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1. Introduction

The Westervelt equation

1 B
2 A, 2
gy — bAuy — ¢* Au = <02(1+ 3 ) (ue) >t

where u represents the potential of the velocity field, ¢ is the speed of sound, b denotes the diffusivity of
sound and B/A is an acoustic parameter of nonlinearity, is a classical, and widely used model describing the
propagation of sound in fluids and is characterized by the presence of a viscoelastic damping [19]. Taking
into account the heat conductivity of the fluid, denoted by a, we obtain the Blackstock—Crighton—Westervelt

(BCW) equation
B
(@ — 0y)(ug — bAuy — 2 Au) = (32(1 + M)(Ut>2) (1.1)
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which is a higher-order model in nonlinear acoustics that describes the propagation of sound waves in
monatomic gases such as Helium, Xenon or Argon. In such model, a := vPr~!, where v is the kinematic
viscosity and Pr denotes the Prandtl number. For a detailed derivation of Eq. (1.1), we refer to [3, Chapter
1] and [5].

The BCW equation has been recently intensively investigated [3,4,6,7,14,17]. R. Brunnhuber and B.
Kaltenbacher [3,6] studied the homogeneous Dirichlet boundary problem (1.1) and showed local existence
of a unique (weak) solution in the Hilbert space L?(§2) where 2 C R™ is open, bounded and connected,
by means of a combination between regularity results for the heat equation and the linearized Westervelt
equation together with Banach’s fixed point theorem. Then, global well-posedness and exponential decay of
solutions were proved by using energy estimates for the linearized problem and a fixed point argument [6].

However, in [6] a restriction on the dimension of {2 is considered (n = 1,2,3) in order to use various
embedding theorems. This restriction was lifted in [7] by Brunnhuber and Meyer using techniques based
on maximal regularity and the implicit function theorem. Using such technique, they are able to study
the linearized version of (1.1) in L9(f2) when 1 < ¢ < oo and the BCW equation for ¢ > max{n/4 +
1/2,n/3}. Notably, they proved the existence of a unique global solution of the inhomogeneous Dirichlet
boundary problem (1.1) within a certain regularity of class L!(Ry; L9(£2)) and which depends continuously
on sufficiently small initial and boundary data. We note that the results from [6] were also extended
by Brunnhuber in [4] where existence of strong solutions for (1.1) in the vector-valued Lebesgue space
L2(0,T; L?(£2)) was proved.

The main objective of this paper is to study well-posedness of the BCW equation with periodic initial
conditions and a time-periodic forcing term belonging to the vector-valued Lebesgue space LP(T, L9(12)).

The mathematical analysis of the BCW equation with a time-periodic forcing term and inhomogeneous
Dirichlet boundary conditions was recently initiated by Celik and Kyed [14]. These authors showed that
for time-periodic data f sufficiently restricted in size and belonging to the vector-valued Lebesgue space
LI(T, L(42)), a time-periodic solution u € W34(T, L (£2)) N WA (T, W*9(R2)) always exists whenever
max{2,n/2} < q < oo [14, Theorem 1.1]. Physically, this infers that the dissipative effects given by the
term bAu; are enough to avoid the occurrence of an unbounded solution when the system is excited by a
periodic force within the Blackstock—Crighton—Westervelt model [14, Section 1]. The proofs in [14] are based
on a priori estimates for the linear problem and an application of the contraction mapping principle.

In this paper, we are able to obtain solvability of the initial-boundary value problem in the vector-valued
Lebesgue spaces LP(T; L1(§2)) for the full range 1 < p,q < co. This will be achieved employing a technique
that uses operator-valued Fourier multipliers (or symbols) associated to the linearized equation in order to
obtain LP-maximal regularity. This technique has been used by several authors [8-11,13,22] and allows to
obtain in a simpler way a priori estimates for the linearized equation, to the cost of a previous checking of a
so-called R-boundedness condition on the symbols. Then a generalized version the implicit function theorem
can be employed. Our method relies on very recent abstract results regarding the linearized non homogeneous
version for the Moore—Gibson—Thompson equation proved in the general setting of UM D spaces [15], and
abstract results for cylindrical boundary value problems due to Nau et al. [25,26], combined with a criteria of
R-boundedness due to Denk, Hieber and Priiss [16, Proposition 4.10]. Another advantage is that our method
is sufficiently general to admit {2 as a cylindrical domain.

