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ABSTRACT. Let A be a closed linear operator defined on a complex Banach
space X. We show a novel representation, using strongly continuous families
of bounded operators defined on N, for the unique solution of the following
time-stepping scheme

cVeu"r = Au 4+ ", n>2;
(*) u = ug;
ul = wg

as well as its convergence with rates to the solution of the abstract fractional
Cauchy problem
oru(t) = Au(t)+ f(t), t>0;
() u(0) = wup;
W' (0) = wui;
in the superdiffusive case 1 < a < 2. Here, ¢ V*u™ is the Caputo-like fractional
difference operator of order a.

1. Introduction. The theory of one parameter Cy-semigroups of linear operators
has many different applications in mathematical physics, probability theory, en-
gineering, biological processes, applications in the theory of linear and nonlinear
partial differential equations, problems in control theory and dynamical systems,
and in some methods for numerical analysis, among others. Typically, in these
applications, the phenomena can be described as an abstract evolution equation of
first order

u'(t) = Au(t) + F(t), t >0, (1.1)

subject to the initial condition u(0) = ug. Here A is a closed linear operator (typical-
ly A corresponds to the Laplacian), F' is a linear or nonlinear term and ug belongs
to a Banach space. If A generates a Cp-semigroup of linear operators {T'(¢)}+>0,
then the solution u to problem (1.1) can be written as the well known variation of
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parameters formula

u(t) = T(t)uo + /0 T(t — s)F(s)ds,

see for instance [2, 12]. This last formula, can be used (according to the properties of
T(t)) to study the solution u of the problem (1.1), including its asymptotic behavior,
its regularity properties or some numerical treatments to find an approximation of
u. However, there are many interesting phenomena, including for example, problems
in viscoelasticity, heat conduction in materials with memory, geological exploration,
problems involving linear viscoelastic rods, beams or plates and many others, where
the model of a first order evolution equation is not completely satisfactory. Instead,
as has been widely reported in the last years, fractional differential equations (FDEs)
provide a more natural framework to describe these phenomena. Unfortunately, the
theory of Cp-semigroups can no longer be used to describe the evolution of FDEs.
Therefore, the theory of one-parameter resolvent families of operators has become
a powerful tool to describe the dynamics of the solution for this class of fractional
models. See for instance, [4, 10, 13, 18, 25, 29] and references therein.

Resolvent families of operators, which can be considered as an extension of the
theory of semigroups, have been marked by an increased interest, mainly due to its
applications not only to the study of linear and nonlinear FDEs but also integro—
differential equations. As we previously intimated, these families of operators can
be used to write the solution to FDEs as a variation of parameters formula. More
specifically, the solution to the superdiffusion equation

Ofu(t) = Au(t)+ f(t), t=0,
u(0) = wo, (1.2)
u'(0) = wuy,

where 1 < a < 2, f represents a loading term, A is a closed linear operator defined
in a Banach space X, up,u; € X, and, 05 denotes the Caputo fractional derivative
of u, can be written as

u(t) == Soz,l(t)uo + (gl * Sa,l)(t)ul + (ga—l * Soz,l * f)(t)a t 2 07 (13)

where {Sq 1(¢) }+>0 is the resolvent family generated by A (see [25, Chapter 3]) and
for B > 0 the function gs(t) is defined by gz(t) := t?~1/T'(B) (here I'(-) denotes the
Gamma function).

The problem (1.2) has been widely studied in the last years, since it can adequate-
ly capture the dynamics of anomalous processes, as for instance in the modeling of
mechanical wave propagation in viscoelastic media. See for instance [3, 5, 6, 7, 13,
22, 21, 34] and references therein. However, for various practical purposes, it is not
only useful but necessary to study its discrete version.

The existence of discrete solutions to abstract fractional difference equations in
the form of

VU = Au" + ", neN,
where A is a closed linear operator, f™ is a given sequence and ¢V*®u" is a discrete
counterpart of the Caputo fractional derivative, has been marked in the last decades
by a great deal of interest. See for instance [8, 9, 10, 15, 16, 19, 24, 27, 30, 33] for
some developments. Note that the meaning of the fractional difference operator
cV*u™ can vary, depending on the time discretization method used [19].

Recently, in [31] the author analytically studies the time discretization scheme
for the model (1.2) based on the backward Euler method in the case 0 < a < 1.
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In [31] it was shown that if A is the generator of a resolvent family {Sq o (f)}i>0,
then the analytical solution of the scheme can be represented in terms of certain
resolvent families of operators defined on Ny by a suitable transformation of the
family {Sq,o(t)}¢>0 using the probability mass function, with variance ¢/7 defined
by

n
<t> L, t>0, né€Np,

T) Tn!
for a positive step size 7 > 0. In addition, error estimates were provided in case A
is a sectorial operator.

However, the extension of the results in [31] for the important case of superdi-
fussion, i.e. 1 < a < 2, was left open.

The objective of this work is to answer this problem. We provide a suitable
framework to apply the theory of resolvent families of operators in order to find
necessary conditions on A to have an analytical representation of the solutions of
the following scheme

Al

pr(t) :=e

cVau™ = Au"+ f*, n>2,
(%) uw = o, (1.4)
Ul = Ui,

where A is a closed linear operator defined in a Banach space X, the initial condi-
tions ug,u; belong to X, 1 < a < 2, and the sequence f™ is a given vector-valued
sequence. Here, «Vu™ represents a discretization of the Caputo fractional deriv-
ative Ofu(t) at time ¢ = 7n, which is defined by

(uit! — 209 4+ wi 1)
2 b

cViu™ = Zk?‘”‘(n )

=
Jj=2

where, u™ = [ p7(t)u(t)dt, and k2 (n) := % for all n € Ny and 8 > 0.

More concretely, we show that if A is the generator of a resolvent family { Sy 1(¢) }+>0,
then the solution to (1.4) can be written as (see Theorem 3.1 below)
u" =Sy uo + T(g1 * Sa,1)"u1 + T2 (go—1 * Sa1* )",

where S} | is defined as

ST ::/ P (t)Sa,1(t)zdt,
0

for all z € X and for g > 0,

n
(95 * Sat)"w =Y _kl(n—4)S) 2, neN.
§=0
We also analyze the difference ||u(t,) — u™||, where u is the solution to (1.2) and
u™ solves the difference equation (1.4) and we show that, given suitable conditions
on «, there exists a constant C = C(T") > 0 (independent of the solution, the data
and the step size) such that, for 0 < ¢, < T, there holds

lu(tn) —u"|| < CTtr= =" ([|A%u0]| + [ A%ua]| + A< 1)) ,

where 0 < € < 1 satisfies ae < 1 and wug,u; and f(¢) belong to the domain of A°.

