MAXIMAL REGULARITY OF DELAY EQUATIONS IN
BANACH SPACES

CARLOS LIZAMA AND VERONICA POBLETE

ABSTRACT. We characterize existence and uniqueness of solutions for
an inhomogeneous abstract delay equation in Holder spaces. The main
tool is the theory of operator valued Fourier multipliers.

1. INTRODUCTION

Partial differential equations with delay are a subject which has been
extensively studied in the last years. In an abstract way they can be written
as

(1.1) u'(t) = Au(t) + Fu, + f(t), t € R,

where (A, D(A)) is a (unbounded) linear operator on a Banach space X,
u(-) = u(t 4+ -) on [—r,0],7 > 0, and the delay operator F' is supposed to
belong to B(C([—r,0], X), X).

First studies on equation (1.1) goes back to J. Hale [8] and G. Webb [12].
A general and systematic study of linear delay equations with emphasis
on the qualitative behavior and asymptotic properties can be found in the
recent monograph by Batkai and Piazzera [5]. See also [13]. The problem to
find conditions for all solutions of (1.1) to be in the same space as f arises
naturally from recent studies on maximal regularity and their application
to nonlinear problems in the theory of evolution equations, see the recent
monograph by Denk-Hieber-Priiss [7] and references therein.

Recently, a significant progress has been made in finding sufficient con-
ditions for operator valued functions to be C*- Fourier multipliers, see [3].
In particular, in [4] the theory of operator-valued Fourier multipliers is ap-
plied to obtain results on the hyperbolicity of delay equations and in [9] to
obtain stability of linear control systems in Banach spaces. Also in [10] exis-
tence and uniqueness of periodic solutions for equation (1.1) via LP-Fourier
multiplier theorems has been recently obtained.

In this paper we are able to obtain necessary and sufficient conditions in
order to guarantee well-posedness of the delay equation (1.1) in the Holder
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spaces C*(R, X) (0 < o < 1), and under the condition that X is a B-
convex space. However we stress that here A is not necessarily the generator
of a Cy-semigroup.

We remark that the Fourier multiplier approach used allows to give a
direct treatment of the equation, in contrast with the approach using the
correspondence between (1.1) and the solutions of the abstract Cauchy prob-
lem

U't) = AU(t) + F(t) t>0,
A F
0 d/do
the delay equation reduces to the question whether or not the operator
(A, D(A)) generates a Cp-semigroup; see [5, 6, 11] and references therein.

where A = . In this case the question of well-posedness of

2. PRELIMINARIES

Let X,Y be Banach spaces and let 0 < a < 1. We denote by C*(R, X)
the spaces

CUR, X) ={f:R— X:f(0)=0,[[f]la <oo}
normed by
il = sup O =S
ts |t — 4]
Let © C R be an open set. By C(Q2) we denote the space of all C>°-
functions in €2 C R having compact support in §2.
We denote by Ff or f the Fourier transform, i.c.

(Ff)(s) = / e £ (1)t

R
(seR, f e LNR; X)).
Definition 2.1. Let M : R\{0} — B(X,Y) be continuous. We say that
M is a C* - multiplier if there exists a mapping L : C*(R, X) — C*(R,Y")
such that

(2.) [EnE@FEa) s = [ (Fe- ) s

R
for all f € C*(R, X) and all p € CF(R\{0}).

Here (F(¢- M))(s) = [pe ™ o(t)M(t)dt € B(X,Y). Note that L is well
defined, linear and continuous (cf. [3, Definition 5.2]).

Define the space C*(R, X) as the set

C'R,X)={f:R— X :||fllce < o0}
with the norm

flloa = [1f1la + 11F(O)]]-
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Let C*“TH(R, X) be the Banach space of all u € C'(R, X) such that v’ €
C*(R, X), equipped with the norm

[lullgerr = [[u'llow + [u(0)]]

Observe from Definition (2.1) and since

/R (F(6M)(5))(s)ds = 2m(6M)(0) = 0,

that for f € C*(R, X) we have Lf € C*(R, X). Moreover, if f € C*(R, X)
is bounded then Lf is bounded as well (see [3, Remark 6.3]).

The following multiplier theorem is due to Arendt-Batty and Bu [3, The-
orem 5.3].

