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Abstract: The present paper is dedicated to the examination of maximum and minimum results
based on Green’s functions via delta fractional differences for a class of fractional boundary problems.
For such a purpose, we built the corresponding Green’s functions based on the falling factorial
functions. In addition, using the constructed Green’s function, the positivity of the function and its
corresponding delta function are presented. We also verified the occurrence of two distinct functions
with the same Green’s function. The maximality and minimality of the Green’s function show a good
qualitative agreement. Finally, we considered some special examples to explain the obtained results.
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1. Introduction

In the last two decades, a large number of fractional differential and difference equa-
tions have been studied with their application in fractional calculus, telecommunication,
mathematical modeling, biological modeling, and so on; see e.g., [1-4]. One of the funda-
mental problems in science is the development of suitable fractional operators to extract
useful information from fractional and discrete fractional calculus; see e.g., [5-7]. These
operators are important in many fields of science, including physics, applied science,
mathematics, and scientific computing, as well as some related research fields, such as
engineering sciences, fluid dynamics, number theory, mathematical physics, and quantum
mechanics; see for example [8-11].

The study of the fractional boundary value problems (FBVPs) has attracted the at-
tention of researchers through the world, and these models have rarely been investigated
in the context of discrete fractional calculus [12,13]. The problem of finding the existence
and uniqueness of discrete FBVPs in relation to the homogeneous and inhomogeneous
boundary conditions is critical for mathematical and physical applications. For this reason,
different models have been proposed in the literature aiming to calculate the existence
and uniqueness of discrete FBVP models, using analytical and numerical or experimental
approaches; see for example [14,15] to be familiar with these operators.

On the other hands, the FBVPs have been extensively modelled since its beginning,
and with the flourishing development of discrete fractional calculus, the qualitative analysis
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of FBVPs for fractional difference equations has become an active research field. There
are several books and papers devoted to fractional difference modelling in both the com-
monly used fractional differences: Riemann-Liouville and Liouville-Caputo settings; see,
e.g., [16-22], for instance. Moreover, the existence and uniqueness of the solutions of FBVPs
have been investigated via other types of fractional differences, including the Attangana—
Baleanu and Caputo-Fabrizio fractional operators; see for example [23-26].

We have previously introduced several models of FBVPs to better understand their
interactions; for example in [27,28]. Motivated by the FBVP used in [27], we aim to examine
the following FBVP:

- (hOEIIM w) () =g(t+€), t€Tpysop)y (€D,
oclw(bo) — Déz(VZU)(bQ + 1) =0, 1)
Sw(b) + 61(Vw)(b) = 0.

where ¢ : J(4,425) = R, and a3 +a3 > 0,65+ 62 >0, foray,ap,6,6 € Rand Jivgr20) =
{bo+2,byp+3,...,b}. With these motivations and considerations in mind, in this article,
we will establish bounded results to the Green’s functions obtained from the above delta
fractional operator.

The remaining part of this paper has structured in the sequence: In the next section,
we have briefly presented fundamental structures and basic theorems related to Green’s
functions and FBVPs. Then, in Section 3, we have studied the conduction of Green’s
functions associated with the proposed FBVP. In addition, we have two parts for the main
results in this section: In Section 3.1, the essential positivity results of the operators have
been deducted along with their existence results, and we have presented the bounded
results in Section 3.2 regarding the maximality and minimality. Then, in Section 4, we
have presented a related numerical example. Concluding remarks, together with the future
directions, are detailed in Section 5.

2. Preliminaries

Let I, = (n —1,n), Jy,) = {bo,bo+1,...}, n € J1), and Y(t) = t + 1. We refer to
Definition 2.25 in [2]; the delta-fractional sum is given as follows:

(0
(boA‘Zw) () = Y}, Wea(t,Y(t2))w(ta), fort € Iy, 1), @)

and Theorem 2.2 in [29]; the delta-fractional difference is given as follows:

t+0
(Beafw)(t) = 3 W (b Y(B)w(t), fort € I, pn_, ®)

th=bg

for / € I, and w is defined by J (bo)- Also, we have

B (t—t)ﬁi I(t—t+1)
Wilt:t2) = 17 +21> - r(£+1)r(t—2t2+1 -0 @

Next, we recall some properties of Wy(t, t2).