Of course, this result shows, in particular, that if 7 — 0 then ||u(t,) — u™|| — 0.
The paper is organized as follows. In Section 2 we give preliminaries on resolvent

families, sectorial operators and continuous and discrete fractional calculus. Section
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3 treats the existence of solutions to the Caputo fractional difference equation (1.4).
Here, given a time step size 7 > 0, we study the connection between the continuous
and the discrete resolvent families {Sq,1(t)}¢>0 and {S% ; fnen,, as well as, its con-
sequences on the representation of solutions to (1.4). In Section 4 we study error
estimates for ||u(t,) — u™|| and we give sufficient conditions on the initial data in
order to obtain ||u(t,) — u™|| = 0 as 7 — 0. Finally, in Section 5 we give some
numerical experiments to illustrate the theoretical results.

2. Resolvent families, continuous and discrete fractional calculus.

2.1. Resolvent families. Given a Banach space X = (X, || -||), B(X) denotes the
Banach space of all bounded and linear operators from X into X. For a closed linear
operator A defined on X, its resolvent set is denoted by p(A), the resolvent operator
is defined by R(A\, A) = (A — A)~! for all A € p(A) and o(A) denotes the spectrum
of A. A family of operators {S(t)}+1>0 C B(X) is called exponentially bounded if
there exist real numbers M > 0 and w € R such that

1S(t)| < Me*', t>0.

We observe that if {S(¢)}i>0 C B(X) is exponentially bounded, then the Laplace
transform of S(t)
(o]
SNz := / e MS(t)xdt,
0
exists for all Rel > w.

In the following we recast the main ingredients of operator theory that we will
use. For an up to date review of the following concepts and their interplay with
fractional differential equations in the continuous setting, we refer the reader to the
recent reference [25].

Definition 2.1. Let 1 < a <2 and 0 < 8 < 2 be given. A closed linear operator
A defined in a Banach space X is called the generator of an («, 8)-resolvent family

if there exist w > 0 and a strongly continuous and exponentially bounded function
Sa,p : Ry — B(X) such that {A* : ReA > w} C p(A4) and

NN — A) e = / e NS, p(t)xdt,
0

for all ReA > w and € X. The family {S, 5(t)} is also called the (o, 8)-resolvent
family generated by A.

Given g > 0, we define g, (t) := % for all ¢ > 0, where I denotes the Gamma
function. If we take a(t) := g, (¢) and k(t) := gp(t), where «, 8 > 0 then the family
{Sa,5(t)} corresponds to an (a, k)-regularized family according to [23]. Moreover,
from [23, Lemma 2.2 and Proposition 2.5] we deduce the following properties.

Proposition 1. Let 1 < 8 < a < 2 be given. Let {Sq 5(t)}i>0 C B(X) be the
(a, B)-resolvent family generated by A. Then,

1. So,(0) =1, where I denotes the identity operator in X.

2. For all x € D(A) and t > 0 we have Sy 5(t)x € D(A) and ASy g(t)x =
Sa,g(t)A:I:.

3. Forz € X andt > 0 we have fg Ga(t — 8)Sa p(s)zds € D(A) and

Sa,p(t)r =gs(t)r + A/O Gt — 5)Sa,p(s)xds. (2.1)
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Moreover, the function ¢ — S, g(t) satisfies the following functional equation
(see [1, 21, 26)):

Se,5(5) (9o * Sa,p)(t) = (9o * Sar,5)(8)Sar,5(5)
= 98(5)(9a * Sa,5)(t) = 95(t)(ga * Sa,p)(s),

for all t,s > 0. If an operator A with domain D(A) generates a resolvent family
Sa,p(t), then for all x € D(A) we have

Az = lim ST =g5(0)
t—=0% Ja+5(t)

For example, we notice that if &« = § = 1, then S1,1(f) corresponds to a Co-
semigroup, and if a = 2,3 = 1, then Sy 1 (t) is a strongly continuous cosine family
of operators. Analogously, if & = 8 = 2, then S 2(¢) is a strongly continuous sine
family. See [2] for further details. If « > 0 and 8 = 1, then S, 1(¢) is the solution
operator introduced by Bazhlekova in [3, Definition 2.3].

Definition 2.2. We say that a function v : Ry — X is a strong solution to equation
(1.2) if v(t) € D(A) for all t > 0 and satisfies (1.2).

Taking formally the Laplace transform in (1.2) we obtain
(A = A)a(N) = A Tug 4+ A2 2uy + f(N),
for all Re(A) > 0. If A* € p(A), then
A(N) = 20T — A) T hug + A2 — A) g 4+ (A — AT, (2.2)

where ug,u; € X. By the uniqueness of the Laplace transform and Definition 2.1,
we obtain that if A generates a resolvent family {Sq 1(t)}+>0, then for all A* € p(A)
we have

LA — A~ =8, (N,

2. A72(AA) T =5, 5 (A=A 2 (A=) "= AT (A =A) T =61 (V) Sa 1 (N),
and

3. A =A) =800\ = (A —A) = L AT A = A) T =01 (V) San (V).

The identity (2.2), the relations (1)-(2) and the uniqueness of the Laplace transform
imply that the unique solution to (1.2) is given by

u(t) = Sa1(t)uo + (91 * Sa1)(E)ur + (ga—1 * Sa,1 * f)(t), t>0. (2.3)
We notice that, since ug,u; merely belong to X, we can not prove (by Proposition

1) that the function wu(t) defined by (2.3) belongs to D(A) in order to obtain a
strong solution. Thus, we need to introduce the following definition of solution.

Definition 2.3. Let A be the generator of a resolvent family {Sq 1(t)}i>0. We say
that a function u : Ry — X is a mild solution to equation (1.2) if u satisfies (2.3)
for all t > 0.

We recall that a closed linear operator A : D(A) C X — X is said to be
sectorial of angle 0 if there are constants w € R, M > 0 and 6 € (7/2,7) such that
p(A) D g ={2€C:z#w:|arg(z —w)| < 0} and

I(z—A)7Y < for all 2z € X,

|2 —wl
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In this case, we write A € Sect(8,w, M). We notice that we may assume, without
lost of generality, that w = 0. In fact, otherwise we can take the operator A — wl,
which is also sectorial. In that case, we write A € Sect(d, M) and we denote the
sector Xg o as Xg. More details and further information on sectorial operators can
be found in [12, 17].

