SINGULAR PERTURBATIONS FOR INTEGRO-DIFFERENTIAL EQUATIONS.

CARLOS LIZAMA AND HUMBERTO PRADO

ABSTRACT. We study the singular perturbation problem
(E)  Eul (t) +ul(t) = Auc(t) + (K * Auc)(t) + fo(t),t > 0,e > 0,
for the integrodifferential equation
(E) w'(t) = Aw(t) + (K * Aw)(t) + f(t),t > 0,

in a Banach space, when € — 0%. Under the assumption that A is the generator of a strongly continuous
cosine family and under some regularity conditions on the scalar-valued kernel K we show that problem
(E.) has a unique solution u.(t) for each small € > 0. Moreover wu.(t) converges to u(t) as ¢ — 0", the
unique solution of equation (E).

1. INTRODUCTION

The purpose of this paper is the study of linear integro differential equations of convolution type
given by

2u"(t,€) +u'(t,€) = Ault,e) + /t K(t — s)Au(s,e)ds + f(t,e), t>0
0

(1.1) u(0,€) = up(e),
u'(0,€) = uq(e).

and

w'(t) = Aw(t) + /{:K(t —s)Aw(s)ds + f(t), t>0

w(0) = wp.

(1.2)

on arbitrary Banach space X. The problem to study the behavior of (1.1) as € — 0 is called a singular
perturbation problem .

In the above formulation A is a closed linear operator with densely defined domain in X and K is
a real-valued function.

Questions concerning the singular perturbation problem occur frequently in linear viscoelasticity
theory, for instance when A = A is the Laplace operator. In this case, € = p represents the material
density as p — 0. For more information on the subject of viscoelasticity theory we refer to the
monographs of Christensen [3], Mainardi [16] and Renardy, Hrusa and Nohel [19].

The singular perturbation problem for (1.1) with K = 0 was first considered by Kisynski [8] in
the case where A is a self adjoint, positive definite operator on a Hilbert space. Latter, Sova [20]
study the problem under the assumptions that A is the generator of a strongly continuous cosine
function. The most precise results for the homogeneous problem are those by Kisynski [9] who applied
the theory of monotonic functions and gave explicit solutions of (1.1). See also [4] and [2] for others
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developments. The treatment of the nonhomogeneous equation is due to Fattorini [5, Chapter VIJ;
see also the references therein.

When K(t) is vector-valued and different from zero, James H. Liu [12] (see also [6] and [10]) has
treated the problem by considering the integral term, (K % Au)(t), as a perturbation of the main term
Au(t) and under the assumption of existence of solutions. Then the problem is treated as in the case
K=0.

In this article we solve the singular perturbation problem by a new method. In constrast with the
previous works on the subject we do not need to assume the existence of solutions beforehand. The
strategy is to apply the notion of resolvent families to prove existence and uniqueness of solution when
A is the generator of a cosine family.

The key to solve the singular perturbation problem relies on result on convergence of resolvent fam-
ilies due to Priiss [18, Corollary 6.5], which extends the classical Trotter-Kato theorem on convergence
and approximation of Cjy-semigroups.

The conditions that we impose on the kernel K (¢) are taken from the known examples which occur
in several of the concrete applications. For instance, the important class K (t) = be™% with a > 0 and
a + b > 0 is shown to satisfy our assumptions. For this and more examples, see the monograph [18].

We give an explicit representation of the solution. In case that A generates a cosine family we prove
in section 2 that there exists a resolvent family R.(t) and a sequence of functions a(t) (¢ > 0) such
that u(t, €) can be written as

t 1 t
u(t,e) = Re(t)u0(6)+/0 e(_l/EQ)(t_S)RE(S)ul(e)ds+62/0 e(_l/EZ)(t_S)(Re*fe)(s)ds.

2. PRELIMINARIES

We assume that X is a complex Banach space, A a closed linear unbounded operator in X with
dense domain D(A), and a € L} (R, ) a scalar kernel # 0. We consider the Volterra equation

loc

(2.1) u(t) = f(1) + /0 a(t — 5)Au(s)ds, 1> 0,

where f € C(R; X). We recall the following definition which is a fundamental notion in the theory of
linear Volterra equations, see Priiss [18]. Here the symbol ~ denotes the Laplace transform and p(A)
stands for the resolvent set of the operator A.