Lemma 1 (see [2,14]). If ¢ € RY, then

i V Wg(t, bo) =W,_4 (t -1, bo)
(ii) Fort e J(bo)/ we have

Wg(t + /- 1,b0) - Wg_1(t+f — Z,bo) = Wg(f + 0 — 1,Y(bo)) = Wg(t +4-2, bo).
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(iii) Fort € Jp4p) as £ € In, we have

bo+n—aq

(1 S~ o) (6) = (o). ®)

(iv) t € Jp,41), we have

t
Z Wg(tz + 0 — 1,b0) = Wg+1(t+f,b0),
ty=bo+1
t
Y, Wilta+€+1,Y(t)) = Wi (t+ £, bo).

ty=by+1
Lemma 2 (see [28]). Lett, € J (bo)- Then, one can have
(i If¢>0,then
* Wit +{+1,Y(t)) is decreasing with reference to ta, for t € J;,_y).
o Wt +L€+1,Y(t2)) is increasing with reference to t, for t € Jy,).
(i) If¢> —1,then
o Wi(t+L+1,Y(t)) >0 fort € Jy,_1).
o Wi(t+L+1,Y(ta)) >0, fort € Jy,).
(iii) IfO > € > —1, then
*  Wy(t+€+1,Y(tr)) is increasing with reference to ta, for t € Jy,).
o Wy(t+L+1,Y(t2)) is increasing with reference to t, for t € J;,1).
(iv) If€ >0, then Wy(t+ £ +1,Y(t2)) is non-decreasing with reference to t, for t € J;,_y).

Lemma 3 (see [28]). Forty € J(y 11y, t € J(yy) and £ > —1, we define

Wt 041, (1)
Tt t2) = =) = 1,by) ©)

Then, we have

i- Tg(t, tz) > 0.
ii-  Ty(t, tp) <1, where £ > 0,and Ty(t,t) > 1, where —1 < ¢ < 0, specifically, To(t,tp) = 1.

iii-  The function Ty(t,tp) is non-increasing with reference to t, where £ > 0.
iv-  The function Ty(t,t,) is non-increasing with reference to t, where —1 < £ < 0.

Lemma 4 (see [28]). The general solution of

(lg;Afw)(t) = —g(t+0), t€ o),

is given as follows

w(t) =g Wy_q (f +7, Y(bo)) + o Wy_s (f + 40— 1,Y(b0))
- (b0+2A_a18) (t+0), te€lpy @)

where £ € Iy, c1 and cy are arbitrary constants.
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3. Main Results
First, we study our essential results on Green’s functions. By considering (1), we define
the following notations:
Bi=a1+ar(1-1),
By=Bit+ay=a1+ay(2—14),
fir) =W (b+ Y1) + Wi a(b+E€—1,Y(r), 7€ Jpp,
fz( =ByWy_1(r+¢6Y(by)) —BiWya(r+¢—1,Y(by)), re J(bo,b)7
=Wy a(b+0—1,Y(by)) + 5 Wy_3(b+¢—2,Y(by)),
A =B f1(bg) — By A.

Theorem 1. There is a unique solution for the FBVP (1), which is given by

b

w(t)= ), F(tt)g(t), t€Iupn, (8)
th=bg+2
where
%t 1) = LU (1), t € Jipy,t,-1)s
G (t,ty) = 9

Dt 1) :=G(t ) = Wi (t+6Y(R)),  t €T
Proof. The general solution of (1) is given by (7). It follows from this and Lemma 1 that
(Vw)(t) =c1 Wy a(t+£—-1,Y(bo)) +caWy_3(t + £ —2,Y(bp))
Y (b0+2A_“18> (t+)
=i Wia(t+€—1,Y(by)) +coWp_s(t+£—2,Y(by))
~ (spe2dg) (EH £ - 1), (10)
fort €J (by,b)- By using the BCs of (1) in (7) and (10), respectively, we obtain

