

V. Keyantuo and C. Lizama, Mild well-posedness of abstract differential equations, Functional anal-
ysis and evolution equations, 2008, pp. 371-387. MR2402741/(2009j:47080)

V. Keyantuo and C. Lizama, A characterization of periodic solutions for time-fractional differential
equations in UMD spaces and applications, Math. Nachr. 284 (2011), no. 4, 494-506. MR2789193
(2012d:34147)

V. Keyantuo, C. Lizama, and V. Poblete, Periodic solutions of integro-differential equations in
vector-valued function spaces, J. Differential Equations 246 (2009), no. 3, 1007-1037. MR2474584
(2009i:45024)

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and applications of fractional differential
equations, North-Holland Mathematics Studies, vol. 204, Elsevier Science B.V.,, Amsterdam, 2006.
MR2218073/(2007a:34002)

J. Kisyniski, On cosine operator functions and one-parameter groups of operators, Studia Math. 44
(1972), 93-105. Collection of articles honoring the completion by Antoni Zygmund of 50 years of
scientific activity. I. MR0312328 (47 #890)

V. Kolmanovskii and A. Myshkis, Introduction to the theory and applications of functional-
differential equations, Mathematics and its Applications, vol. 463, Kluwer Academic Publishers,
Dordrecht, 1999. MR1680144 (2000c:34164)

78


http://www.ams.org/mathscinet-getitem?mr=2680040
http://www.ams.org/mathscinet-getitem?mr=2680040
http://www.ams.org/mathscinet-getitem?mr=1890104
http://www.ams.org/mathscinet-getitem?mr=1890104
http://www.ams.org/mathscinet-getitem?mr=2491037
http://www.ams.org/mathscinet-getitem?mr=2491037
http://www.ams.org/mathscinet-getitem?mr=2834816
http://www.ams.org/mathscinet-getitem?mr=2349985
http://www.ams.org/mathscinet-getitem?mr=2349985
http://www.ams.org/mathscinet-getitem?mr=1800212
http://www.ams.org/mathscinet-getitem?mr=1800212
http://www.ams.org/mathscinet-getitem?mr=1866491
http://www.ams.org/mathscinet-getitem?mr=1866491
http://www.ams.org/mathscinet-getitem?mr=1335452
http://www.ams.org/mathscinet-getitem?mr=1335452
http://www.ams.org/mathscinet-getitem?mr=2050043
http://www.ams.org/mathscinet-getitem?mr=2050043
http://www.ams.org/mathscinet-getitem?mr=2133386
http://www.ams.org/mathscinet-getitem?mr=2133386
http://www.ams.org/mathscinet-getitem?mr=2269937
http://www.ams.org/mathscinet-getitem?mr=2269937
http://www.ams.org/mathscinet-getitem?mr=2221083
http://www.ams.org/mathscinet-getitem?mr=2221083
http://www.ams.org/mathscinet-getitem?mr=2402741
http://www.ams.org/mathscinet-getitem?mr=2402741
http://www.ams.org/mathscinet-getitem?mr=2789193
http://www.ams.org/mathscinet-getitem?mr=2789193
http://www.ams.org/mathscinet-getitem?mr=2474584
http://www.ams.org/mathscinet-getitem?mr=2474584
http://www.ams.org/mathscinet-getitem?mr=2218073
http://www.ams.org/mathscinet-getitem?mr=2218073
http://www.ams.org/mathscinet-getitem?mr=0312328
http://www.ams.org/mathscinet-getitem?mr=0312328
http://www.ams.org/mathscinet-getitem?mr=1680144
http://www.ams.org/mathscinet-getitem?mr=1680144

[103]

[104]

[105]
[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

M. Kozak, A fundamental solution of a second-order differential equation in a Banach space, Univ.
Tagel. Acta Math. 32 (1995), 275-289. MR1345144/(96k:34126)

V. Lakshmikantham and J. V. Devi, Theory of fractional differential equations in a Banach space,
Eur. J. Pure Appl. Math. 1 (2008), no. 1, 38-45. MR2379647|(2009a:34102)

A. V. Letnikov, Theory and differentiation of fractional order, Mat. Sb. 3, 1-68.

Y. P Lin andJ. H. Liu, Semilinear integrodifferential equations with nonlocal Cauchy problem, Non-
linear Anal. 26 (1996), no. 5, 1023-1033. MR1362770/(96j:34112)

Y. Lin, Time-dependent perturbation theory for abstract evolution equations of second order, Studia
Math. 130 (1998), no. 3, 263-274. MR1624819 (99i:34080)