It should be noted that a similar approach has been taken for the authors in recent works for other two
models of interest, namely, the Moore— Gibson-Thompson equation with two temperatures [24], and the Van
Wijngaarden—Eringen equation [23]. However, the present paper differs from these in several aspects. First,
the Blackstock—Crighton—Westervelt equation has a different dynamics characterized by a operator-valued
Fourier multiplier that has their own geometry and, consequently, need different conditions for well-posedness
than those considered in [23,24]. Second, and most importantly, in the present paper we are interested in the
nonlinear equation (1.1) instead of only the linear one, as in the above cited references. This new challenge
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is settled by a procedure using the implicit function theorem, that takes into account the very particular
form of the nonlinear term given by the BC'W-equation.

By an appropriate combination of these described tools, we are able to prove the existence of a unique
time periodic solution of the nonlinear problem

(ad — 0y)(ugy — bAuy — A Au) = (H(1+ %)(ut)Q)tt + f(t), teT:=]0,2n];
(1.2)
w(0) =u(2r) «(0)=u'(27) u”(0) =u"(27),

on the cylindrical domain 2 =R} xV, V C R? with homogeneous Dirichlet boundary conditions. Moreover,
this solution depends continuously on a sufficiently small time-periodic forcing term f € LP(T; L9({2)) where
1< p,q < o0.

This paper is organized as follows: Section 2 is devoted to the necessary tools that we will use throughout
the paper. They include the vector-valued Banach spaces of periodic functions, and the notion of R-
boundedness, needed to recall the main abstract result of [15]. We also recall in this section the notion
of R-sectorial operator and how this property is connected with R-boundedness of certain sets by means of
a functional calculus (Theorem 2.9). Section 3 states the main abstract result of this paper (Theorem 3.1).
It says that for certain classes of closed and linear operators A, the linearized BCW equation

(—aA — 0)(u" (t) + 2 Au(t) + bAU (t)) = f(t), teT:=][0,2n], (1.3)

admits maximal LP-regularity. The section finishes with an application to the linearized Blackstock—
Crighton—Westervelt equation with periodic initial conditions and subject to homogeneous Dirichlet bound-
ary conditions on a cylindrical domain (see Theorem 3.4).

Finally, in Section 4 we study the existence and regularity of solutions for the Blackstock—Crighton—
Westervelt Eq. (1.1) adding an external forcing term f € LP(T, L9({2)) where 2 = U x V is a cylindrical
domain. Our main result in this section (Theorem 4.5) asserts the existence of a unique solution that depends
continuously on f and belongs to the following maximal regularity space

S,(LU(0)) = {u € WEE(T, W*4(2)) N LF(T, W*(2)) :

per

u' € LP(T,W*9(02)) N W2E(T, L9(R2)), Aju’ € WLE(T, LY(2))}.

per per
2. Preliminaries

In what follows, X will denote a Banach space and 1 < p < oo. We will first recall some preliminary
results about well-posedness in vector-valued LP-spaces for third order degenerate equations that can be
found in [12,15]. In the mentioned papers, the authors succeed in characterizing LP-well-posedness for the
model:

a(Mu')"(t) + (Nu')' (t) — BEu(t) — yHU' (t) = f(t), teT:=|0,2n], (2.1)
with initial conditions «(0) = u(27), v’ (0) = v/ (27),u”(0) = «”(27) and «, 8,7 are real numbers, M, N, E
and H are closed linear operators defined on a Banach space X with domains D(M), D(N), D(E) and D(H),
respectively.