Definition 2.1. A family {R(¢)}+>0 C B(X) of bounded linear operators in X is called a resolvent
family for (2.1) if the following three conditions are satisfied.

(R1) R(t) is strongly continuous on R4 and R(0) = I;

(R2) R(t) commutes with A.

(R3) R(t)x =z + /Ot a(t — s)AR(s)xds for all x € D(A), t>0.

A resolvent family is called exponentially bounded if there are constants M > 1 and w € R such
that
[|R(t)]| < Me*t, for all t > 0;
the pair (M,w) is called a type of R(t).
Remark 2.2.

If a(t) = 1 we obtain the concept of Cj semigroup and when a(t) = ¢, we obtain the theory of
strongly continuous cosine families, related to the abstract Cauchy problem of second order.

A very important tool in the theory of resolvent families is the generation Theorem, which give us
necessary and sufficient conditions in order to have existence of a such family. The result is as follows;
see [18, Theorem 1.3].
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Theorem 2.3. Let A be a closed linear unbounded operator with densely defined domain D(A),
defined on a Banach space X and let a € L}, (Ry) satisfying / e “a(t)|dt < co. Then (2.1)

0
admits a resolvent family {R(t)}+>0 of type (M,w) if and only if the following two conditions are
satisfied
(K1) a(\) #0 and ﬁ € p(A), forall \>w.
(K2) H(X) :=k(\)(I —a(M\)A)™! satisfy the inequality
IHPW)|| < Mnl(A—w)" ™D X >w, neN,.

Throughout this paper, the symbol * always denotes the finite convolution. We will follow the same
notations as those given in the book [18].

3. CONVERGENCE OF RESOLVENTS AND SINGULAR PERTURBATION

We will consider the problems

t
(3.1) ue(t) = fe(t) —l—/ ae(t — s)Auc(s)ds, t>0, €>0,
0

where fe — fo and ac — ag in an appropriate sense as ¢ — 0. Assuming the existence of resolvents
R (t) for (3.1) as well as the stability condition

sup |R(8)]| < Me*, ¢ € Ry

e>0
It can be shown as in the case of the Trotter-Kato theorem on convergence of Cy-semigroups, the
strong convergence R.(t) — Ro(t) in X.

Theorem 3.1. Let {ac}e>0 € L}, (Ry) , and let A be a closed linear and densely defined operator on
X, such that [;° e™“5|ac(s) — ao(s)|ds — 0 as € — 0. Assume (5.1) admits a resolvent {Rc(t)}e>o in
X for each € > 0 and such that the stability condition

(3.2) [|R(t)|| < Me*t, teR,, €>0
holds. Then there is a resolvent Ry(t) of type (M,w) for (3.1) with e =0 and
(3.3) R (t)r — Ro(t)x

as € — 0 uniformly on compact subsets of Ry x X.

For a proof, see Priiss [18, Corollary 6.5]. Observe that existence of Ry(t) need not to be assumed,
but can be proved.
For € > 0 we define:

(3.4) ac(t) =14+ (1 K)(t) —ec(t) — (ec * K)(t), t >0,
where e(t) := e 2" and for e = 0
(3.5) ap(t) =1+ (1« K)(t), t=>0.
We always assume that the Laplace transform a.(\) exists and is non-zero for all A > w, e > 0 and
some w € R. Then from (3.4) and (3.5) we easily see that
(3.6) ae(A) = ao(A),

as € — 0 for all X sufficiently large.
In what follows we denote by (IR, €) the set of all functions K € C*(R) which satisfies the following
conditions



4 CARLOS LIZAMA AND HUMBERTO PRADO

1. K(t) >0 for all t > 0 and K(0) > 0.

2. K'(t) <0 for all t > 0.

3. limy—,o K (t) = 0.