L. Liu, E Guo, C. Wu, and Y. Wu, Existence theorems of global solutions for nonlinear Volterra type
integral equations in Banach spaces, J. Math. Anal. Appl. 309 (2005), no. 2, 638-649. MR2154141
(2006¢:45004)

C. Lizama, A characterization of uniform continuity for Volterra equations in Hilbert spaces, Proc.
Amer. Math. Soc. 126 (1998), no. 12, 3581-3587. MR1469423|(99b:45008)

C. Lizama, Fourier multipliers and periodic solutions of delay equations in Banach spaces, J. Math.
Anal. Appl. 324 (2006), no. 2, 921-933. MR2265090(2007g:34139)

C. Lizama and G. M. N’'Guérékata, Bounded mild solutions for semilinear integro differential equa-
tions in Banach spaces, Integral Equations Operator Theory 68 (2010), no. 2, 207-227. MR2721083
(2011k:45016)

C. Lizama and V. Poblete, Maximal regularity of delay equations in Banach spaces, Studia Math.
175 (2006), no. 1, 91-102. MR2261702|(2007g:34170)

C. Lizama and V. Poblete, Periodic solutions of fractional differential equations with delay, J. Evol.
Equ. 11 (2011), no. 1, 57-70. MR2780573/(2012b:34191)

C. Lizama and R. Ponce, Periodic solutions of degenerate differential equations in vector-valued
function spaces, Studia Math. 202 (2011), no. 1, 49-63. MR2756012(2012b:34152)

C. Lizama and J. C. Pozo, Existence of mild solutions for semilinear integrodifferential equations
with nonlocal conditions. Submitted.

S. Ma, Z. Wang, and Q. Xu, Periodic solutions of linear neutral integro-differential equations, Acta
Math. Sci. Ser. B Engl. Ed. 24 (2004), no. 3, 337-348. MR2073250 (2005e:34242)

R. Metzler and J. Klafter, Boundary value problems for fractional diffusion equations, Phys. A 278
(2000), no. 1-2, 107-125. MR1763650/(2001b:35138)

R. Metzler and J. Klafter, The random walk’s guide to anomalous diffusion: a fractional dynamics
approach, Phys. Rep. 339 (2000), no. 1, 77. MR1809268| (2001k:82082)

K. S. Miller and B. Ross, An introduction to the fractional calculus and fractional differential equa-
tions, A Wiley-Interscience Publication, John Wiley & Sons Inc., New York, 1993. MR1219954
(94e:26013)

G. M. Mophou and G. M. N'Guérékata, On integral solutions of some nonlocal fractional differen-
tial equations with nondense domain, Nonlinear Anal. 71 (2009), no. 10, 4668-4675. MR2548700

S. K. Ntouyas and P. Ch. Tsamatos, Global existence for second order semilinear ordinary and de-
lay integrodifferential equations with nonlocal conditions, Appl. Anal. 67 (1997), no. 3-4, 245-257.
MR1614061/(98k:34103)

79


http://www.ams.org/mathscinet-getitem?mr=1345144
http://www.ams.org/mathscinet-getitem?mr=1345144
http://www.ams.org/mathscinet-getitem?mr=2379647
http://www.ams.org/mathscinet-getitem?mr=2379647
http://www.ams.org/mathscinet-getitem?mr=1362770
http://www.ams.org/mathscinet-getitem?mr=1362770
http://www.ams.org/mathscinet-getitem?mr=1624819
http://www.ams.org/mathscinet-getitem?mr=1624819
http://www.ams.org/mathscinet-getitem?mr=2154141
http://www.ams.org/mathscinet-getitem?mr=2154141
http://www.ams.org/mathscinet-getitem?mr=1469423
http://www.ams.org/mathscinet-getitem?mr=1469423
http://www.ams.org/mathscinet-getitem?mr=2265090
http://www.ams.org/mathscinet-getitem?mr=2265090
http://www.ams.org/mathscinet-getitem?mr=2721083
http://www.ams.org/mathscinet-getitem?mr=2721083
http://www.ams.org/mathscinet-getitem?mr=2261702
http://www.ams.org/mathscinet-getitem?mr=2261702
http://www.ams.org/mathscinet-getitem?mr=2780573
http://www.ams.org/mathscinet-getitem?mr=2780573
http://www.ams.org/mathscinet-getitem?mr=2756012
http://www.ams.org/mathscinet-getitem?mr=2756012
http://www.ams.org/mathscinet-getitem?mr=2073250
http://www.ams.org/mathscinet-getitem?mr=2073250
http://www.ams.org/mathscinet-getitem?mr=1763650
http://www.ams.org/mathscinet-getitem?mr=1763650
http://www.ams.org/mathscinet-getitem?mr=1809268
http://www.ams.org/mathscinet-getitem?mr=1809268
http://www.ams.org/mathscinet-getitem?mr=1219954
http://www.ams.org/mathscinet-getitem?mr=1219954
http://www.ams.org/mathscinet-getitem?mr=2548700
http://www.ams.org/mathscinet-getitem?mr=1614061
http://www.ams.org/mathscinet-getitem?mr=1614061