We define the vector-valued function spaces:

WeP(T, X ) .= {u € LP(T, X) : there exists v € LP(T, X), 9(k) = (ik)"a(k) for all k € Z}.

per

where

fk) - L /0 o e F(t)dt

T or
for all k € Z denotes the kth Fourier coefficient of a function f € L'(T, X).
3
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We recall the following important properties related to the spaces WP (T, X ):
(i) Let m,n € N. If n < 'm, then W2.P(T, X) C WLP(T, X).

per per

(ii) If w € WeP(T, X), then for any 0 < k < n — 1, we obtain u®(0) = u® (27).
(iii) Let u € LP(T, X), then u € WLE(T, X) if and only if u is differentiable a.e. on T and v’ € LP(T, X),

in this case u is actually continuous and u(0) = u(27) [2, Lemma 2.1].
Analogously, given u € LP(T,X), then u € W2E(T, X) if and only if u is twicely differentiable a.e.,

per
v, u” € LP(T, X), and u(0) = u(27), v’(0) = u'(27).
In [15] the following space of maximal regularity was introduced:

Definition 2.1. Let us define the following space of maximal regularity:

S,(E, H,M,N) = {u € WL2(T,[D(E) n D(H)]) N LP(T, [D(E) N D(H)]) :

u' € LP(T,[D(E) N D(H)])pezrm € W2P(T, X), Nu' € WEE(T, X)}.

per per

The space S,(E, H, M, N) is a Banach space endowed with the norm

lulls, e, e,00,8) =ulloer,xy + [0 | Loer,x) + THW || Locr,x) + 1 Eullzecr,x) + [[(Nw') ]| Lo er,x)
+ [[(Mw")"|| Lo cr,x) + INW || or,x) + 1M || Lo, x)-

Eq. (2.1) is said to be strongly LP(X)-well-posed if for each f € LP(T, X), there exists a unique solution
u € S,(E,H, M, N) that satisfies (2.1) for almost all ¢ € T. We also need the following definition provided

n [15]:

Definition 2.2. Let M, N, E and H be closed linear operators defined on a Banach space X with domains
D(M),D(N),D(E) and D(H) such that D(E) N D(H) C D(M) N D(N), then the (M, N)-resolvent of E
and H is defined as the set:
punN(E,H) = {s €R:ais?M + s*N + BE + ~visH : [D(E)N D(H)] = X
is invertible and [ais®M + s*N + BE +~isH] ™' € B(X)}. (2.2)

Here, [D(E) N D(H)] is a Banach space with the standard norm ||z||[p(g)np(#)) = 2] + | Ex|| + || Hz]|.

Before we recall the main theorem obtained in [15] that will serve us a tool for providing one of our main
results we need to define the concepts of R-boundedness and UM D-spaces.

Definition 2.3. Let X and Y be Banach spaces. A subset 7 of B(X,Y) is called R-bounded if there is a
constant ¢ > 0 such that

[(Trys, - Tayn)lr < cll(yrs - yn) R, (2.3)
forall Ty,...., T, €T, y1,...,yn € X, n € N where

[ D DI pre |

ee{-1,1}n  j=1

Yly - ey Yn € X.

We refer the reader to [16] for the properties preserved under R-boundedness. We also recall the notion
of UM D spaces. For more details [1, Section ITI.4.3-II1.4.5].

Definition 2.4. A Banach space X is said to have the Unconditional Martingale Difference property

(UMD:) if for each p € (1,00) there exists a constant C, > 0 such that for any martingale (f,)n>0 C
LP(2, X, ; X) and any choice of signs (£,)n>0 C {—1,1} and any N € Z, the following estimate holds

)M+Z&n f-1)|

<C .
LP(2,5,1;X) — prNHLP(‘Q’E’#’X)

4
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The following characterization obtained in [15] will serve us as a useful tool for providing LP-well-
posedness for the Blackstock—Crighton—Westervelt equation. In this characterization well-posedness is
equivalent to the R-boundedness of certain sets of operators related to the model.