Theorem 2.2. Let M € C*(R\{0}, B(X,Y)) be such that

(2.2) sup || M (8)[| + sup [[£M(t)]| + sup |[£* M"(t)]| < o0.
t£0 t£0 t#£0

Then M is a C*-multiplier.
Remark 2.3.

If X is B-convex, in particular if X is a UM D space, Theorem 2.2 remains
valid if condition 2.2 is replaced by the following weaker condition

(2.3) sup || M (¢)[| + sup [[tM'(2)[] < oo,
40 40
where M € C'(R\{0}, B(X,Y)) (cf. [3, Remark 5.5]).

We use the symbol f()) for the Carleman transform:

/ e Mf(t)dt ReX >0

N 0

) = .
—/ e Mf(t)dt  Re) <0,

—00

where f € L] (R, X) is of subexponential growth; by this we mean
/ e~ f () dt < oo, for each € > 0.

We remark that if v’ € L} (R, X) is of subexponential growth, then

loc

w'(N) = Mi(\) —u(0),  Red#0.
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3. A CHARACTERIZATION
We consider in this section the equation
(3.1) u'(t) = Au(t) + Fug + f(t), teT,

where A : D(A) C X — X is a linear, closed operator; f € C*(R, X) and,
for r > 0, F: C([-r,0],X) — X is a linear, bounded operator. Moreover
u; is an element of C([—r,0], X) which is defined as u:(0) = u(t + ) for
—r<0<0.

Ezample 3.1. Let u : [—r,0] — B(X) be of bounded variation. Let F :
C([-=r,0], X) — X be the bounded operator given by the Riemann-Stieltjes
integral

0
F(¢) = / ¢dp for all ¢ € C([—r,0], X).

An important special case consists of operators F' defined by
F(¢) =) Cd(m),  ¢€C([-r0],X),
k=0

where Cy € B(X) and 7, € [—r,0] for kK = 0,1, ...,n. For concrete equations
dealing with the above classes of delays operators see the monograph of
Batkai and Piazzera [5, Chapter 3].

Definition 3.2. We say that (1.1) is C*-well posed if for each f € C*(R, X)
there is a unique function u € C*T (R, X) N C*(R, [D(A)]) such that (1.1)
18 satisfied.

Denote by ey (t) := e for all A € R, and define the operators {F}xcr C
B(X) by

(3.2) Fyx = F(eyz), for all A € R and z € X.
We define the real spectrum of (3.1) by

o(A)={seR:is] — F;,— A e B([D(A)], X) is not invertible }.

Proposition 3.3. Let X be a Banach space and let A: D(A) C X — X
be a closed linear operator. Suppose that (1.1) is C*-well posed. Then

(i) o(A) =0,

i) {in(inl — A — F,))7'Y, cr is bounded.
(i) {in( )"

Proof. Letz € D(A) and let u(t) = e x for n € R. Then u;(s) = ez,
Thus

(3.3) F(uy) = " F(e,z) = "F,x.
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Now if (in — A — F,)x = 0, then u(t) is a solution of equation (1.1) when
f = 0. Hence by uniqueness follows that x = 0. Now let L : C*(R, X) —
C*TH(R, X) be the bounded operator which takes each f € C*(R, X) to the
unique solution u € C*™(R, X). Let y € X and let sy € R be fixed. Then
define f(t) = ey, t € R. Let u(t) be the unique solution of (1.1) such that
L(u) = y. Next we claim that v(t) := u(t + s¢) and w(t) := e u(t) both
satisfy equation (1.1), when f(t) = e**"y. First we notice that

vi(8) = u(t + So + 8) = Upys, ().

Hence F(v;) = F(uy1s,). Then an easy computation shows that v(t) satisfy
equation (1.1). On the other hand,

wy(s) = w(t + 5) = eou(t 4+ s5) = " 0uy(s).
Hence F(w;) = €"""F(u;). Thus
e (t) = "0 (Au(t) + F(us) +y) = Aw(t) + F(wy) + f(t).
Thus w(t) satisfy equation (1.1). By uniqueness again we have that
u(t + s) = e"uf(t)

for all £,s € R. In particular when ¢ = 0 we obtain that

u(s) = e™u(0),s € R.

Now let z = u(0) € D(A). Then u(t) = ez satisfy (1.1), that is by (3.3)
inu(t) = Au(t) + F(u) + ey = Au(t) + ™ F,x + "My.