4. There exists ¢y > 0 such that for all 0 < € < ¢y the function

(3.7) (G%K(t) + K'(t))(ec(t) + (ec ¥ K)(t)) — K(t)>  is nonnegative.

Example.

A calculation shows that the kernel K (t) = be~® where a > 0,b > 0 belongs to the class K(R, ).

In particular, condition (3.7) is satisfied for all 0 < € < \/alﬂ'

The following definition is due to Priiss [18, Definition 4.4, p.94].

Definition 3.2. A function a : (0,00) — R is called a creep function if a(t) is nonnegative, nonde-
creasing and concave.

A creep function a(t) has the standard form
t
(3.8) a(t) = ap + acot +/ ai(s)ds, t>0,
0

where ag = a(0+) > 0,a00 = limy_,00 @ > 0, and a1(t) = a(t) — as is nonnegative, nonincreasing,
limy o a1(t) = 0.

Lemma 3.3. Suppose K € K(R,e€1). Then, there exists €9 > 0 such that for all 0 < € < ¢y we have
that ac(t) is a creep function with af(t) log- convez.

Proof. Since ac(t) = (1 - ec(t)) + (1 — ec) * K)(t), we obtain al(t) = Hec(t) + 5 (e K)(t). It
follows that ac(t) is positive and nondecreasing. Moreover

)= (KO Ly )1 e K1) <0
1

€ €2
VE(©0)
log-convex, we recall that a. can be represented as
ac(t) = ap + aget + (1+ a)(?),

where af = a.(0) = 0 for all € > 0 and 0 < af, = limy_. a%(t) = limtﬁoo[aot(t) - % - (ee*tﬂ

iy oo @8 = Timyoo[L + 1(1 % K)(t)] = limy_ K(t) = 0, by hypothesis. Thus ac(t) = (1 a5)(t)

and hence

€
for all € such that 0 < ¢ <

and hence a. is creep for small ¢ > 0. To show that a{(t) is

IN

(3.9) ag(t) = al(t).
Now we prove that a.(t) is log-convex. Let f.(t) = log(al(t)), then
oy — 00 ~ @0

CAOIE

Since
62a'6'(t) = —al(t)+ K(t)
and ) )
al(t) = Sal(t) - SE @) + K1),

we obtain

eal(t)al(t) — (a!(t)? = K(t)al(t) + €K' (t)al(t) — K(t)*
= (K0 + K (0)(ect) + (ecx (1)) — K (1)
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Thus, by hypothesis, f”(t) > 0 for sufficiently small € > 0. This finishes with the proof.
O

We recall that an infinitely differentiable function f : (0, 00) — R is called completely monotonic if
(=1)" ™) =0
forall A >0,n=0,1,2....

Lemma 3.4. Suppose K € C'(R) satisfies K < 0, K(0) > 0. Then for all0 < ¢ < ——— the function

VE(0)

— 1 ; ;
o(A) = s completely monotonic.

Proof. Since a{(0) = e% and af = 0,aS, = 0, from (3.9) we have the identity A\%a.(\) = Aa§(\) =
g 1

51\6()\) +a{(0) = a1°(A\) + z and we can write
1 €

MWac(\) 1 - (—e2arf(\)]V2

Note that the right hand side is the composition of the absolutely monotonic function 7z and

1
(1-z)
the function —e?d;€(\). But under our hypotheses a1¢(t) = (KE(QO) — Z)ee(t) + 5 (ee x K')(t) < 0, and

hence —62(1/'1\6 (\) is completely monotonic. Then, from [18, Proposition 4.1, p.91] the assertion follows.
O

_ 1

t
Proposition 3.5. If K € (R, e1) then the function he(A,t) = A\/}(i)\)e Vae) (¢ > 0,\ > 0) is
Qe

completely monotonic in A for each 0 < € < ;.