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130

[131]

[132]

[133

[134]

[135]

[136]

[137]

[138]

[139]

S. K. Ntouyas and P. Ch. Tsamatos, Global existence for semilinear evolution equations with nonlo-
cal conditions, J. Math. Anal. Appl. 210 (1997), no. 2, 679-687. MR1453198 (98e:34116)

S. K. Ntouyas and P. Ch. Tsamatos, Global existence for semilinear evolution integrodifferential
equations with delay and nonlocal conditions, Appl. Anal. 64 (1997), no. 1-2, 99-105. MR1460074
(98€e:45008)

D. N. Pandey, A. Ujlayan, and D. Bahuguna, On a solution to fractional order integrodifferential
equations with analytic semigroups, Nonlinear Anal. 71 (2009), no. 9, 3690-3698. MR2536279
(2010g:34122)

A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied
Mathematical Sciences, vol. 44, Springer-Verlag, New York, 1983. MR710486/(85g:47061)

V. Poblete, Solutions of second-order integro-differential equations on periodic Besov spaces, Proc.
Edinb. Math. Soc. (2) 50 (2007), no. 2, 477-492. MR2334958(2008h:45003)

V. Poblete, Maximal regularity of second-order equations with delay, J. Differential Equations 246
(2009), no. 1, 261-276. MR2467023(2009h:34086)

V. Poblete and J. C. Pozo, Periodic solutions for a fractional order abstract neutral differential equa-
tion with finite delay. Preprint.

V. Poblete and J. C. Pozo, Periodic solutions of an abstract third-order differential equation. Sub-
mitted.

L. Podlubny, I. Petras, B. M. Vinagre, P. O’Leary, and L. Dor¢édk, Analogue realizations of fractional-
order controllers, Nonlinear Dynam. 29 (2002), no. 1-4, 281-296. Fractional order calculus and its
applications. MR1926477

J. Priiss, On linear Volterra equations of parabolic type in Banach spaces, Trans. Amer. Math. Soc.
301 (1987), no. 2, 691-721. MR882711 (88f:45019)

J. Priiss, Positivity and regularity of hyperbolic Volterra equations in Banach spaces, Math. Ann. 279
(1987), no. 2, 317-344. MR919509)(89h:45004)

J. Priiss, A positivity method for linear Volterra equations, Nonlinear analysis and applications (Ar-
lington, Tex., 1986), 1987, pp. 483-488. MR912329

J. Priiss, Evolutionary integral equations and applications, Monographs in Mathematics, vol. 87,
Birkh&duser Verlag, Basel, 1993. MR1238939 (94h:45010)

Y. Ren, Y. Qin, and R. Sakthivel, Existence results for fractional order semilinear integro-differential
evolution equations with infinite delay, Integral Equations Operator Theory 67 (2010), no. 1, 33—
49. MR2629975|(2011¢:34200)

B. N. Sadovskii, On a fixed point principle, Funkcional. Anal. i PriloZen. 1 (1967), no. 2, 74-76.
MRO0211302/(35 #2184)

S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional integrals and derivatives, Gordon and
Breach Science Publishers, Yverdon, 1993. Theory and applications, Edited and with a foreword
by S. M. Nikolskii, Translated from the 1987 Russian original, Revised by the authors. MR1347689
(96d:26012)

H. Serizawa and M. Watanabe, Perturbation for cosine families in Banach spaces, Houston J. Math.
12 (1986), no. 1, 117-124. MR855797|(87k:34104)

H. Serizawa and M. Watanabe, Time-dependent perturbation for cosine families in Banach spaces,
Houston J. Math. 12 (1986), no. 4, 579-586. MR873652/(88e:34107)