Theorem 2.5 ([15]). Let 1 <p < 00 and o, B,y € R. Let E, H, M, N be closed linear operators on a UMD
space X satisfying D(E) N D(H) C D(M) N D(N). Then, the next two assertions are equivalent:

(i) (2.1) is strongly LP(X)-well posed;
(ii) Z C pm.n(E, H) and the sets {ik3aMNy, : k € Z}, {k* NNy, : k € Z}, {kyHNy, : k € Z} {kNy, : k € Z}
are R-bounded where
Ny = —[iak® M + k>N + BE +ikvH]™', k€ Z. (2.4)

Moreover, for each f € LP(T, X) there exists a constant C > 0, independent of f, such that
lulls,z.m.00.8) < C|l flle-

Given X, C C, we define the open sector Xy :== {X € C\ {0} : |arg \| < ¢}. In what follows we denote as
H(Xys) the set of holomorphic functions f : Xy — C. If a function f € H(Xy) is bounded too then we say
that f € H>°(X,). This set can be endowed with the norm || f||%, = SUD| arg A< | f(N)]-

We define the subspace Ho(Zs) of H(Zy) as follows: Ho(Zy) == U, so{f € H(Zy) : \|f||zﬂ < oo}, with
||f||ﬁ,g = sup|y <1 [A*F (V)] +sup =1 (A FV)]-

We now recall the notion of sectorial operators. Most of the properties concerning this class of operators
can be found in [18].

Definition 2.6 (/21]). Given a closed linear operator A defined on a complex Banach space X, A is said to
be a sectorial operator if:

(ii) [|t(t + A)~7Y| < M for all t > 0 and some M > 0.

Remark 2.7. If condition (ii) is replaced by the R-boundedness of the set {t(t + A)~1};~0 then A is said
to be R-sectorial.

If A is a sectorial operator then we have Xy C p(—A) for some 6 > 0 and moreover Sup| .4 xj<p [ANA +
A)7Y| < oo. We denote the spectral angle of a sectorial operator A by

Op=inf{0: X, g C p(=A), sup [AA+A)7Y| < oo}

AeX, o

Definition 2.8 (/21]). Given a sectorial operator A defined on a complex Banach space X, we denote as
H>(X) the space of all operators that admit a bounded H>°— calculus, that is, if there exist § > 04 and a
constant Ky > 0 such that || f(A4)| < Kg| f||% for all f € Ho(Xp). We also define the H>(X)-angle as

0% = inf{0 > 04 : || F(A)]| < Kol fI|°, for all f € Ho(Zp) holds 1.

In the setting of R-boundedness, there are an analogous concept for operators admitting an R-bounded
H —calculus (or simply RH>—calculus), and this class of operators is denoted as RH>(X). Specifically,
it A € H>°(X) satisfies that the set

{9(A4) 1 g € H*(Zp), lgll% < 1}
5
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is R-bounded for some 6 > 0 then it is said that A admits an R-bounded H*°—calculus and that A belongs
to the class RH>(X). The corresponding angle will be noted as #5°°. See [21].

For examples of operators that admit a RH* —calculus and bounded H>°-calculus we refer to [20,21,24]
or [23] and references therein.

Finally, we need the following theorem given in [16, Proposition 4.10] which provides an easier condition
to ensure the R-boundedness of a certain set of operators.

Theorem 2.9. Let A € RH™(X) and suppose that {gr}rea C H>¥(Zp) is uniformly bounded for some
0 > 05>, where A is an arbitrary index set. Then the set {gx(A)}rea is R-bounded.

We recall the general implicit function theorem. In such theorem D will denote the Fréchet derivative
where, if needed, a subindex indicates the variable under which such derivative acts.

Theorem 2.10. Let X,Y, and Z be Banach spaces and let 2 be an open subset of X x Y. Let C' be a
continuously differentiable map from 2 to Z. If (Z,9) € {2 is a point such that D,C(&,9) is a bounded,
invertible, linear map from Y to Z, then there is an open neighborhood G of &, and a unique function
Vv : G =Y such that

C(z,¥(z)) =C(2,9), VYzed.