For a given linear and closed operator A whose resolvent set contains the semi
real axis (—o00,0] and 0 < ¢ < 1, X¢ will denote the domain of the fractional power
A that is X© := D(A®) endowed with the norm ||z||. := ||A%x]|| (see for example
the monograph [28]). Examples of such operators are sectorial operators with w > 0.
It is a well known fact that if 0 < € < 1, and # € D(A), then there exists a constant
Kk = ke > 0 such that (see [28])

1A%2]| < wll Azl )= (2.4)
2.2. Continuous and discrete fractional calculus. For o > 0, let m = [«]

be the smallest integer m greater than or equal to a. Let f : Ry — X be a C™-
differentiable function. The Caputo fractional derivative of order « is defined by

@vuwzégWﬂa—@ﬂm@m&

An easy computation shows that if « = m € N, then 0" f = %- Moreover,

if 1 < a < 2, then the Laplace transform of 0y f verifies 5'/,?‘\]‘()\) = \f(\) —
Ae~LF(0) — A*=2£/(0). More details on fractional calculus can be found in [29)].

The set of non-negative integer numbers is denoted by Ny and the non-negative
real numbers by R{. Define p,(t) := %e_t, n € Nog. We notice that p,(¢t) > 0 for
all t > 0, n € Ny, and

(oo}
/ pn(t)dt =1, forall n € Np.
0
Take 7 > 0 fixed and n € Ny, and define the corresponding approximation to the

identity p; by
t\" 1
/) mn!

Given a bounded and locally integrable function w : Rar — X, we define the vector-
valued sequence (u™),, by

Ph(0) = Tpa(D) =

EIES

u” = /OOO o (H)u(t)dt, n € Np. (2.5)

It is well known that for each f € L*(R) we have fx*p], — f as 7—0 in the L'-norm.
However, pointwise convergence cannot be assured a priori. One of our main results
shows that u™ is an approximation of u(t,), where t,, is defined by ¢, =nr.

Remark 1. A calculation shows that
a" = Plu,)(n),

where u,(t) := u(7t) and P denotes the Poisson transform [24], which is defined for
a vector valued function f: R,y — X by

Wﬂ@%ZAwm@ﬁmw
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The space of all vector-valued functions v : Rf — X is denoted by F(RJ; X).
The backward Euler operator V. : F(R{; X) — F(R{; X) is defined by

For m > 2, V™ : F(R{; X) — F(RJ; X) is defined recursively as
(Vo)™ := VYV, 0)", n>m (2.6)

where V1 = V, and VY is the identity operator. For n < m, (V™v)" is defined as
0. We call to V7" the backward difference operator of order m. An easy computation
shows that if v € F(Rg; X) then

1 & /m ) .
Vi)t = — ] (=1)70"77, neN.
(Vo) Tm;g(j)u

As in [16, Chapter 1, Section 1.5] we define (by convention)

for all kK € N.
Now, we introduce the following sequence

kd(n) = 7'/ o (t)ga(t)dt, n € Ng,a>0. (2.7)
0

An easy computation shows that

kX(n) = Fzzl;é?n—:_ni) = Tll:((i i Tll)) 9a(T), n €Np,a>0. (2.8)

Remark 2. It is easy to check using (2.7) and a change of variables that
k7 (n) = 79k (n),
where k*(n) = k%¥(n) in the notation introduced in [24].
Definition 2.4. [31] Let a>0. The at"—fractional sum of v € F(Np; X) is defined
by

(V%) =Y k¥ (n—j)v’, neN. (2.9)
j=0

[e3

Remark 3. Using remark 2 and the definition of o*"—fractional sum A~ intro-

duced in [24] (which corresponds to (2.9) with 7 = 1), we observe that
(V%)™ = (A™%)™.

T

Definition 2.5. [31] Let o € Ry \ Ng. The Caputo fractional backward difference
operator of order o, ¢V« : F(Ng; X) — F(Np; X), is defined by

(V)" := V(M=) (V™)™ n e N,

where m — 1 < a < m.
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In this definition, if a € Np, then the fractional backward difference operators
cV*® is defined as the backward difference operator V¢. Moreover, if 0 < o <
1, then Vot = oV¥(Viv)". However, cVtlom £ oV1(cVY)", (see [31,
Proposition 2.6]).

Let u : [0,00) — X be a twice differentiable and bounded function. Since
dpn(t) 1, .

dt == (pn—l(t) - pn(t)) )
for all n > 1, and w is a bounded function, then the integration by parts implies
that

1
(u/)n —_ ;(un _ un—l) — VTUn,

for all n>1. On the other hand, since 9! f =989} f and ¢ Voo™ = V(o V)",
for 0 < a < 1, we obtain the following result, which can be obtained directly from
[31, Theorem 2.7] and relates the Caputo fractional derivative and the Caputo
fractional backward difference operator.

Remark 4. In case 0 < a < 1 a calculation shows that for any f : Ny — X with
f(=1) = 0 we have the identity

(cvaf)n — T%(Aaf)n717

and in case 1 < o < 2 we have
1 _
(Cvaf)n _ 7—7&(Aaf)n 27
under the assumption that f(—1) = f(-2) = 0.

Proposition 2. Let 1 < a < 2. If u : [0,00) — X is a twice differentiable and
bounded function, then

/ pn ()07 u(t)dt = VU™,
0
for allm € N.

Given a family of operators {S(t)}>0 C B(X), we define the sequence
S"x = / pn(t)S(t)xdt, mn € Np,xz € X. (2.10)
0
On the other hand, if ¢ : Ry — C is a continuous and bounded function we define

" ::/ pn(t)e(t)dt, n € Ny,
0

and the discrete convolution between ¢ and S by
n
(cxS)":= Zc”*kSk, n € Np.
k=0
Similarly, for a vector-valued function f: Ry — X, we define the sequence f" as

fre= /OO pr () f(t)dt, n e Ny. (2.11)
0

We recall the following result, which corresponds to an extension of [24].



580 CARLOS LIZAMA AND RODRIGO PONCE

Theorem 2.6. [31] Let ¢ : Ry — C be Laplace transformable such that ¢(1/7)
exists, and let {S(t)}i>0 C B(X) be strongly continuous and Laplace transformable
such that S(1/7) exists. Then, for all x € X,

/ pn(t)(c* S)(t)xdt = T(cx S)"x, n € Np.
0
Similarly, we have the following results.