Proof. From Lemma 3.3 there exists ¢y > 0 such that for all 0 < € < ¢y we have that a.(t) is a
creep function with a{(t) log- convex, it follows from [18, Lemma 4.2] that the function

1
ac(A)

P(A) =

is positive with ¢’(\) completely monotonic ( i.e a Bernstein function, see [18, Definition 4.3, p.91]).
Hence, applying [18, Proposition 4.5, p.96] (see also [5, Lemma 5.2, p.195]) we obtain that the function
21

t
Pi(A) = eVaeN s completely monotonic, for every ¢t > 0, A > 0 and 0 < € < €.

Finally from Lemma 3.4 and the product theorem we obtain that the function h¢(A,t) is completely
monotonic for every ¢ > 0, A > 0 and 0 < € < €.

O

We state the following main result concerning existence of resolvents satisfying the condition (3.2).
Except for stability, the proof is much the same as that of [17, Theorem 5] (see also, [18, Theorem
4.1)).

Theorem 3.6. Let A be the generator of a strongly continuous cosine function on a Banach space X .
Assume K € K(R, €p) is exponentially bounded. Then, (3.1) admits a resolvent {Re(t)}i>0 in X for
each 0 < e < €y and the stability condition

[|Re(t)|| < Me*, teR,, >0,

holds, where M,w are independent of e.
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Proof. The proof of existence for resolvent families in case € > 0 follows by the general subordina-
tion principle for resolvents (see the proof of [18, Theorem 4.1]). Since A is the generator of a strongly
continuous cosine family {C(¢) };er in X, there is M > 1 and wy > 0 such that

[|C(t)]| < M cosh(wot),

for all t € R.
For all ;1 > wp and all z € X we have
(3.10) (n—A)~ / —VHLO(t)xdt.

For all A sufﬁciently large we have that m > wyp, since a¢(A) — 0 as A — oco. Then, from (3.10) we
obtain that - ( € p(A) and

—Aa 1 = 1 L 1y
(A~ Aic(3)4) . ligy 4
- )\\/a / “f“ C()dt

_ / he(\ )C(8)dt
0

for all z € X and A sufficiently large, say for A > w;.

In what follows, we will apply Theorem 2.3 to show that problem (3.1) admits a resolvent { R¢(t) }+>0
in X for all ¢ > 0. Then we will prove that under our hypothesis the stability condition (3.2) is verified.
The existence of a resolvent Ry(t) for (3.1) with e = 0 then follows by Theorem 3.1.

Let LY = (—=1)"(d/d\)"/nl, for all n = 0,1,2,... By Proposition 3.5 we have that the function
he(A, t) is completely monotonic for all 0 < e < ¢y. Hence, defining

HN) = (A= Aac(N)A) 7,
we have

LYH.() = /0 T O L he O\ )t

In this way we obtain the following estimate

ILMH.(N)|| < M / cosh(wit) LT he (X, t)dt
0

[e.e]
= ML’/(’/ cosh(wit)he(A, t)dt
0
MLS{(A = Aae(Nwi) ™}
= ML{3(X —wi),
where s.(t; —w?) is the positive solution (see [18, Proposition 4.5]) of the equation
¢
(3.11) se(t;—w?) =1+ w%/ s(T —t; —w)ac(r)dr, t>0.
0
Next, we claim that there are constants ¢ > 0 and wg € R which are not depending on ¢, such that
(3.12) sty —wi) < e, > 0.
In fact, since K(t) > 0 we have from (3.4) and (3.5) the estimate
ac(t) < ao(t),
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for all £ > 0 and € > 0. Hence

sc(t;—wi) =1+ wi(se x ac)(t) <14 wi(se * ag)(t), t>0.
Therefore, there exists a continuous and non negative function g.(¢) such that
(3.13) se(t; —wi) = 14 w?(se * ag)(t) — ge(t), t>0.
By the variation of parameters formula we get that
(3.14) se(t;—wi) = (1= ge()) + 7 (1 - go)(t), >0,
is a solution of (3.13), where r(¢) is the non negative solution of

r(t) — wiag(t) = (Wiag *7)(t), t>0.