80


http://www.ams.org/mathscinet-getitem?mr=1453198
http://www.ams.org/mathscinet-getitem?mr=1453198
http://www.ams.org/mathscinet-getitem?mr=1460074
http://www.ams.org/mathscinet-getitem?mr=1460074
http://www.ams.org/mathscinet-getitem?mr=2536279
http://www.ams.org/mathscinet-getitem?mr=2536279
http://www.ams.org/mathscinet-getitem?mr=710486
http://www.ams.org/mathscinet-getitem?mr=710486
http://www.ams.org/mathscinet-getitem?mr=2334958
http://www.ams.org/mathscinet-getitem?mr=2334958
http://www.ams.org/mathscinet-getitem?mr=2467023
http://www.ams.org/mathscinet-getitem?mr=2467023
http://www.ams.org/mathscinet-getitem?mr=1926477
http://www.ams.org/mathscinet-getitem?mr=882711
http://www.ams.org/mathscinet-getitem?mr=882711
http://www.ams.org/mathscinet-getitem?mr=919509
http://www.ams.org/mathscinet-getitem?mr=919509
http://www.ams.org/mathscinet-getitem?mr=912329
http://www.ams.org/mathscinet-getitem?mr=1238939
http://www.ams.org/mathscinet-getitem?mr=1238939
http://www.ams.org/mathscinet-getitem?mr=2629975
http://www.ams.org/mathscinet-getitem?mr=2629975
http://www.ams.org/mathscinet-getitem?mr=0211302
http://www.ams.org/mathscinet-getitem?mr=0211302
http://www.ams.org/mathscinet-getitem?mr=1347689
http://www.ams.org/mathscinet-getitem?mr=1347689
http://www.ams.org/mathscinet-getitem?mr=855797
http://www.ams.org/mathscinet-getitem?mr=855797
http://www.ams.org/mathscinet-getitem?mr=873652
http://www.ams.org/mathscinet-getitem?mr=873652

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150

[151

[152]

[153]

[154]

[155]

[156]

[157]

[158]

C. C. Travis and G. E Webb, Compactness, regularity, and uniform continuity properties of strongly
continuous cosine families, Houston J. Math. 3 (1977), no. 4, 555-567. MR0500288 (58 #17957)

C. C. Travis and G. E Webb, Cosine families and abstract nonlinear second order differential equa-
tions, Acta Math. Acad. Sci. Hungar. 32 (1978), no. 1-2, 75-96. MR0499581| (58 #17404)

C. C. Travis and G. E Webb, Second order differential equations in Banach space, Nonlinear equa-
tions in abstract spaces (Proc. Internat. Sympos., Univ. Texas, Arlington, Tex., 1977), 1978, pp. 331-
361. MR502551(81j:34110)

O. van Gaans, On R-boundedness of unions of sets of operators, Partial differential equations and
functional analysis, 2006, pp. 97-111. MR2240055 (2007h:47065)

V. V. Vasil’ev and S. L. Piskarev, Differential equations in Banach spaces. II. Theory of cosine oper-
ator functions, J. Math. Sci. (N. Y.) 122 (2004), no. 2, 3055-3174. Functional analysis. MR2084186
(2005d:34133)

K. Wang, On the unique existence of periodic solutions of neutral Volterra integro-differential equa-
tions, Period. Math. Hungar. 21 (1990), no. 1, 21-29. MR1066407|(91e:45017)

X. Wang, Z. X. Li, and H. Zhang, Existence of periodic solutions to a neutral integro-differential
equation with infinite delay, Math. Appl. (Wuhan) 19 (2006), no. 4, 804-811. MR2257884
(2007i:34108)

G. E Webb, Regularity of solutions to an abstract inhomogeneous linear differential equation, Proc.
Amer. Math. Soc. 62 (1977), no. 2, 271-277. MR0432996 (55 #5975)

L. Weis, Operator-valued Fourier multiplier theorems and maximal Ly -regularity, Math. Ann. 319
(2001), no. 4, 735-758. MR1825406/(2002c:42016)

P. Weng, Oscillation in periodic neutral parabolic differential system, Bull. Inst. Math. Acad. Sinica
24 (1996), no. 1, 33-47. MR1379663|(97a:35248)

T. Winiarska, Evolution equations of second order with operator depending on t, Selected problems
of mathematics, 1995, pp. 299-311. MR1438076|(97m:34118)

J. Wu and H. Xia, Rotating waves in neutral partial functional-differential equations, J. Dynam.
Differential Equations 11 (1999), no. 2, 209-238. MR1695243|(2000h:35160)

J. Wu and H. Xia, Self-sustained oscillations in a ring array of coupled lossless transmission lines, J.
Differential Equations 124 (1996), no. 1, 247-278. MR1368068 (97c:34148)

J. Wu, H. Xia, and B. Zhang, Topological transversality and periodic solutions of neutral functional-
differential equations, Proc. Roy. Soc. Edinburgh Sect. A 129 (1999), no. 1, 199-220. MR1669185
(2000a:34141)