Moreover, v is continuously differentiable and ' (z) = —[D,C(z,¢(x))] "' D,C(z,(x)).
3. Strongly LP(X)-well-posedness for the linearized Blackstock—Crighton—Westervelt equation

The linearization of the BCW equation in a general abstract form on a Hilbert space was first considered
by Brunnhuber and Kaltenbacher in [6]. They apply the theory of operator semigroups and prove that the
underlying semigroup is analytic on two different phase spaces which leads, together with certain spectral
properties of the generator, to two exponentially decaying energy functionals. Moreover, they provide
existence and uniqueness results for the solutions of the linear model. From a different perspective, in the
Ref. [17] the authors are able to give an explicit representation of the solution for the linear model by means
of two classes of related strongly continuous families of bounded and linear operators.

In this section we will take a direct approach to the linearized BCW equation, in the setting of a Banach
space X satisfying a geometrical condition (UM D), avoiding reduction to a first-order system as done in [6].

We state the main abstract result of this paper.

Theorem 3.1. Let X be aUMD-space, 1 < p < o0, a,b,c > 0. Suppose that A € RH*(X) has angle Gﬁ"o €
(0,arctan(b/c?)) and 0 € p(A). Then for each f € LP(T,X) the linearized Blackstock—Crighton—Westervelt
equation:

(—aA — ;) (u" (t) + 2 Au(t) + bAU' (1)) = f(t), teT:=]0,2x], (3.1)
admits a unique solution v € WpR(T,D(A?)) N LP(T,X) with ' € W2EE(T,X) N LP(T, D(A?)) and
Au € W) R(T, X) that satisfies (3.3) for a.a. t € T. (i.e. is strongly LP(X)-well posed).

Proof. We first note that Eq. (3.3) can be expressed as:
— " (t) — (a + b)Au" (t) — (abA + ) A/ (t) — ac? A%u(t) = f(t), te€T:=][0,2n], (3.2)

and then it labels into (2.1) for M = I, N = —(a + b)A E = A%, H = (abA% + c*A), a = —1 and 8 = ac?,
v=1.
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Note that the operators M, N and E are closed. Moreover, since 0 € p(A) and A is closed, we can easily
deduce that H is closed, too. Also, we have that D(E) N D(H) = D(A?) C D(A) = D(M) N D(N).

We point out that for proving LP-well posedness of our equation we have to check assertion (i7) in
Theorem 2.5, where

Ni == —[iak®M + k*N + BE + ikyH] ™' = —[—ik® — k*(a + b) A + ac® A? + ik(abA® 4 > A)] 7,
for k € Z. An easy computation shows that:
Ni = [—aA —ik] 7 [<k* + 2 A + bAik] L.

It follows that

1 ik Tk -
Ne=———~|—+A —+ A
P a( + bik) {a * } [(02 + bik) * ]
1
= oo+ A) Ny (de + A7,
where ¢, = % and d = (C%’ik).
Since 0 < 05> < arctan(b/c?) there exists s > 05> such that s < arctan(b/c?). For each z € ¥, and
ke A =17\ {0}, define

az\ 1
Fi(k,z) = cx(ep +2)7 " = (1 + E)

_ —(+ibk)z\
Fyo(k,2z) = di(dp +2)"' = (1+W> .

Observe that the fraction {Z belongs to the sector X, = and that if s < 7/2 then such a sector does not

2
contain the semi-axis (—00,0]. On the other hand, for all k¥ € A we note that the fraction i =—3 - i%
2 .
belongs to the sector X, ian(p/c2)- Thus, the fraction W belongs to the sector X, . ctan(b/c2)

and, therefore, if s < arctan(b/c?) < /2 then such a sector does not contain the semi-axis (—oo, 0].
We conclude that both Z and 7 belong to the sector X, ctan(/c2) Where s < arctan(b/c?) and we
can assert that the distance from the sector X\ . ctan(/c2) to —1 is always positive. As a consequence,

there exist positive constants C7,Cs > 0 independent of k € Z and z € X, such that:

1
1+ 2

IFi(k,2)] = |

<G, Bk, 2)| = |

< (Cs.