We observe that the function r(¢) can be explicitly written as
> k
r(t) =Y (Wirag (1), 20,
k=1

since K (t) is exponentially bounded implies that both ag(t) and that r(¢) are exponentially bounded
independently of e. Hence from (3.14) we obtain that

se(t;—wi) <1+ (1x7)(t), t>0,

which implies that s.(t, —w?) satisfies (3.12), proving the claim.
Using the above estimate it is not difficult to see that

LY\ —w?) < e(A—wp) "t
for all A > wp. Then,
(3.15) ILYHN)]] < (X = wo) ™"

for all A >wpand all n =0,1,2,...
According to Theorem 2.3 we conclude that for all 0 < € < ¢y the problem (3.1) admits a resolvent
family {R¢(t)}+>0, which satisfy the stability condition (3.2). This finishes with the proof.
O

Definition 3.7. We say that u : R, — X is a solution of (1.1) if u € C?*(Ry; X),u(t) € D(A) for
t >0 and (1.1) is satisfied on Ry.

The following is the main result of this paper.

Theorem 3.8. Let A be the generator of a strongly continuous cosine function on a Banach space X .
Suppose K € IC(R, €1) is exponentially bounded, and

(H1) wup(e),wo € D(A),up(€e) — wo,u1(e) = wy € X, as e — 0.

(H2) f(-) € C(Ry; D(A)) and f.(t) — [(t) as ¢ — 0.

Then for each € > 0 the solution u.(t) of problem (1.1) converges to the unique solution of problem
(1.2) as € — 0%, and the convergence is uniform on compact intervals of R..

Proof. Since a.(\) — ao(A) as € — 0 it follows by Theorem 3.6 and Theorem 3.1 that for each
0 < e < €, (3.1) admits a resolvent {R¢(t)}+>0 in X such that R.(t) — Ry(t), as € — 0.

We show next that for each € > 0, the solution u.(t) of equation (1.1) can be represented by means
of the resolvent family as

(3.16) ue(t) = Re(t)ug(e) + (ee * Re)(t)(ui(e)) + Eiz(e6 * Re x fo)(t).

First, we consider the integrated equation which is obtained by integrating two times equation (1.1),
and thus we get its equivalent form
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(3.17) e (uc(t) — ug(e) —ur(e)t) + (L xue)(t) — ug(e)t = ((t +t % K) * Auc)(t) + (¢t * f)(t).

Hence it suffices to verify that ue(t) defined by (3.16) satisfy (3.17). Towards this purpose we will
make use of the resolvent equation (R3), written in abbreviate form as R, = I 4 a. * AR.. First we
note that 6%(1 *e.) = 1 — e, and hence from (3.4) we obtain

(3.18) ac(t) = —[(1# ed)(t) + (1 x e x K) ()],

€
Also from (3.4) we get the identity,

(3.19) (Ixa)(t)=(t+t+xK)(t) — (1xec+ Lxecx K)(t) = (t+tx K)(t) — 2ac(t).
Using the above identities we obtain that

((t 4+ txK)xAu)(t) = (t x Aue)(t) + (t * K * Auc)(t)

= tx ARc(t)uo(e) + [(t * ec)(t)ui(e)

. (b eex f] % AR() + % K x AR (t)uo(o)

+ [(t « K * ec)uy(€) + E%(t * K % ec* fo)] * ARc(t)
= [t+t*x K] *x AR (t)ug(e) + [(t xec) + (t x K * ec)] x AR(t)u(e)
iz[(t keek fo) + (t* K xec* fo)] x ARc(t)

[€2ac + 1 % ae] * AR (t)ug(e)
[(1xe)+ (1% K xe)]*x1% ARc(t)uy(e)

_|_

+ o+

é[(l ke )+ (1x K xed)* 1k fox AR(t)

= 2[R, — I)(t)uo(e) + 1 % [Re — I](t)uo(e)

a. * 1% AR (t)ui(e) + ac x 1 * fe x AR(t)

R (t)ug(€) — eug(€) + 1 * Re(t)ug(€) — tug(e)

€1 % [Re — I)(t)u(€) + 1 % fo x [Re — I)(1)

2R (t)ug(€) — €ug(e) + 1 % Re(t)ug(e) — tug(e)