Proposition 3. [31] Let o > 0. Let {S(t)}+>0 C B(X) be strongly continuous and
Laplace transformable such that 5’(1/7) exists. Then, for all x € X,

/ o () (ga * S)(t)xdt = Zko‘n—] Sixz, neNp.
0

Proposition 4. [31] Let f : R, — X be Laplace transformable such that f(1/7)
exists, and let {S(t)}i>0 C B(X) be strongly continuous and Laplace transformable
such that S(1/7) exists. Then,

(S f)te = /0 pn () (S * f(t)axdt =7(S* f)z = TZS"ijfj, n € No.

=0

With the above ingredients we can easily prove the following result that we will
be useful later.

Lemma 2.7. Let {S(t)}+>0 C B(X) be a family of exponentially bounded linear
operators such that S(1/7) exists. If f : Ry — X, a: Ry — C, and a(1/7) and
f(1/7) exist, then

Plawse ) = [ s o,
0

for alln € Ny, where (axS*f)"™ := (ax(Sxf))™. Moreover, (ax(Sxf))" = ((a%xS)*f)"
for all n € Ny.

Proof. Since (axS*f)(t) = (ax(Sx[f))(¢) for all ¢ > 0, the Theorem 2.6, Proposition
4 and the definition of discrete convolution imply that

/Ooop;(t)(a*S*f)( Ydt = 1(a* (S f))" —722(1" FSx f)F =72(ax (S*f)",

k=0
for all n € Np. O

3. A fractional difference equation. In this section we study the following frac-
tional difference equation of order a € (1,2) :

VU = Aum + fm, (3.1)

for all n > 2 under the initial condition u° = ug, and u!' = u;, where ug, u' € X.

We first assume that A is a sectorial operator, ug,u; € D(A) Nker(A) and
ff=rt=o.

Asu® ul € ker(A), by Definition (2.6), (V2u)? = (V2u)! = 0, and thus ¢ Vu® =
V(=) (V24)% = 0 and ¢ V! = V-2~ (V2u)! = 0. Since f0 = f! = 0, we have

oVou" = VB (Vo) ZkQ *(n—j)(Viuy
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_ Z k2 a _ V2 ) T—a(un — oyt + un—Z)7
for all n > 2. Therefore, for all n > 2, the scheme (3.1) is equivalent to
(77 — A)u™ = 277 %"t — 77" 2 Z k2 ( N(V2u)d 4 fm. (3.2)

This is an implicit scheme, which means that to obtain u™ we need to find u™ 1, u™ 2,

,u’. If order to solve (3.2), we need to invert the operator (7-%— A), which is
possible, because A is a sectorial operator and therefore, we can take 7 small enough
(for instance max{0,w}T® < 1) in order to obtain that (7-*—A) is an invertible
operator.

Using this fact, we can provide an explicit description of the solution in terms
of certain sequences of bounded and linear operators. This is the content of the
following result.

Theorem 3.1. Let 7 > 0. Let A be the generator of a bounded («,1)-resolvent
Jamily {Sa1(t)}i>0 with ||Sa1(t)|| < Me*t, where w < L. If ug,uy € X and f is
bounded, then fractional difference equation (3.1) admits a solution given by

u" = S5 1uo + 7(g1 * Sa,1)" w1 + 7% (o1 * Sav1 * )" (3.3)

for all n > 2 and u° = ug, u' = uy.

Proof. Since {Sa,1(t)}+>0 is exponentially bounded, we obtain Sy, ;z € D(A) for all
n € Ny and = € X, as in the proof of [24, Theorem 4.4] and [31, Theorem 2.8]. On
the other hand, Proposition 1 implies that

t
San(t)r =z + A/ Ga(t — 8)Sa1(s)xds,
0

for all ¢ > 0 and x € X. Multiplying this identity by p7 () and then integrating over
[0,00) we obtain by Proposition 3 that

Siar= [ #OSaa(Oadt= [ pp(oade+ A [ 57000 San) e
0 0 0

J
=2+ AY k(i -1S, (3.4)
1=0
j > 0. Now, by definition we have for all n > 2 that

YV (Sanx)" = V7P OV2(Sg 12)" = k27— §)(ViSanz). (3.5)
j=0
y (3.4), we obtain
R ,
(V2S,12) = —(SJ x—287 1T+ Sfl_lzx)

J

:TQ[ZIC?]—Z 1.%‘—22/{30[]—1—154715(}

2
+Zwe24Mw}
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for all j > 2. Next, for ¢ > 0, we define Ry (t) := (go * Sa,1)(t). By Proposition 3 we
obtain that 4
J
R, =Y ki — DSk,
1=0

for all 7 > 0.

Analogously, since (ga_q * ga ) (t) = g2(t) = (g1 * g1)(t), we obtain by Proposition
3 that

n 7 n
DK=Y k(G- DShar = Y K (n— )R]
1=0

=0 j=0

/0 (1) (G0  Re) (1)t

D kHn = §)(g1 % Sa1) 'z,

§=0
for all n > 2. By definition, we have kl(n) = 7 for all n, and, once again, by
Proposition 3 we obtain

(g1 % San )z = /°° pj (t)(g1 * Sa1)(t)zdt = Zk (=S, 1z = TZ
0 1=0

which implies that

n

j nJ
SR = )Y kG- DSk =YY S (36)
=0

=0 j=0 1=0

Since Z ~ov? =0 for all k£ € N, by using the function R,, we have that

j—1 n ity
Zki”(n )Y KRG -1=D)Sh a =) k=) Y k(G- 118,
=0 =0 j=1 1=0
— Z k2 a RJ 1

And, as above we obtain

n J—1 J
ST =) k(i —1-1)S), x772 Z (3.7)
j=0 =0 j=0 1=0

for all n > 2. Similarly, for all n > 2 we have

n n—2

> kT Zka —2-1)S,z =17 is@lx. (3.8)

7=0 §=0 1=0
By (3.5)—(3.8) we obtain

oV (Saaz)" = Tsz? “(n— ) Zk (= DSk

7221&]7171 11:+Zkaj7271

=0
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n j n—1 jJ n—2 j
= ZZSém 2> ) Saar+ ) D Seaw
7=0 =0 7=0 [=0 7=0 [=0
= ASlz,
for all n > 2 and x € X. Therefore
CVO‘SZJuO = ASZJU;O. (39)

On the other hand, by definition we have

oV (1(g1%Sa,1)")