¢1B1+c¢ By =0,

and
b
cfilb) +e2 A=) fi(t)g(ta).
thy=bg+2
From these equations, it follows that
B, &
o= Y. filt)g(ta),
t2:b0+2
and
—B; b
= —= Y. Ak)g(t).
t2:b0+2

By substituting the values of c¢; and c¢; in (7), we obtain the desired result. Therefore,
the proof is complete. [

We have divided the main results of this section into two parts.
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3.1. Positivity Results

This subsection is dedicated to prove some necessary lemmas for the positivity of operators.

Lemma 5. Lef a1,a5,57,01 > 0s.t. a1 > ap. Then, we have

(@ By, By, fi(r) >0, forr e J(bo,h);
(b) f1 (bo) —A>0;

(0 A>0;

(d) fz(?’) > O,fOI’ r e J(bo,b);

@ (Vf)(r) >0 forr €I ip):

Proof. By considering Lemma 2 (ii), we obtain (a).
Next, by using the hypothesis and Lemmas 1-2 (ii), we see that

fi(bg) —A =6, {Wg,l (b + g,Y(bo)) -Wi, (b +— 1,Y(b0))}
+ &1 |:Wg_2 (b + 0 — 1,Y(b0)) — O Wy_3 (b + £ — 2,Y(b0))}
= (SQWZ,](b-FE—Z,bo) + &1 Wg,z(b—f—g—?),bo) >0,

which proves (b).
For the next one, we use (a) and (b) to obtain

A= B2f1(b0) —B1 A
= (By +a2)f1(bo) — B1 A
= Bi1(fi(bo) — A) + a2 fi(bo) >0,

which gives the proof of (c).
By considering (a), Lemma 1 (ii), Lemma 2 (i,ii), we have

fa(r) = Ba Wy (r +¢,Y(bo)) — B1 Wy a(r+£—1,Y(bo))
= (B +ax)Wy_1(r+¢,Y (b)) — By Wy_o(r+£—1,Y(b))
=BiWy_1(r+£,Y(bg)) = Wiy_p(r+£,Y(b))] +aa Wy_1(r+£,Y(bg))
— ByW1(r+€—2,bg) + ey W1 (r + £, Y (bo)) >0,

forr € Jy, p)- This has proved (d).
The final item can be proved by using (d) and Lemma 1 (i) as follows:

(V £2)(r) =V [By W ar+ €= 2,b0) + o Wi (r + £, Y (b)) |
=By Wy_o(r+4€—3,bp) + ao Wy_o(r+¢—1,Y(bg)) >0,
forr € J(p41,)- Hence, the proof is complete. [l
Lemma 6. With the same assumptions as the above lemma, we have
Y(tta) 20, (tt2) € Ty X J(np42h)-

Proof. Considering Theorem 1, we have

i) =20 fm) 20 an

as fo(t) = 0,A >0, fi(ta) > 0fort € Jp ;) and tp € J(p 45 4) according to Lemma 5.
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Moreover, we have
t
(1) = LU fr0) - Wi (4 £ Y(12)
1
= <A Ailt2) =AW (4 £, Y (1)) |
1
=3 [3152 Ey + B1d1 Ex + 2202 E3 + a0y E4] , (12)

where

Ey =Wy (b+6,Y (k) Wi (t+£—2,b)
W1 (t+ €, Y () We—1 (b + £ —2,bp);

Er, = Wg,z(b + 40— 1,Y(t2)) Wy_q (t +/0-2, bo)
- Wy (t + E,Y(tz)) Wy_» (b +4{4 -3, b()),'

Es=Wy_4 (b + E,Y(tz)) Wip_1 (t + E,Y(bo))
- Wy_1 (t + é,Y(tz)) Wi_1 (b + g,Y(bo)),‘

Ey =Wy_p(b+£—1,Y(t2)) Wy (t+£,Y (b))
~ Wi (t+6,Y(t2)) Wya(b+£—1,Y(bo)).