L+ -
Theorem 2.9 shows that the sets {Fi(k, A)}kea and {Fa(k, A)}rea are R-bounded. Moreover, since A is
invertible, and ¢y = dy = 0, the operators Hy(k) = (cx + A)~! and Ha(k) = (dy + A)~! exist for all
k € Z. Consequently, Hy(k), Ho(k) belong to B(X) for all k € Z and the sequences {ci(cx + A) ™ }rez and
{d(dy, + A)fl}kez are R-bounded.

As a consequence of the above and the permanence properties of R-bounded sets [16], we obtain that
{Ny}rez is R-bounded. Now, we proceed to prove the R-boundedness of the sets {ik>aM Ny : k € Z},
{k?NNy : k € Z}, {kyHNy : k € Z} and {kNy : k € Z}. Indeed,

ikBMNk = cx(er + A)ildk(dk + A)fl

and then the conclusion follows immediately. Considering the identity A(cy + A)~! =T — ¢ (cp + A)~F we
have:

E*NNy = —k*(a +b)ANy = — (a;; ) di(di + A) " +

7

(a+D)

i Ck(Ck —‘y—A)_ldk(dk +A)_1.
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Since the sets {(aizb) Yeea, {dp(di +A)71} and {cx(cr + A)"1di(di + A) " }rez are R-bounded, we obtain
using the previous identity that the set {k2N Ny }rez is R-bounded, too. Moreover, using again the identities
A(dg + A)_l =T —dp(dg + A)_l and A(cg + A)_l =T —cp(ex + A)_l we obtain

kvyCNy = kabA2Nk + kC2ANk = k:abAQNk
2
+ ﬁ[dk(dk + A7 —cp(en + A) "y (di + A) 7

bob L b .
TR di(di + A) 2k crler +A) 7 2k ck(cx + A) " di(dy + A)
02 é .
3 —dy, (dk + A) (Ck + A) dk (dk -+ A)

ik ik2©

where the sets {%}k@ and {5 }reca are bounded and the sets {c(cy + A)~'} and {di(dy + A)~'} are
R-bounded. We conclude that the set {kyH Ny }iez is R-bounded. To end, we have

1,
ka:ij(lk ]\4.Z\Zk)7

and then {kNy}rez is also R-bounded. By Theorem 2.5 we conclude that Eq. (3.3) is strongly L?(X)-well
posed. [

Remark 3.2. Observe that if A is a sectorial operator that admits a bounded H* —calculus of angle
07> € (0,arctan(b/c?)) and 0 € p(A), then the conclusion of Theorem 3.1 also holds.

In case of A = —A with Dirichlet boundary conditions on X = L?({2) we immediately get the following
result that complements and extends recent results in [14].

Corollary 3.3. Given 1 < p,q < oo and a,b,c > 0. For each f € LP(T,L%(2)) the linearized
Blackstock—Crighton—Westervelt equation:

(aA —0)(u"(t) — Au(t) — bAU () = f(t), teT:=]0,2n], (3.3)

admits a unique solution u € WE(T, W*9(£2)) N LP(T, L(£2)) with v’ € W22(T, L(£2)) N LP(T, W*1(12))
and Au € WLP(T,L9(R2)) that satisfies (3.3) for a.a. t € T. (i.e. is strongly LP(L%(£2))-well posed).

per

We now consider the linearized Blackstock—Crighton—Westervelt equation subject to homogeneous Dirich-
let boundary conditions on a cylindrical domain {2:

(—a(=4) = 9,)(0Fulw,y,t) + (= A)u(z, y,t) + b(—A)du(z, y, 1))
= f(z,y,t), for (z,y,t) € 2 x (0,27);

Byu(z,y,t) =0, for (x,y,t) € 0U x V x (0,27);

Byu(x,y,t) =0, for (z,y,t) € U x IV x (0, 27);

u(xvyvo) = u(:r,y, 27()7 atu(‘r»yvo) = 8tu(xvy7 27T)7

Ofu(z,y,0) = Ofu(z,y, 27), Ou(w,y,0) = du(z,y, 27),

for each (x,y) € 2, with 2 = U x V C R"*? where U = R%,n € Nand V C R4, d € Ny has a compact
boundary (i.e. is a C%-standard domain, see [26, Definition 4.5]).