VTV (r(g1xSan)) e =T Y k2 (n—j)Vi(g1%Sas) @

Since VZ(g1%Sa,1)7 = 25 [(91 % Sa,1)? — 2(g91 * Sa,1)? ™t 4 (91 % Sa,1)? 2] forall j >
2, and (g1 * Sa,1)'z = L(g1 * Sa,1)’z, (by Theorem 2.6), we have

1 < : ; -
oV (r(g1 % San))e = =5 > K7 (= )[(91 * San)'w = 2(g1 % Sap) 2
i=0

+ (51 % Sa1)) x]. (3.10)

Moreover, by Proposition 1 we have (g1 * Sa1)(t)z = (g1 * g1)(t)x + A(g1 * o *
Sa,1)(t)z, for allt > 0 and z € X. Multiplying this equation by p7 (¢) and integrating
over [0,00) we obtain by Proposition 3 that

oo J
(g1 % San Vi = / PT(0)(g1 * Sat)(D)dt = iz + AS KIS o
0 1=0

for all j > 0. Hence,

(g1 * Sa,l)jfﬂ —2(g1 * Sa, 1)j_1$ + (g1 * Sa, 1)j_2$

; . ,
=AY kT (G-DS, 2 221&“; 1-0)S, 1x+2k‘a+1j 2-1)S, |,
=0 =0

for all j > 2. If Qo (t) := (gat1 * Sa,1)(t) we obtain by Proposition 3 that if j > 0,

then Q7 2z = ZJ kotl(j — l)Sfl,lx. Since (92— * Qa)(t) = (g1 * g1 * g1 * Sa1)(t),
we obtain

n J -
DR — ) Yo kTG~ DShae = YK (n - )@
=0 =0 J=0

- / T (0 (o % Qu) (Bt

J

=723 (91 % San)'w

§=01=0
Since Z v/ =0 for all k € N, we obtain as above that

n—1

n Jj—1 J
SR — )Y kTG -1-DSL z =7 (91% San)'x
j=0 1=0

j=0 1=0
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and
n—2 j
Zk2o‘n jZkO‘+1]—2—lSllx—72 Zgl*Sal
7=0 1=0
Therefore,
A S oc+1
eV (7(g1 % Sa1)" —QZ (n—1j) Zk (G-0S
=0
j—1 j—2
- 22 KOG =1 =08, o+ ) kTG —2-1)S, a
1=0
n J n—1 7J
ZZgl*Sal x—QZ (g1 % Sa1)'x
§=0 1=0 §=0 1=0
-2
+ Z Z (91 % Sa1) ]
7=01=0
=A(g1 % Sa1)"w
for all n > 2 and x € X. Since (g1 * S’a71) x = 7(g1 * Sa,1)"x we obtain
eV (7(g1 x Sa,1)")ur = A(T(g1 * Sa,1)"u1), n>2. (3.11)

Finally, by definition we have
Cva(Tz(ga—l * Sa,l * f)n) = vr_(Q_a)vi@j(ga—l * Soz71 * f))n

= Z kz_a(” - J')VE(TQ(gaﬂ * Sa,l * f)j)ﬂ
for all n > 2. Since

| , ,
V2(ga—1* Sa1 * f)? == [(ga—1%Sa1* ) —2(ga—1* Saa* f)7 7
+ (ga—l * Soz,l * f)jiﬂa
for all j > 2 and by Lemma 2.7 we have that for each j > 0, (ga—1 * Sa.1 x f)? =
25 (ga—1 % Sa,1 * f)7, we have
. 1 . .
VE(TQ(ga—l * Sa1 * f)7) :ﬁ [(goc—l * S, % ) —=2(ga—1* Sa1 % f)]_l
+ (gozfl * Sa,l * f)j_2]7

for all j > 2. By Proposition 1 we get

(goz—l * Sa,l * f)(t) = (goz * f)(t) + A(ga—l * o ¥ Sa,l * f)(t)a

and multiplying this equation by p7 (t) and integrating over [0, 00) we obtain by 3
that

J J
(Gam1 % S % [ =D kS = Df' + A k(G = D (a1 % San x ), § >0
1=0 =0

Hence

V(a1 % San * )" Zk2 *(n—§)V2(r*(ga—1 % S f)7)
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1< J
Y0 [zksu oy
—ZZk" j—1-=1 fl+Zk°‘ —2-01)f ]
A , . l
722 —J) ZkT(J—l)(Qa—1*Sa,1*f)

=0
j—1

—2) k(i —1—=1)(ga—1* Sa1* f)
1—0
-2

Z ]_2_1 Ja— 1*Sa1*f)]

=0
for all n > 2.
On the other haund7 we notice that defining h(t) := (go * f)(t), we have h/ =
0 pJ( V(ga * f)(t)dt 7o k2(j — 1) f!, which implies (by similar computations

as above) that

7

Zki—a(n—j)Zk G-Dff =)

j=0

N
I Mn.
o

1

ijQo‘n ]Zk G-—1-0f 7'2 Zfl,

=0

3
|

<.
I
<)

and

|
N

n

Zkzan—] Zkaij—l 7'2 ifl

=0

<.
I
o

Thus,

Tszf“n 7) Zk“ i—0)f 221«@ —1—lfl+2k;°‘] 2-Dft = f,

for all n > 2. Similarly, if T, (t) := (ga * (ga—1* Sa,1 * f))(t) then T2 = >"7_ k¥(j —
)(ga—1 * Sa1 * f)!, and therefore

n

n J
SR )Y KEG — D(Gacr * Sar * £ =73 (Gacr * Sat # £,

M-

= =0 j=01=0
n j—1 n—1 j
SR )Y KRG 1= Dgar * San # ) =723 D (dact * Sat * £,
=0 -0 7=0 1=0
and
j—2 n—2 j

Zk‘zo‘n ]Zko‘]—2—l)(ga1*5a1*f 7'2 Zga_1*5a,1*f)l-

=0 1=0 1=0

<.
I
o
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Thus,

A, NS
D K (=) | Dok~ D(Ga1 * Say % f)
=0

=0
j—1 j—2
_QZkg(j_l_l)(ga—l * Sa1 *f)l+zk?(j_2_l)(ga—l *Soc,l*f)l
=0 =0

= A(ga—l * Sa,l * f)n
Since (ga—1 * Sa1 * f)" = 72(ga—1* Sa1 * f)™ we conclude that
CVQ(TQ(ga—l * Sa,l * f)n) = fn + A(TQ(ga—l * Sa,l * f)n)a (312)

for all n > 2. We conclude that if we define the sequence (u™)nen, by u” :=
Spauo + 7(g1 * Sa,1)"ur + 72(go—1* Sa1 * f)), for n > 2 and u° := ug, u' = uy,
then by (3.9), (3.11) and (3.12) we have that

Ve (u) = cV* (8% ug + 7(g1 * Sa,1)"ur + 72 (ga—1* Sa * f)™))
= A4 ",
for all n > 2, that is, (u™)nen, solves the equation

cVeu"™ = Au™ + f*, n>2,

0

under the initial conditions u° = ug, and u' = u;. O

4. Error estimates. In this section we compare the mild solution u to the Caputo
fractional Cauchy problem (1.2) at ¢, and the solution u™ of one solution of the
fractional difference equation (3.1). More concretely, we study the norm difference
lw(tn)—u™]||, where u is the mild solution to Problem (1.2) and u™ solves the discrete
difference equation (3.1).