Computing these values in turn, we have

E1=Wi_4 (t + E,Y(i‘z)) Wyi_1 (b +4-2, bo)
Wi (b+6,Y(t2)) Wy (t+€—2,by) B
Wy_q (b +4—2, bo) Wo_q (t + 4, Y(tz))
Tf*l (b/ tZ)
Tr-1(t t2)

=Wy_4 (i’+€,Y(l‘2)) Wyi_1 (b—Fé—Z,bo) >0

- Y

where we used Wy_1(t + £, Y(t2)) Wy—1(b+ ¢ — 2,by) > 0 according to Lemma 2 (ii),
and Ty_1 (b, t2) > Ty—1(t, t2) according to Lemma 3. Also,
Ey, = Wg,z(b + 0 — 1,Y(f2)) W1 (t +£-2, bo)
- W4 (t + K,Y(tz)) Wy_» (b +0-3, b())
> Wy (b4+£—=1,Y(bo) + 1) Wy_q(t+£—2,tp — 1)
A (i’ + E,Y(tz)) Wy_» (b +¢-3, bo) =0,

where we have used Lemma 2 (j,iii) and

Wo_» (b +/4—1,Y(by) + 1) =Wy_» (b +£-3, bo),
Wp_1 (t +4—2,tp — 1) =Wy (f + E,Y(tz)),

fort, € J(bo+2,b) and / € b,.
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Again, by using Lemma 2 (ii) and Lemma 3, we have

Es = Wy_1(b+£,Y(t2)) We—1(t+£,Y (bo))
— Wi (t4+6,Y(t2)) We—1(b+£,Y(bo))
=Wi(t+6,Y(t2)) Wi (b+ £, Y (bo))
Wi 1(b+€,Y(t2)) We1(t+£,Y(b)) 1]
W1 (b+¢,Y(bo)) Wi 1(t+€ Y(t2))

=W (t+6,Y(8)) Wea (b + é,Y(bo>)

Finally, by using Lemma 2 (i,iii), we have

Es =W a(b+€—1,Y(t2)) We1(t +£,Y(bo))
— Wi (E+ 6, Y (1)) Wea (b + £ —1,Y (b))
>Wya(b+€—1,Y(bo)) We—1(t+£,X(s))
~ Wi (t+6,Y(02)) Wy a(b+£—1,Y (b)) =

Therefore, by considering the E;’s values in (12) and the hypotheses, we have

GD(t ta) = fz)(tt) fi(ta) >0, (13)

fort € J(y,p) and tz € Jy 4. Hence, 4(t, t2) > 0, for (¢, t2) € J(y, p) X J(py+2,5), according
to (11) and (13). This completes the proof. [

3.2. Max and Min Results

The maximality and minimality of the proposed Green’s function will be stated in the
following theorems.

Theorem 2. With the same assumptions as the Lemma 5, we have

max g(t, i’z) = g(tz -1, tz), ) € J(b0+2,b)'
tEJ(bo,b)

Proof. According to Theorem 1 one can have

(Vi f2)(t)
A

(Viq)(t, ) = fi(t2) >0,

according to Lemma 5, for (t,t;) € Jwor1,6-1) X J(py2,0)-
Next, from Lemma 6, we have

(Vi) (2) = 1 [ (V4 £2) () falta) = AW+ £~ 1, ()]

|:31(52 Fi 4+ B101 B, + axdy F5 + a0 F4:|

>»\H>»\
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where

F = (Vt El) =Wy_4 (b + E,Y(tz)) Wy_» (t +£-3, bo)
—Wy_» (f + 0 — 1,Y(t2)) We_q (b +0-2, bo);

F, = (Vt Ez) =W,_, (b +4— l,Y(t2)) Wy_» (t +¢-3, bo)
—Wy_s (t + 40— 1,Y(t2)) Wy_» (b +0-3, bo);

F = (Vt Eg) =Wy_4 (b + E,Y(tz)) Wy_o (t + 0 — 1,Y(bo))
Wy (t+€—1,Y(t2)) We1(b+£,Y(bo));

Fy= (ViEs) = Wia(b+£—=1,Y(t2)) Wy (t + £ —1,Y (o))
—Wy_s (t + 40— 1,Y(t2)) Wy_» (b +0— l,Y(bo)).