T.J. Xiao and]. Liang, The Cauchy problem for higher order abstract differential equations, Chinese
J. Contemp. Math. 14 (1993), no. 4, 305-321. MR1277672|(96m:34115)

X. Xue, Existence of solutions for semilinear nonlocal Cauchy problems in Banach spaces, Electron.
J. Differential Equations (2005), No. 64, 7 pp. (electronic). MR2147144(2006a:34180)

X. Xue, Nonlinear differential equations with nonlocal conditions in Banach spaces, Nonlinear
Anal. 63 (2005), no. 4, 575-586. MR2175816/(2006g:34140)

B. G. Zhang and K. Gopalsamy, Oscillation and nonoscillation in a nonautonomous delay-logistic
equation, Quart. Appl. Math. 46 (1988), no. 2, 267-273. MR950601|(89k:34128)

T. Zhu, C. Song, and G. Li, Existence of mild solutions for abstract semilinear evolution equations
in Banach spaces, Nonlinear Anal. 75 (2012), no. 1, 177-181. MR2846791

81


http://www.ams.org/mathscinet-getitem?mr=0500288
http://www.ams.org/mathscinet-getitem?mr=0500288
http://www.ams.org/mathscinet-getitem?mr=0499581
http://www.ams.org/mathscinet-getitem?mr=0499581
http://www.ams.org/mathscinet-getitem?mr=502551
http://www.ams.org/mathscinet-getitem?mr=502551
http://www.ams.org/mathscinet-getitem?mr=2240055
http://www.ams.org/mathscinet-getitem?mr=2240055
http://www.ams.org/mathscinet-getitem?mr=2084186
http://www.ams.org/mathscinet-getitem?mr=2084186
http://www.ams.org/mathscinet-getitem?mr=1066407
http://www.ams.org/mathscinet-getitem?mr=1066407
http://www.ams.org/mathscinet-getitem?mr=2257884
http://www.ams.org/mathscinet-getitem?mr=2257884
http://www.ams.org/mathscinet-getitem?mr=0432996
http://www.ams.org/mathscinet-getitem?mr=0432996
http://www.ams.org/mathscinet-getitem?mr=1825406
http://www.ams.org/mathscinet-getitem?mr=1825406
http://www.ams.org/mathscinet-getitem?mr=1379663
http://www.ams.org/mathscinet-getitem?mr=1379663
http://www.ams.org/mathscinet-getitem?mr=1438076
http://www.ams.org/mathscinet-getitem?mr=1438076
http://www.ams.org/mathscinet-getitem?mr=1695243
http://www.ams.org/mathscinet-getitem?mr=1695243
http://www.ams.org/mathscinet-getitem?mr=1368068
http://www.ams.org/mathscinet-getitem?mr=1368068
http://www.ams.org/mathscinet-getitem?mr=1669185
http://www.ams.org/mathscinet-getitem?mr=1669185
http://www.ams.org/mathscinet-getitem?mr=1277672
http://www.ams.org/mathscinet-getitem?mr=1277672
http://www.ams.org/mathscinet-getitem?mr=2147144
http://www.ams.org/mathscinet-getitem?mr=2147144
http://www.ams.org/mathscinet-getitem?mr=2175816
http://www.ams.org/mathscinet-getitem?mr=2175816
http://www.ams.org/mathscinet-getitem?mr=950601
http://www.ams.org/mathscinet-getitem?mr=950601
http://www.ams.org/mathscinet-getitem?mr=2846791

	Agradecimientos
	Abstract
	Resumen
	Introduction
	Preliminaries
	Families M–bounded and n–regular sequences
	Vector–valued Besov and Triebel–Lizorkin spaces
	Operator–valued Fourier multipliers
	Lp–maximal regularity of evolution equations
	Measure of Non–compactness

	Mild Solution of a Non–local Integro–Differential Equation
	Main Results
	An Example

	Mild solutions for a Non–local Second Order Non–autonomous Problem
	Main Results
	Examples

	Periodic Solutions of a Third–Order Differential Equation
	Lebesgue Periodic Solutions.
	Besov Periodic Solutions
	Triebel–Lizorkin Periodic Solutions.
	Examples.

	Periodic Solutions of a Fractional Neutral Equation
	Periodic Strong Bsp,q–solution.
	Periodic Strong Bsp,q–solutions of a Neutral Fractional Differential Equation with Finite Delay
	Periodic Strong Fsp,q–solution.
	Periodic Strong Fsp,q–solutions of a Neutral Fractional Differential Equation with Finite Delay
	Examples.

	Bibliography

