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Abstract

We obtain necessary and sufficient conditions for the strongly L” well-posedness of three abstract evo-
lution equations, arising from fractional Moore-Gibson-Thompson type equations which have recently
appeared in the literature. We use Fourier multiplier techniques to derive new characterizations in terms of
the R-boundedness of the operator-valued symbol associated to each abstract model, when endowed with
the time-fractional Liouville-Griinwald derivative. As a consequence of our characterization, we give new
insights into the differences between the models based on the structure of the respective operator-valued
symbols and show novel applications by including several classes of operators other than the Laplacian.
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1. Introduction

Let A be a closed linear operator defined on a complex Banach space X. In this article, we
are concerned with time-fractional abstract linear models that admit the form

(141D (t) — P Au(t)) — 8D} P Au(t) = (1), t€l0,27], (1.1)

where 7,6 > 0 and DY denotes the o' Liouville-Griinwald derivative [16,29, Definition 2.1]
(also called Weyl derivative [22, Section 6.2], [10,34]). The above model in case A = A, the
Laplacian operator, and considering Caputo-Djrbashian fractional derivative has been recently
introduced by Kaltenbacher and Nikolic [25]. It arises from using fractional temperature laws
proposed by Compte and Metzler instead of the standard heat flux law within the governing
equations to the classical Moore-Gibson-Thompson (MGT) equation. Due to their interest in ap-
plied fields such as viscoelasticity theory [20], where they have gained increasing importance,
in [1,2,23], the authors have proposed similar approaches for constructing a fractional order
version of the MGT equation. They used diverse time-fractional order operators to create frac-
tional Moore-Gibson-Thompson (fMGT) equations. For instance, in the reference [1] the authors
used the fractional Atangana-Baleanu operator, whereas in the reference [2] the more standard
Riemann-Liouville definition of fractional derivative is used. On the other hand, in [2] the authors
considered the Caputo-Djrbashian definition of fractional operator. Using the same definition, in
[25, Section 7] the authors introduce the following cases: Type I: o € (0, 1] and 8 = «; Type
II: « € (0,1] and B =2 — «; and Type IIIl: @« = 1 and B € (0, 1] and they name them as fMGT
equations. In the same work, it was shown the well-posedness for these linear time-fractional
models in the Hilbert space X = L?(£).

We point out that a recent and extensive analysis has been done on the singular limit of the
integer model (1.1) when o = 8 =1 and the relaxation parameter T vanishes. See [5,9] and ref-
erences therein. In the new and interesting articles of Meliani [35] and Katenbacher and Nikolic
[26,37], the authors consider abstract memory kernel convolution terms instead of fractional
derivatives, analyzing the singular limit and generalizing [25].

Well-posedness in vector-valued Lebesgue-Bochner spaces for the abstract model (1.1) in case
T = 0 has been provided in [29]. In case 7 # 0, = 1, B = 1, the well-posedness of equation
(1.1) named as the abstract Moore-Gibson-Thompson (aMGT) equation, has been studied by
Poblete and Pozo in [38] in Lebesgue-Bochner spaces and, more generally, by Cai and Bu [18]
in the scales of vector-valued Besov and Triebel-Lizorkin spaces. However, the analysis of well-
posedness for the fractional abstract MGT equation (afMGT) introduced in this article is still
an open problem in most vector-valued spaces of interest. See also [7,11,12,14,15] for more
research on this topic.

In this article we provide for the first time a complete characterization of strong well-
posedness for (1.1) on the scale of vector-valued Lebesgue spaces L? (0, 27; X), showing new
and interesting relationships and differences between equations of Type I, II and III within the
framework of the abstract model (1.1). We consider equation (1.1) when endowed with time-
fractional Liouville-Griinwald derivatives. This definition arises to preserve periodicity and is
used e.g., in physics for the study of fractional fields at a positive temperature where fractional
oscillators are replaced by fractional thermal oscillators [33, Section 3], and in approximation
theory of periodic functions by trigonometric polynomials [32,39]. Several properties of the
Liouville-Grunwald derivative are given in [17, Section 3].
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It should be noted that our results are general enough not to require additional assumptions
on the operator A, such as being the generator of a semigroup or cosine family of operators.
Our methods are based on the use of Fourier multipliers theorems with operator-valued symbols
obtained by Arendt and Bu [8], R-bounded operators, U M D spaces, and an original technique
introduced in the recent reference [19].

1.1. Main results

Next, we provide an overview of our main findings. We consider the complex variable func-
tions

.[aza+2 +Z2
c2 + CZ-L-ozZot + 8Z2—/3

d'(z) = withz =ik, keZ, (1.2)
where j € {I, 11, 111}. We show that for a fixed j, and under the assumption that X isa UM D
space (e.g. X = L9(R2), 1 < g < 00), a necessary and sufficient condition to have for every
feL?0,2r; X),1 < p < 0o, a unique function u that satisfies equation (1.1) and belongs to
the respective maximal regularity space, is that {d’(ik)};c7z < p(A), the resolvent set of A, and
the set

{dI (i) (d? (ik) — A ez,

is R-bounded. See Theorems 3.15, 4.21 and 4.24 below. As a consequence, important a priori
estimates for the solutions can be established. We also observe that Theorem 3.15 extends [38,
Corollary 3.12] from the (aMGT) to the (afMGT) equation.