For a closed operator A € Sec(f, M), we will consider the following path T'; : For
3 <0 <, we take ¢ such that %cf) < Fa < ¢ < 0. Next, we define I'; (see Figure
1) as the union I'} UT?, where

1. - 1
I} = {te”’z’/a <Y< qﬁ} and Ff = {rei“z’/a ‘3 < T}.

FiGURE 1. Plot of path I';.

The next result will be useful to prove the main theorem in this section. A similar
result can be found in [11, 31]. We give its proof for the sake of completeness.
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Lemma 4.1. Let A € Sec(8, M) and T be the complex path defined above. If u > 0,
then there exist positive constants Cy, depending only on a such that

ezt
e
for all t > 0, where

¢

Proof. On '} we have

|dz| < Oyttt

coﬁ(xl}/a)) 1

(Lu«b/a)

dw 2¢/ cos(p /) dwt‘u 1

On the other hand, since 125 < Fa < ¢ we obtain § < g < 7, and thus

cos(¢/a) < 0, which implies that on T'? we have

oo rtcos(¢/a) 0 1
|dz| < 2/ c < Qt“/ erteos@/agpr —og—
T ; ~con(9/a)

ezt

/r%

We conclude that

e P cos(w/a) 2 -1
v cos(p/a) g p=1 O
/ = <2¢/_¢€ Y st )

Take A € Sec(0, M). If z = €'/, then z* = €' and arg(z®) = ¢ < 6. This

tOt
implies that z® € p(A). If we take the complex path I' = T'; defined in Lemma 4.1,

then, by the inversion formula of the Laplace transform, we can write

1
Sa(t) = Tm,/enzo‘ Yz — A)ldz, t>0. (4.1)
Let 0 < & < 1 be given. The space of all continuous function f : [0, 00) — D(A®)
endowed with the norm || f||. := sup;>q || f(t)l|c = sup;>q [|A°f(¢)]| will be denoted
by C([0, 00), D(A%)).
Our main result is the following theorem.

Theorem 4.2. Let 1 < o < 2 and A € Sect(6, M) which generates an (a,1)-
resolvent family {Sa,1(t)}i>0. Let 0 < e < 1 such that 0 < ae <1 and a(e +1) <
2. Suppose that f € C([0,00), D(A®)). Let T' be the complex path defined above.
If ug,uy € D(A®), then for each T > 0O there exists a constant C = C(T) > 0
(independent of the solution, the data and the step size) such that, for 0 < t, <T,
there holds

lu = u(ta)ll < CTte==" (luolle + flualle + I £Il-)- (4.2)
Proof. Since A generates a resolvent family {S, 1(¢)}:>0, the solution to (1.2) and
(3.1) are given, respectively, by
u(t) = Sa,1(H)uo + (91 * Sa,1)(B)ur + (ga—1 * Sa,1 * (1),
and
u" = 57 juo 4 7(g1 % Sa,1) ur + 73 (ga—1 * Sa1 * )"
Now, we fix n € N such that 0 < t,, < T, where t,, := 7n. Then, we have

[ =)l < [[(Sa1(tn) = Sa)uoll + (91 % San)(tn) = 7(g1 % S5 1))ua |
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+(ga-1 % Say1 * F)(tn) = 72 (ga-1 * Sa1 * f)"| := 11 + I + I.

Now, we estimate I, I2 and I3. Since fooo pr(t)dt =1, we can write

oo

(St (tn) — 2 1o = / P (D) (et (ta) — San (1)) uodt,
and therefore -
< [ O Sar ) = Saalta)uoldt.
Now, if [ =T, by (4.1) e cam write

1 (ezt _ EZt")

— (2% — A) lupdz.
51 ) . 2%(z ) tupdz

(Sa,1(t) = Sa1(tn))uo =

On the other hand, we have A(2® — A)~! = A175(2% — A)~1 A% and

22— AT = AR - AT T =AY - AT AT T (4.3)
Thus,
1 6zt _ SZt"
(Soul(t) - Sa,l(tn))uo :T 7( )uodz
™ Jr z
1 zt _ Lzt
— wAl_E(za — A) "1 Afupdz.
21 Jp z
The function h(z) := @ has a unique removable singularity at z = 0.

Since t > t,,, h(z) can be analytically extended to the region enclosed by the path
k.= Fﬁ where T'® is the path given in Figure 2, and therefore

1 zt _ zt,
1 / (e —e™) og o
TR

27 z
Since . , , ,
1 2zt _ pzty, 1 ZU __ ,2ln
— 7(6 ¢ )uodz: lim —/ 7(6 c )uodz,
27 Jp z R—o0 2T Jrr z
we get
1 zt Ztn
— (e ¢ )uodz =0.
21 Jp z

On the other hand, since A is a sectorial operator, we get by (2.4)
| A%z

|z

A5 (2® — A1 A%z < w(M +1) (4.4)

for all x € D(A®), which implies that

K M + 1 ezt . GZt" 1 5
1(0(0) = Syl < "2 [ L 4wl
o o BT

The mean value theorem for complex-valued functions ensures the existence of tg, t1
with 0 < t, < tg < t; < t satisfying
|ezt _ GZt”

B < (t—ty) (|7 + |e"#]) . (4.5)

By Lemma 4.1 and (4.5) we conclude that

k(M +1)
2

H(Sa,l(t) - Sa’l(tn))UOH < (t— tn)Ca(tgsil + t(lmil)HAEUOH‘
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TR

FIGURE 2. Plot of path T'E.