8
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Moreover, in (3.4) A stands for a cylindrical decomposition of the Dirichlet Laplacian on the space L1({2)
with reference to the two cross-sections i.e. A = Ay + Ay where A; behaves on the corresponding part of 2.
According to [25] we introduce Li-realizations A, ; = A; in the following way:

D(Ag1) = {ue W»YR", LY(V)) : By =0}
D(Ay2) == W2I(V)nWyd(V).

s

More details about A, 2 can be found in [27].
We introduce the Laplacian A, in L9(£2) subject to the Dirichlet boundary conditions By and By to be

D(4q) == D(A4,1) N D(Ag2)
Agu=Ag1u+ Ag1u=Au, ue D(A,).

As a consequence of [25, Theorem 4.2] we can assert that —A, € RH*(LI(£2)) and A, is invertible.
Also, by [25, Remark 4.7] we obtain that 97_322 = 0. As an application of Theorem 3.1 with A =
—A, we obtain the following main result on the strongly LP(L4(§2))-well-posedness for the linearized
Blackstock—Crighton—Westervelt equation.

Theorem 3.4. Let a,b,c > 0 and 1 < p,q < co. For any given f € LP(T,LI({2)) the problem (3.4) has a
unique solution u that belongs to the maximal reqularity space:

Sp(L(£2)) = {u € WyR(T,W*4(£2)) N LP(T, W(12)) : (3.5)
u' € LP(T,WH9(02)) N W2E(T, L9(12)), Aqu’ € Wpk(T,LY(12))}.

Moreover, for any 1 < p,q < oo there exists a constant C' > 0 such that the following estimate

|| Lo cr,Lac)) + 19 Lo er,Lagay) + luller,zaconll + 1A% Lo pacayy + 184" | Lo (r,La(0y)

+ ||(_A)2u||LP(T,Lq(Q)) + 1 Aull o (r, pac2y < ClfllLer,Lace)),

holds.

4. LP(L9?)-well-posedness for the Blackstock—Crighton—Westervelt equation with time-periodic forcing
term

We now analyze LP(L9)-well-posedness of periodic solutions for the Blackstock—Crighton—Westervelt
equation on a cylindrical domain with an external forcing term and homogeneous Dirichlet boundary

conditions:

(—a(=4) = 3)(QFu(@,y,t) + (= Du(w, y, 1) + b(~A)du(w,y,1))

1 B
=0 (2 (14 33) @07 ) + o7, o () € 23T,

Byu(z,y,t) =0, for (z,y,t) € 0U x V x T;
Bvu(az,y,t) =0, for (J?,y,t) €U x 0V xT;

’LL(.%‘, Y, 0) = U((E, Y, 271—)7 atu(x7 Y, 0) = atu(xu Y, 27T)7

O u(z,y,0) = Ofu(z,y,2m), 8 u(z,y,0) = du(z,y,2m),
9
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where 2 :=U xV, p € Rand f € LP(T,L%(12)). We consider the Dirichlet Laplacian A, in L9(§2) with
boundary conditions By and By as in the previous section. We now state the main result of this section that
provides the existence of solutions for the nonlinear Eq. (4.6). Our method of proof is based on the general
implicit function theorem and the maximal regularity estimate established in the previous section for the
linearized Blackstock—Crighton—Westervelt equation.