In particular if ¢ = 0 we obtain that

inr = Az + Fo +y,
since = u(0). Thus
(3.4) (inl —A—-F)z =y

and hence inl — A — F), is bijective. This shows assertion (i) of the Propo-
sition.

Next we notice that u(t) = (in — A— F,) 'y by (3.4). Since ||e, @ z||, =
Ko|n|*[[]]. Thus

Kon|*|lin(in — A= F) 'yl = |le, ®@in(in —A— F) " 'ylla = |[v/|]a
< ulhita = ILfl1+a < NSl
< LI a + 1FO)])

= |ILlI(Hleq @ ylla + [yl

< |ILIKalnl™ + Dlyl]-
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Hence for € > 0 follows that

sup [|in(in — A = Fy)~'yl| < [[L]] sup(1 + 7——) < 0.
In[>e ln|>e ol

Recall that a Banach space X has Fourier type p, where 1 < p < 2,
if the Fourier transform defines a bounded linear operator from LP(R; X)
to LY(R; X)), where ¢ is the conjugate index of p. For example, the space
LP(€2), where 1 < p < 2 has Fourier type p; X has Fourier type 2 if and only
if X is a Hilbert space; X has Fourier type p if and only if X* has Fourier
type p. Every Banach space has Fourier type 1; X is B-convex if it has
Fourier type p for some p > 1. Every uniformly convex space is B-convex.

Our main result in this paper, establish that the converse of Proposition
3.3 is true.

Theorem 3.4. Let A be a closed linear operator defined on a B-convex
space X . Then the following assertions are equivalent

(i) Equation (1.1) is C*-well posed.
(it) o(A) =0 and 3161]11%? \lin(in] — A — F,)7"|| < oc.
0

Proof.

(ii) = (i). Define the operator M(t) = (B;— A)~!, with B, = it — F}.
Note that by hypothesis M € C*(R, B(X, [D(A)])).

We claim that M is a C*—multiplier. In fact, by hypothesis it is clear
that sup,cp || M (t)|| < co. On the other hand, we have

M'(t) = —M(t) B, M(t)

with B} =il — F/ and F/(z) = F(ejx) where e}(s) = ise’*". Note that for
each z € X

(3.5) [[Fizl|x < [|F(ew)]|x < [|F[||[ect|lo < [[F|]]]2]|x,
and
(3.6) |Fzllx < |[F(et)llx < |F|lege]loe < |IF[] []2]|x.

Hence Bj is uniformly bounded with respect to t € R and we conclude
from the hypothesis that

(3.7) StlelﬂglltM’(t)ll = stlelﬂgH [tM ()] B, M(1)]| < o0,

and hence the claim follows from Theorem 2.2 and Remark 2.3.



MAXIMAL REGULARITY 7

Now, define N € C'(R,B(X)) by N(t) = (id - M)(t), where id(t) := it
for all t € R. We will prove that N is a C*—multiplier. In fact, with a
direct calculation, we have

tN'(t) = atM(t) +it>M'(t) = it M(t) + i[it M (t)] By [it M (t)]

— N(t) +iN(t) B/ N(t).

By hypothesis and (3.6) it follows that sup||[tN'(¢)|| < sup||N(¥)|| +
teR teR

sup ||N(t) B, N(t)|| < oo, hence from Theorem 2.2 and Remark 2.3 the
teR

claim is proved.
A similar calculation prove that P € C'(R\{0}, B(X)) defined by P(t) =
F, M(t) is a C*—multiplier.
In fact, we have t P'(t) = F/N(t) + F;t M'(t), and hence from (3.5), (3.6)
and (3.7) we obtain that sup||P(¢)|| + sup |[tP'(¢)|] < oo.
teR teRr

Let f e C*R,X), since M,N and P are C*—multiplier, there exist
u e C*R,[D(A)]), v e C*R,X) and w € C*(R, X), respectively, such
that

(3.8) / a(s) (Fé)(s)ds = / F- M)(s)f(s) ds.
(3.9) / o(3)(F)(s)ds = / Fl-id- M)(s)f(s) ds

(3.10) / w(s) (F)(s)ds = / Fly- FM)(s)f(s)ds.

for all ¢, ¢, p € C*(R).
Note that for x € X and ¢ € C°(R) we have

(3.11)
F(OF M)(s)x = /

Re—istgb(t) F,M(t)xdt = / e to(t) Fe, M(t) x)dt.