Since 0 < t, < tg < t1 and 0 < ae < 1 we have t‘fs_l < t8‘6_1 < t2~1 which
implies that

(S 1) ~ Sn(ta)uol) < LY

Now, an easy computation shows that

/OOO ()t — t)dt = T, (4.6)

Calt — )25 [ A%ug .

for all n € N, and thus
I < / Pr(O1(Sa,1(t) = Sa,1(ta))uolldt < DiTtn®= | Augl,
0

for all n € N, where D, := @C’a. We conclude that
I} < Dyt Y| A%y (4.7)

Now, to estimate I, we notice that by Theorem 2.6 we can write

Mm*&ﬂﬁwﬂm*%ﬂﬂlAW%UWm*&n@w@wSmﬂmﬁ”

Since (g1 * Sa1)(2) = Z%zo‘(za — A)~! the inversion theorem for the Laplace trans-

form and (4.3) allow us to write

1 —
(91 % Sa) (0 = (91 Sat) (s =5 [ (5 = ) (g1 % Bu)(und
r
1 ezt _ eztn
Tomi fy
1 eZt B eZtn l—e/ —1 ge
r

Since |Juy|| < ||A%uq||, by (4.4)-(4.5) and Lemma 4.1, we have
1(g1 % Sa,1)(tn)ur — (91 % Sa1) (F)ua |
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1 |ezt _ eztn|
< =2—- 1 d
< 5r | Tl
1 / |€Zt" 7€zt| 1 1 1
too | T gl ATTET - AT ATul|de]
2 Jro 2l 14
(t—tn) k(M +1)

< (t = tn)Ca (85" +17°) | A%ua ||

< X" iAf
)Gl +

Since ae > 0 and tg < t; < t we have
[[(g1 * Sa,1)(tn)ur — (g1 % Sa,1) () |
t—1, M+ 1)C,

- (t = t)t° [ A

On the other hand, an easy computation shows that if v > 0, then

o0 2l
/ pr () dt = %F(n+v+ 1), (4.8)
O .

for all n € N, and therefore

o0
| oo - e -
0
We notice that ¢} can be written as

G T(n+9+2) T+ +1)
nYt+l.nl - nY - nl!

fr+1 (F(n-ﬁ-W"‘Q) —T(n+vy+ 1))

nYy - n!
Pln+v) 1
F(n+1)nY

Y+ el
" (n+v+2)— ﬁf(n+’y+1)tn =:c]. (4.9)

S
Cp =

=7(y+Dn+)t,

I'(n+~)

Since T(nt1)

<n¥ lforall 0 <y <1andn €N (see for instance [14]), we have

1
A <ty D)+ S = vy D (14 L) <2r(y+ 1), (410

for all n€N. Hence, if y=ae, then the hypothesis implies that ¢&€ <27(ae+1)t0c =
27t (ae+1)t2e L <27 (ae+1)Tt2* 1. Therefore, by (4.6), (4.9) and (4.10) we obtain

bslmﬁwmﬂ&mmmﬁ@w&ywww
k(M +1)C, /OO

0

Co [ . . , e il Ae
<% [ oo -t au | + PR(E)(E — )7t A% |
0

l1—ae
- <CaT N 26(M +1)Co(ae + 1)T

) Tt | A%uy .

T T
We conclude that
IQ S DQTt%E_lHAE'LLlH, (411)

where

C,T17o2 n 2k(M +1)Cy(ac +1)T
7r T '
Finally, we estimate the integral Is. By Lemma 2.7 we can write

Awﬁﬂm%1*&m*ﬁ@%%%1*&m*ﬁﬁﬂﬁ”

DQ =

Iy =
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Moreover, we have

(gafl * Sa,l * f) (t) - (gafl * Sa,l * f) (tn)

= /0 n[(gafl % So1)(t — 1) = (ga—1 * Sa,1)(tn — )] f(r)dr

t
+ / (g1 * S )(t — ) f(r)dr
tn
= J1 + Jo.

To estimate J; we notice that (ga:;%)l)(z) =(2*—A)~!, which implies by (4.3)
that

(ga—l * Sa,l)(t)x - (ga—l * Sa,l)(s)x

1 —
=5 F(eZt — €*)(ga—1 * Sa1)(2)xdz (4.12)
1 zt _ ,zs 1 zt _ ,zs
E— wAl—s(za — A Ardr + — wd%
27 Jp z% 2w Jp ze

for all x € D(A®) and t > s > 0. Since ¢(z) := w has a unique removable
singularity at z = 0, we can prove that the second integral in thls last equality is
equal to zero (followmg the same method used to prove that fF 2)updz = 0). By
(4.4) we obtain
M +1) e?
001 S0 = (g + So)(o)el < " [ 12

ZS|

2D [ A%[]dz|.

Once again,applying the mean value theorem for complex—valued functions, we ob-
tain the existence of ¢, ¢] with 0 < s < ¢, <t} <t such that
IeZt — ZS| toz thz
< (¢ = s) (1eo*] + [e117])
2|
Hence, by Lemma 4.1 we get

[[(ga—1* Sa,1) () — (ga—1 * Sa,1)(s)||

(M—|—1 \et|+\et|

< e el
M4+1 _ _

< M(t - s)@(tgﬁ“*” 24 P2 gy

- 27
By hypothesis, tﬁ(EH) ? < gBErD=2 apd t'a(EH) ? < gletD)- 2 because 0 < s <
ty < t) <t. Thus

k(M +1)

[(ga—1 * Sa,1) (1) = (ga—1 * Sa,1)(s)x]| < Co(t — 5)s2EHD=2| A%y,

for all z € D(A®) and 0 < s < ¢. Replacing ¢t by ¢t — r and s by t,, — r we have

Il < /O (91 % Sa1)(E = 1) = (Gamt * S ) (b — )] () dr

k(M +1)

< @Ca(t = )l e(91 % gaerny-1) (t)T(a(e +1) = 1)

tn
Colt — 1) / (tn — 1) EHD=2| | A% f(r) | dr
0
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_ kWM 41T o
B mca(f—tn)llfl\etn L

By (4.6) we have

oo tn
< [ o0 [ ot * Saa)(t = 1) = (gams * St b = 1)) e
0 0
k(M +1)T*C,
<—
m(a(e+1)—1)
Now, we estimate Jo. For ¢ > 0 and = € D(A®) we have as in (4.12) that

1 ezt zt

o1 %S, )z = — [ A — A Awde + — [ S zda
(a1 # Sa1)(t)2 21 Jp 2% (2 ) xz+21 anxz

IFllemtn=".