Theorem 4.5. Let1 < p,q < 00, a,b,c > 0. Then for each f € LP(T,L%(§2)) there exists p* > 0 such
that for all 0 < |p| < p* Eq. (4.6) has a nontrivial solution u, € WLE(T,W*(2)) N LP(T, W*(£2)) with

per

ul, € LP(T, WH9(2)) N W2E(T, LU(R2)) and Agul, € WLE(T, LU(2)).

per per

Proof. We first recall that the space S,(L9({2)) defined in (3.5) is a Banach space when endowed with the

norm:

Nl = llu" || Le(r,ac2y) + 1 | oer,Lacoyy + lull Lo, Loy | + 1A% || Lo (1, La(2))

+||Au”||Lp(1r,Lq(Q)) + H(_A)2UHLP(T,LQ(Q)) + ”AUHLP('H‘,L‘I(Q))'

We define a linear operator C : S,(L9(£2)) — LP(T; LY(2)) by
C(u) == —u"" 4 (a + b) Au" + (—abA + *) Au’ — ac*(—A)?u.

From the definition of the operator C we deduce that ||C(u)|| < M|u|. As a consequence of Theorem 3.4
we can state the existence of a constant C' > 0 such that [|u[| < C||C(u)]|. Therefore C is an isomorphism.
Moreover, as a consequence of Theorem 3.4 it follows that C is onto.

Let now define a mapping G : S,(L9(§2)) — LP(T; L1(12)) as follows:

Gy =02 (5 (1+ 5 ) (0u? ) =GR + @)(@Bul. w e 5,(7(4),

where k := C% (1 + %).
Note that u € S,(L9(£2)) implies v’ € W*P(T; L(£2)) and hence we have that u”,u"” € LP(T; L(£2))
and v/, u” are continuous. Therefore, we have

27 2
/0 " (6 (8) |2t < / u” (6) 2 " ()Pt < 22

and

27

27 27
| @< [ oo < e [ ol = ol Iy o,

where C1 := sup,c(o, 7 [[v” ()] and Ca := supycpo 1 [/ ()%

Thus, (u”)? € LP(T; L4(2)) and v/v"" € LP(T; L9(£2)). It implies that G is well defined as a map from
$,(LI(2)) to L(T; L9(2)).

To prove that the map G is continuous, we first note that 0 € p(A) implies that

lw” | Lo (rsna0y) = 1A Aw” || Lo(rsLac2)) < CsllAw” || Lo (rsza0)) < Callwl|

for each w € S,(L%(£2)), where C3 = ||A~!||. Therefore, given (u,) C S,(L%({2)) such that u, — u €
Sp(L1(2)) in the norm || - ||, we have that the sequence (u,) is bounded and, denoting by || - || the norm

10
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|l - lzr(m;La(02)), We obtain

IG(un) = G|l < (187 un — 0Fu)(OFun + OFu)|| + | (B — )0} un|| + |0ru(0; un — )|
< |07 un — OFull (107 wn | + 107 ull) + |0un — Syull||07un |
+ 1107 un — 0 ull]|Opu]
< (Ca A [lul)(Cs + Dlun — ull,

where Cy := sup,, ||u, |- This inequality proves the continuity of G.
Now, we consider the uniparametric family H : R x S,,(L(§2)) — LP(T; L9({2)) defined by

H(r,u) = —C(u) + G(u) + 7f.

From its definition, it is clear that H(0,0) = 0. On the other hand, we note that

DG(u) = k[2(07u)0} + (8} u)0; + ((9yu)9;)]

where we recall that D denotes the Fréchet derivative of G and therefore

DG(u)(h) = k[2(07u)(07h) + (9}u)(0:h) + (Opu)(O7 h)].

In particular, it implies that DG(0) = 0. Since D, H(7,u) = —C + DG(u) we then obtain D, H(0,0) = —C
which is linear, bounded and invertible. Using Theorem 2.10 we conclude that there exists a neighborhood
I C Rof0and a unique ¢ : I — S,(L?({2)) such that H(r,9 (7)) =0 for all 7 € I. Since v = 0 is a trivial
solution in case 7 = 0, we conclude that for all 7 € I\ {0} there exists u, := (1) € S,(L(2)) such that
u, is a nontrivial solution of Eq. (4.6), and the proof is finished. [
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