R

where /e_“tgzﬁ(t) e; M(t)xzdt € C([—r,0],X). Now, for all § € [—r,0] we
R

have

/ e Stp(t) e, (0) M(t) x dt
R

Since F' is bounded, we deduce that

(3.12) F(- F M)(s)e = F(F(g-e. M)(s)x).

< / () | [1M(E) 2 || .
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Furthermore, observe that for 6 € [—r 0] fixed we have that e.(0)¢p €
C>*(R). Using (3.8) we obtain

/Ru(8+9)(.7:¢)(s)ds :/u(s+9)/e‘“t¢(t) dt ds
= j (s +0) /: e~ 0 (0)g(t) dt ds
:/Ea(s+9)(fe.(9)¢)(s+9) ds
f (s)(Fe.(0))(s) ds
/f )f(s) ds.

hence /ﬁs(]:gzﬁ)(s)ds :/]:(e.gb-M)(s)f(s) ds.
R R
Since the function § — / i, (6)(Fo)(s)ds € C(|=r, 0], X) (see [3, p.3]),
R
due to the boundedness of F' and (3.12) it follows that

(3.13)
/.7-" L FM)(s)f(s )ds_/F}'(gb- e,M)(s)f(s)ds:/RFas (Fo)(s)ds

for all ¢ € C*(R). Since F.M is C*—multiplier, we obtain from (3.10)

[ weEees = [ FaFoss

for all p € C°(R). We conclude that there exists y; € X satisfying w(t) =
Fu; + yy, proving that Fu. € C*(R, X).
Choosing ¢ = id -1 in (3.8) we obtain from (3.9) that

(3.14) /R a(s)F(id - ¥)(s) ds = / o(s) (Fu)(s) ds

R

and it follows from Lemma 6.2 in [3] that u € CT (R, X) and @' = v+ yo
for some y, € X .

Since (idl — F — A)M = I we have id-M =1+ FM + AM and
replacing in (3.9) gives
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(3.15)
/Rv(s) (Fo)(s) ds :/R]-"(qﬁ-(IJrF,MJrAM))(s)f(s) ds

:/R(}“¢)(s)f(s)ds+/Rf(¢'F.M)(S)f(s)dS

+AH¢AMWU@%,

for all ¢ € C(R).
Since u(t) € D(A) and F(¢-M)(s)x € D(A) for all z € X, using the fact
that A is closed and setting (3.8) and (3.13) in (3.15) we obtain that

(3.16)
/R o(s) (F)(s)ds — /R Fii, (Fo)(s)ds + /R A(s)(Fo)(s) f(s) ds

ﬁéﬂ$ﬁ@®wa

for all ¢ € C(R).
By Lemma 5.1 in [3] this implies that for some y3 € X one has
v(t) = Fu, + Au(t) + f(t) +ys, teR.

Consequently, @ (t) = v(t) + y2 = Fu, + Au(t) + f(t) + y where y =
y2 + y3. In particular Au € C*(R, X). Now, by hypothesis we can define
r = (A+ F) 'y € D(A), and then is clear that u(t) := @(t) + x is in
CtH(R, X) N C*(R, [D(A)]) and satisfies (1.1). We have shown that a so-

lution of (1.1) exists.

In order to prove uniqueness, suppose that
(3.17) u'(t) = Au(t) + Fuy, t e R,
where u € C*TH(R, X)NC*(R, [D(A)]) and, as showed, Au, Fu. € C*(R, X).

We claim that @.(A\) € C([-r,0],X) for ReA # 0. In fact, let ReA > 0
then
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e ™Mulloe = sup |leMu(t+0)||x < sup e M1+ |t +6]%)
oe[—r,0] 0e[—r,0]

< e BN (|t + 1)),

Since e M (1 + (|t|+7)*) € L' (R, ) applying the dominated convergence
theorem, we obtain the claim. Analogously we obtain the claim for Re\ <
0.