By using the same techniques used in the previous lemma, we can calculate each Fys
as follows:

Fi =Wi_1(b+£,Y(t2)) Wy_p(t+ £ —3,bg)
Wi (t+0—1,Y(t2)) Wy—1 (b4 £ —2,bp)
<Wyq(b+€—=2,bp) Wi (t+£—1,Y(t2))
Wi (t4+0—=1,Y(t2)) Wy_1(b+ £ —2,bg) =0,

B =Wy (b+0—1Y(t2)) Wy_o(t+€—3,bp)
— Wy (t+0—=1,Y(t2)) Wy_a(b+ £ —3,bp)
=Wio(t4+0—1,Y(t2)) Wy_a(b+ £ —3,b)
Wy o(b+€—1,Y(t2)) Wy o(t+£—3,bp) _4

Wia(b+£—=3,bg) Wy o(t+£—-1,Y(f))

Ty_o(b,t
= Wy—z(t + 40— 1,Y(i’2)) Wg_z(b +¢-3, bO) [m _ 1]

<0

7

FF=Wy_4 (b + f,Y(i’Q)) Wi_» (t + 40— 1,Y(b0))
—Wy_n (t + 4 — 1,Y(f2)) Wo_q (b + E,Y(bo))
<Wp_4 (b + K,Y(bo)) ngz(t + 40— 1,Y(S))
~Wia(t+£=1Y(t)) Wea(b+£,Y(bo)) =0,

and

Fy =Wy a(b+€—1,Y(t2)) Wya(t+€—1,Y(by))
Wi a(t+0—1,Y () Wya(b+ € —1,Y(by))
= Wea(t+£—=1,Y(t2)) W2 (b+ £ —1,Y(bo))
MQ2@+ELYOg)MQ20+ELYw@)_4
Wea(b+£—1,Y(by)) Wi (t+£—1,Y(t2))

Ty > (b/ tZ) 1
Wé*Z(t/ tZ)

= Wea(t+£—=1,Y(t2)) W2 (b+ £ —1,Y(bo))

<0.
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Therefore, we conclude from the hypotheses and these values
(Vi4)(t,t2) <0,

for (t,2) € Ty, ) X J(pyr20)-
As a consequence, for t € J; 42 4), we obtain the result

max g(t,tz) = max {gl(fz *1,t2),g2(t2,t2)}
teﬂ(bo,b) tej(bo,b)

= g(tz -1, tz),

where we have used

GD(tr, t2) =% (tr — 1, 1y) = f2 E\ )f1( t2) = Wi_1(ta+4,Y(t)) — Wﬂ(tz)
= E\ [f — falta — 1)} Wi (k2 +£,Y(t2))
_ (Vy 2)

f (t ) Wio_» (tz + 0 — 1,Y(t2)>
= (V4 %)(f2, ty) <0.

Thus, we have completed our proof. [
Theorem 3. With the same assumptions as the Lemma 5, we have

max Y(t,ty) > x9(tr—1,t2), h € J(b0+2,b)/
tEJ(bO b)

where

—71 min — A
ATy {fZ(bO)’fZ(b) Y (= )}‘

bo+0-3
Proof. Theorem 2 implies that
G (bo, t2) <% (t 1) <% (ta—1, 1), (14)

for (t,1) € Tivo,ta—1) X J(pg12,6)

gz(b, tz) < gz(t' t2) < gz(tz, tZ)/ (15)
for (t,t2) € It ) X Jipy42,0)-
We consider
G (t,tr) )
G (t, 1) m, te Jipyt,-1);