The inequality (4.4) and Lemma 4.1 imply that

M+1 zt . ezt
(g * San) ()] <4 /| L x||\dz|+f/' Lyalz

‘a(s-&-l
< (M +1)
- 27
for all z € D(A®) and ¢ > 0. Replacing t by t — r we get

C e (e4+1)— 1||A8(EH + C ta 1HAE£L'||

/ (g * Sa1)(t — ) F(r) |dr

M+1 Cy ‘ _
e, [ = S [ o=

n

<

Since ft — p)elet=1gy = fo (t —ryeet=1gr — fot"(t — )=+t =1gr and the

function = — xa(e‘H) ! is increasing, we obtain for ¢, < ¢ that

t
/ (t— r)a(”l)*ldr <
t

n

- ta(£+1) _ ta(£+1) )
Oé(€ i 1) ( n )

Similarly, we obtain fttn (t—r)*~tdr < L(t* —t2). Thus

/t 1(Gms * Sur)(t — 1) 7 ()]

H(M + 1) a(e+1) ale+1) Ca o o
< Jnae 1) ol () £ e — 1),

On the other hand, by (4.8)

0 Ta(€+1)
/ pr () (teE+D) — oty g — —Tn+ale+1)+1) - o),
O .
Next, we notice that
7_(x(5+1)
dy = py I'n+1+a(e+1))
r 1 1H)—-1
Y R A U rtri(f;; )=1 (n+1)(n+a(c+1))
a(e+1) (e+1)—-1

<tulprte ST 4 ale + 1)
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for all n € N, because 0 < a(e +1) —1 < 1 and Fifzzig)") < (n+1)"! for all
n € N and 0 < 5 < 1. Moreover, the map z — z*(tD=2 is a decreasing function

on [1,00), and therefore 755&51“)72 < tf{(sﬂ)*? for all n € N. This implies that

T = (4 DT < (g 1)t

1)—1 -2 1)—1
< tg(8+ ) + Ttg(€+1) < th(EJr ) ,
and thus

dn < tatniatnd D72 e + D)rtp( ST < b t0 G 4 20 (e + gD

for all n € N. Since 0 < t,, < T and

tn+1tz(a+1)fl _ tz(s+1) _ tz(eJrl) <tn+1 - 1) _ t;){(aJrl) <tn+1 - tn) _ Ttg(a+1)fl,

n t’fl
we obtain
(oo}
/ p;(t)(ta(e-s-l) _ tg(€+1))dt < d,— tz(a-&-l)
0
< rt@EFDT L 9g (e 4 1) e )L
< (L4 2a(e + 1)7Tot0et

Analogously, we can prove that

/ pr (0t — t2)dt < (1 + 2a)rT1 =21,
0

Therefore,
0 t
1< [ [ Mgams = St = 1))
0 tn
k(M + 1) o0 ( Ca o
< N T T a(e+1) Mo / T a
< gre Tl [ e g [ e - e
k(M +1) 4
———(C(1+2 1)Trtee
S Yralet 1)C (1 +2a(e +1))T7t5" || flle
4 LF20)C0 o) ac-1 ..
2ra
We conclude that
I3 < ||l + || 2|l < D3| fllertns, (4.13)
where
Dy = k(M +1)T*C,, 1 14+2a(e+1) (14 2a)C, Tali—e)
™ (a(e+1)—1) 2a(e + 1) 2ra

Summarizing, by (4.7), (4.11) and (4.13), we obtain
Jum —u(t)ll < Dyrta Y| Augl| + Drte | A%uy | + Dyl reae?
< C(|A%uol| + [|A%u || + I Fll) a1,
where the constant C = C(T) is defined by
C := max{D1, Dy, D3}.
The proof is finished. O
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5. Some Experiments. In this section, we illustrate the exact solution u(t) at
t, to the fractional differential equation (1.2) and the approximated solution u™ to
the Caputo difference equation (3.1) given in Theorem 3.1. Suppose that A = pI
for some p > 0. Then, the Laplace transform of the resolvent family {S, 1(t)}i>0
satisfies

R /\a—l

Sa,l()\) = e _ ,0’

for all Re(\) > p'/®. By [18, Formula 17.6], we obtain that

Sa,l(t) = Ea,l(pta)v (51)
where, for p,q,r > 0, E, 4(%) is the Mittag-Leffler defined by

E,q(z) = Z —, z€C.
= Ti+a)

Therefore, the solution to

OFut) = pu(t)+[f(t), t=0,
u(0) = wo (5.2)
u'(0) = wuy,
is given by
’U,(t) = Sa’1<t)uO + (91 * Sa’l)(t)ul + +(ga,1 * Sa,l * f)(t), (53)

where {S4,1(t) }+>0 is given in (5.1). Now, we consider the exact and approximated
solution to (5.2) on the interval [0,4]. We take 7 = 4/N for N = 40, N = 80 and
N = 100. In Figure 3 we have the exact solution u to the initial value problem
(5.2) given by (5.3) evaluated at ¢, = n7, that is, u(t,) for 2 < n < N, and the
approximated solution (u™))_, given by

u" = /OOO PR (1) [ Sea (B)uo + (91 % S )(O)ur + (g1 * S £)(0)] .

To illustrate the theoretical results, we take ug = u; = 1 and f(t) = t?e~¢ for all
t € [0,4] and in the numerical computations we consider o = 1.5.

N=40, t=0.1 N=80, t=0.05 N=100, t=0.04

FIGURE 3. Exact (line) and approximated (circles) solution u and
u”, respectively, for N = 40, N = 80 and N = 100. Here we take
a = 1.5.
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Next, we illustrate Theorem 4.2 where we compare u(t,) and u™ for 2 <n < N,
where N € N is given integer number. In Figure 4 we have the error e,, := |u(ty,) —
u"| for 2 < n < N, where N = 40,80 and N = 100. As before, we take a = 1.5,
up = u; = 1 and f(t) = t?e~* for all t € [0,4]. We notice that, as in Theorem 4.2,
the error e, behaves as 7 =4/N.

N=40, t=0.1 N=80, t=0.05 N=100, t=0.04

0.06 4 0.06 0.06

0= 004 o 0.04 [ o 0.04 -

: A

¢
fo H
002 % 0.02 -5

! ? ¢

s 2/\/\ ; it

| o ;

¢ b s
0 . ‘ f | 0 " T VA

0 20 40 60 80 0 20 40 60 80 100
n n

FiGUure 4. Plot of e, for N =40, N = 80 and N = 100. Here we
take av = 1.5.
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