+ E(1x R)(tur(e) — ur(e)t + (1% fex R)(E) — (¢ * fo)(t)

+

_|_

Hence,
(t 4+ txK)xAu)(t) + (t* f)(t) + ur(e)t + tug(e) + € up(e)
= R (t)ug(e) + 1% Re(t)ug(e) + (1 % R)(t)ur(€) + (1 % fo* Re)(t)
= (Rc(t) + 1% Rc(t))ug(e) + €*(ec + 6%(1 kec)) * Re(t)uy(e)

+ (ec+ ;2(1 *ec)) * fex Re(t)

= Auc(t) + (1% u)(t)

which shows that wu(t) is the unique solution to problem (1.1 ) and thus it can be represented by
(3.16).
Next we obtain from the resolvent equation that

t
(3.20) R (t)zr == +/ ac(t — s)AR(s)xds, for all x € D(A).
0
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Now we notice that differentiability of a. implies the fact that the map ¢t — Rc(t)z,z € D(A) is also
differentiable. Since (H2) implies that fc(-) € D(A). Thus we have the identity

S5((ecw R w FE) = (Reox J)(8) = (ec R+ £)(1)

which follows by integration by parts.
Hence, we can also represent u. as follows

uc(t) = Re(t)uo(e) + (Re* fo)(t) + (ec * Re)(t)ui(e) — (ec * R+ fo)(t)

We now compute the limit of u(t) as ¢ — 0%, and we show that the limit is uniform for ¢ in an
arbitrary interval [0, b]. First by (H1) and Theorem 3.1 we notice that lim+ Re(t)up(e) = Ro(t)wp. On
e—0

the other hand e(t) — 0 as € — 0" and ||R¢(¢)|| < Me**(w > 0) by hypothesis and since by (H1) the
sequence u(€) is convergent. It then follows that there is some constant C' > 0 such that

b
H@*&WM#WS&M46$MSHO

as € — 07. Thus (ec * Re)(t)ui(e) — 0 as e — 0F.
Analogously,

b
lee s (B.% )(0)]| < A@@Hm*ma—$m

b
< mmH@HﬁWMA&@%

t—b<r<t

IN

b
MM@H&WMA&@%HO

Ir|<b

as € — 0. Thus e, * R x f(t) = 0 as e — 0.
Hence we have showed that

e—0t

lim w(t) = Ro(t)wo + /Ot Ro(t — s)f(s)ds.
Now let
(3.21) u(t) := Ro(t)wo + /Ot Ro(t — s)f(s)ds.

We will prove that u(t) satisfy equation (1.2) solving the singular perturbation problem. From the
fact that Ry(t) is a resolvent family it satisfy the equation

Ry(t)x =z + /0 ap(t — s)ARy(s)zds,

for all x € D(A).
Since wg € D(A) by (H2), from (3.21) we get u(0) = wp and

(ap * Au)(t) = ag* A[Ro(t)wo + (Ro * f)(t)]

(ap * ARg)(t)wo + [(ao * ARg) * f](t)
(Ro(t) — Dwo + [(Ro — I) * f](t)
Ro(t)wo — wo + (Ro * f)(t) — (1% f)(t)
= u(t) —wo — (1% f)(t)
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Since ap(t) = 1+ (1 x K)(t) we get from the above equality that u/(¢) exists and equation (1.2) is
satisfied.
0

Remark 3.9.

As was mentioned in the introduction, James H. Liu [12] has treated the singular perturbation
problem (1.1) - (1.2) under the assumption of existence of solutions and also imposing the following
set of hypotheses:

(L1) A is the generator of a strongly continuous semigroup and a cosine family of operators in X.

(L2) K € C*(R4).

(L3) fu(-), () € C(R: X)

(L4) uo(e), wo € D(A),up(€) — wo, *uy(€) — 0, as € — 0.
(L5) For any T > 0, f(-;¢) — f(-) in L(0,T; X) as € — 0.
In opposition to the condition €?uj(e¢) — 0 the above theorem requires only the convergence of
(€).

~

Uy
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