G(t—1,t2) D (1)
Thtm L€ dmy
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It follows from (14) and (15) that
4 (bo,t2) :
g(t tz) %J(ltz—ol,ztz), t € J(bf)/t271),
Y(t—1,t) ~ G (bty)
?/7(?2(—122)’ FE ity ),
f2(bo) .
fz(thgl)’ te J(bo,b*l)’
fb) AW (b+Y(h))
ft-1) f-Dfilk) EE )
) fa(bo), EE Jpp 1))
ACER (b0 (2) (10
2(t2 — Wy_1 (b+0Y(t2)
fb) A= e T
Calculating the second term, we have
Wg_l(b—Fe,Y(tz)) _ W1 (b-l—f,Y(tz))
fi(t2) Wi g (b+6,Y (1)) +8 Wy (b +£—1,Y(t))
- 1
Wi (b+0-1Y(1))
dy+0
2T (b+6Y(t2))
B 1
= —
o2+ 01 (mﬁ)
1
< , (17)
/—
02+ 01 (m)
for tp € J(p,42,)- From (16) and (17), we can conclude that
fZ(bO), tEJb, —1)s
Gth) o 1 e (18)
Gty —1,tp) — th —1 S S
(2 2) ~ Sl =) f2(b) 52+01 (bfb%llfﬂ) , He ey
Since (V f2)(t2) > 0, for t € J(y,+1,), according to Lemma 5 (e), we can say that
folb—=1)> falta —1) > fa(bo+1), t € J(vo+2,0)- (19)

By making the use of (19) in (18), we obtain the desired result. Hence, the proof is com-
plete. O

4. An Application

The following example is dedicated to understand the applicability of the above
main results.

Example 1. Let us suppose that

bOZO,bIZ, (512062:0, 061:(52:1.
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This implies that By = By = ay = 1. Therefore,

A=Wt 41,1) = (- 1)L,
A=Wt 42041 = LE2Z0 T — A = 3+ D),
A= fi(bo) —A=¢,
fo(t) = Wia (t+6,Y(bo)) = We—a(t+€—1,Y(bo))
T(t40-1)
L(H)I'(£)
— fz(bo) — 0, fz(b) = f, fz(b — 1) =1.

= W1 (t+€—-1,Y (b)) =

Also, we know that

F(t + 00— tz)
[(t—ta+1T(L)

Wy_1 (t + f,Y(tg)) =

Since t, = 2 and

(-1
Wi ([fz — 1]+ f,Y(fz)) = F((O)F(E)) —0,
we conclude that
1 F(t2+€—2)1"(€—t2+2) 1
— 1 = — 1 = = —.
Gt =1 k) =%(t: —1,1) T(OT({+1) T(h—1IB—t) i
Moreover, in view of (9), we have
1 T(t4¢-1) .
I CEs YR te {01}

g(f, tz) =

1 F(H’Zfl) 1 F(t+872) te {2}

Thus, we can deduce that

1
max g(f,tz) = - :g(tz—l,tz), th =2,
tEJ(O/z) ‘€

which confirms the validity of Theorem 2.

On the other hands, we observe that

1 A
= — — _min by), fo(b) —
X fa(b—1) {f2< o). fal0) by + 1 <7b—b€;+1€—3> }

= min{0,0} = 0.

Therefore, for t = 2, we have

1
- = max g(t,tz) >0= Xg(tz — 1,t2),
tEJ(O,Z)
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foreach £ € Ip. This confirms the validity of Theorem 3.

5. Conclusions

In this paper, we have considered the delta FBVP (1). For this, a new Green’s func-
tion in the domain J; ;) has been constructed, together with some essential properties.
The proposed Green’s function is formulated via some functions and the positivity of
these functions has been derived. In fact, it is proven that the maximality of this Green's
functionis equal to ¥ (tp — 1,t5), tr €] (bo+2,b) however, when y is defined in Theorem 3,
it is greater and equal to x ¥ (t, — 1, tp). Finally, Theorem 3 has been verified by using an
example of a special FBVP.

This research direction can be extended to other types of fractional difference operators,
such as Liouville-Caputo operators, and other types with Mittag-Leffler and exponential
in kernels; for example, see [14,15] to find these operators.
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