Now, note that for ReA >0 and 6 € [—r,0]

/ e Muy(0)dt :/ e Mu(t + 0)dt
0 0

/ A0y (1) dt
0
e Mu(t)dt + / e”u(t)dt)
0

_ e/\O / f)\t
( 0

M) 9/ e Mu(t)dt.
0
Analogously if ReA <0 and 6 € [—r,0], then

0
—/ e M = / e Mu(t + 0)dt
/ )t
< 0 0
(/ e Mu / e_’\tu(t)dt>
) 0 (4
a(N) + 6’\9/ e Mu(t)dt.
9
Since F' is bounded, we obtain that
(3.18) Fu.(\) = Fa.(\) = Fga(\) + Fgh, for Re(\) #0
0
where g(0) = " and h(§) = / e Mu(t)dt . Note that gh € C([—r,0], X).
0

Since w/(\) = AMi()\) — u(0) for Re(\) # 0, one has 4(\) € D(A) and

(3.19) W(\) = Au(\) + Fu.(\), for Re()) #0.
Using the fact that A is closed, from (3.18) and (3.19) we get
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(M — Fg—A)u(N) =u(0) + Fgh forall Xe C\iR.
Since iR C p(A), it follows that the Carleman spectrum spc(u) of w is
empty . Hence u =0 by [2, Theorem 4.8.2]. ]

We denote by KCr(X) the class of operators in X satisfying (ii) in the
above theorem. If A € Kp(X) we have v/, Au, Fu. € C*(R, X), and hence
we deduce the following result.

Corollary 3.5. Let X be B-convex and A € Kp(X). Then

(i) (1.1) has a unique solution in Z = C*TH(R, X) N C*R,[D(A)]) if
and only if f € C*(R, X).

(i) There exists a constant M > 0 independent of f € C*(R, X) such
that

(3.20) ]| cear,xy + | Aullcom x) + [ Fullcomx) < M| flloemx).

Remark 3.6. The inequality (3.20) is a consequence of the closed graph
theorem and known as the mazimal regularity property for equation (1.1).
From it we deduce that the operator L defined by

D(L) = 7
(Lu)(t) = u'(t) — Au(t) — Fuy

is an isomorphism onto. In fact, since A is closed, the space Z becomes a
Banach space under the norm

Nullz = llullcomx) + W ]lcamx) + [ Aull oo x)-

Such isomorphisms are crucial for the treatment of nonlinear versions of
(1.1).

Indeed, assume X be B-convex and A € Kr(X) and consider the semi-
linear problem

(3.21) u'(t) = Au(t) + Fug + f(t,u(t)), t>0.

Define the Nemytskii’s superposition operator N : Z — C*(R, X)) given
by N(v)(t) = f(t,v(t)) and the bounded linear operator

S=L"1:C"R,X)—Z
by S(g) = u where u is the unique solution of the linear problem

' (t) = Au(t) + Fug + g(t).
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Then to solve (3.21) we have to show that the operator H : Z — Z defined
by H = SN has a fixed point.

For related information we refer to Amann [1] where results in quasilinear
delay equations involving the method of maximal regularity are presented.

We finish this paper with the following result which give us a useful
criterion to verify condition (ii) in the above theorem.

Theorem 3.7. Let X be a B-convex space and let A: D(A) C X — X be
a closed linear operator such that iR C p(A) and sup,eg ||A(is] — A)7| =:
M < oo. Suppose that

1
|| A=Y M
Then for each f € C*(R, X) there is a unique function v € C*THR, X) N
C*(R,[D(A)]) such that (1.1) is satisfied.

(3.22) I|F|| <

Proof. From the identity
is] — A— F, = (is] — A)(I — Fy(isI — A)™") seR,

it follows that isl — A — F, is invertible whenever ||Fy(isI — A)7!|| < 1.
Next observe that

(3.23) [Fs|| < ||l
and hence
1y (isI — A)7| = [|F, A= A(isT — A)7]] < || FI[I|A™|M =: a

Therefore, under the condition (3.22) we obtain that o(A) = (), and the
identity
(3.24)

(is]—A—F,) ™' = (isI—A) Y (I-F,(isI—-A)™") = (isI-A)"" Y [F,(is]—A)"
For all n € N we have

lis(isI — A)7 [F,(isI — A)~'"|

< llisGisI — A)7HI[IFL AT AisT — A) 7]

lis(isT — A) D IFEAT]I(AGs — A"
lis(isT — A) T AT IEN]" (1 AGisT — A) )™
By (3.23) we obtain

lis(isI — A)7HF(isI = A7l < lis(isT — A)7H||JATH || )M

= ||is(is] — A)7'|a™

<
<
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Finally by (3.24), one has

1 <M+1

lis(isT — A= )7 < flis(is] = A)~lo— < 7——.

This proves that {is(is] — A— F;)~'} is bounded and the conclusion follows
from Theorem 3.4.

[

2]
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