We show in all cases that / m(d,{ ) # 0 for all k # 0, but that the real part may vary as follows:

Type IT: Re(d{’) <0 for all k # 0 and Im(d}")/Re(d}") has order 1/|k|* (Jk| — oc0);

Type I: Re(d,f) < 0 for all k # 0 if the condition

1/2<a<1 and cos(ar/2)+ t%cos(an) <O, (1.3)

holds. Moreover Im(d,f)/Re(d,g) — +tan(am) as k — F00;
Type III: Re(d}!") < 0 for all k # 0 if the condition

0<pB<1 and cos <ﬁ7n>—rsin <'677T> <0 (1.4)

is imposed. Moreover, Im(d,f”)/Re(d,f”) — Fcot(Bm/2) as k - Loo.

This implies several interesting consequences. First of all, Type II is the prototypical model
for the fMGT equation in case A = A since d,f I follows the same dynamical behavior as the case
a = 1 for the MGT equation. Our abstract results confirm the same behavior for this fractional
model on an arbitrary Hilbert space for 0 < o < 1, see Theorem 5.26 below. We observe that
this result is in agreement with [25, Proposition 7.1] in the sense that well-posedness is allowed
without any restriction (except, of course, § > 0). As an important advantage, our abstract result
allows considering any selfadjoint operator A in this model, such as the negative bilaplacian
operator A = —A? in an appropriate domain.
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According to (1.3), the Type I model has two restrictions to have a similar behavior to the Type
II model. The first analytical restriction is on the fractional order @ € (1/2, 1] which, surprisingly,
is in line with the physical interpretation of model I, namely, for 0 < o < 1/2 the temperature
which is represented by the solution u(¢) of the model, could be negative, see [25, Section 2].
On the other hand, the second restriction gives new insights into the dependence between the
parameter 7, that accounts for relaxation, and the fractional order «. According to this depen-
dence, and taking into account that T must be small in several, though not all, practical situations
(for a discussion and examples, see [9, p.150]) we conclude from (1.3) that in such situations
o must be close to the MGT case o = 1. Note that obeying the behavior of 1 m(d,f )/ Re(d,f ) as
k — 400 in the model I, sectorial operators are admitted in contrast to model II. Hence, the same
behavior as for the MGT case is valid for several sectorial operators A defined ona UM D space,
see Corollary 5.32 below. In particular, our results for the Type I model are valid in Lebesgue
spaces L4(S2) where  C R¥ is a bounded and smooth domain. As a concrete example, we
prove new results on strongly L” well-posedness for the fMGT equation when A = A is defined
on a cylindrical domain. See Theorem 5.33.

Finally and taking into account now (1.4), we observe that, in contrast with model II, there is
no analytical restriction on the values of 8 € (0, 1] for model III, but a constraint on the values
of 7 is needed. Again this dependence shows that in practical situations of interest, the fractional
order § must be close to 8 = 1. In addition, as in the case of model II, sectorial operators could
also be admitted. We finish this article with Theorem 5.36 showing that operators like A = A but
also A = —(—A)l/ 2and A =—A?are eventually admissible for this model.

2. Preliminaries

Let X and Y be complex Banach spaces. We denote by B(X, Y) the space of all bounded
linear operators from X to Y. If X =Y then B(X, Y) will be denoted as B(X). We denote as
LP(0,2m; X), 1 < p < oo the space of all 27 -periodic Bochner measurable X -valued functions
f such that f restricted to [0, 2] is p-integrable (essentially bounded if p = 00).

In what follows, we use the notation

. |k|aeisgn(k)an/2 ifk;ﬁ()
@k '_{0 ifk=0.

Moreover, we define a; :=1/(ik)* fork 20 and ap = 1.
The Fourier coefficients of f € L? (0, 2r; X)(1 < p < oo) will be denoted by

2

Flk) = i/efkmf(r)dr, ke,
27

0

where ¢, (1) 1= ¢'*, 1 € [0, 27].
Let o > 0. We define the «" Liouville-Griinwald fractional derivative operator D% in
LP(0,2m; X) by

D%u .= Z(ik)“ﬁ(k)ek, ue H*?(0,2m; X), 2.1
keZ
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where we denote by H*? (0, 27; X) the vector-valued fractional Sobolev space
H*?0,2m; X) :={ue LP0,2r; X):Jv e LP(0,27; X) : v(k) = (ik)*u(k) forall k € Z}.
In case @ = 0 we denote Ho’p(O, 2m; X)=LP(0,2m; X).
The expression given in (2.1) is also known as the o’” Weyl derivative [34]. The present for-
mulation can be found e.g. in the references [10,13]. This derivative usually appears in problems
that involve periodicity, see for example, Section 9 in [16] in which the authors investigated a

fractional diffusion-type equation, or [29] where periodic solutions for time-fractional differen-
tial equations are analyzed.

Remark 2.1.Let p > 1 be given. It is shown in [10, p. 203-204] that for each n € N U {0}
if n + % <a<n+1+ % and u € H*?(0,2m; X) then u is n-times continuously differ-

entiable and u® (0) = u® (27) for all 0 < k < n. In particular, if u € H>P(0,27; X) then
u(0) =um),u’ (0) =u'2n) and u”(0) = u” (2r).

The vector-valued Sobolev space H*? (0, 2rr; X) is equipped with the norm

lull greer := llullLr + [1D%ullLr

so that it becomes a Banach space. If « = 1 we denote D'=D. By [16, Theorem 4.1] we have
the following characterization

H*?0,2m; X)={ue L?0,27; X): D*u € L?(0,27; X)}.
For further use we state the following result.

Proposition 2.2. Let o, B > 0. Then
H* PP (0,27; X) = {u e H#P(0,27; X) : DPu e H*?(0,27; X))}.

Proof. Let u € H*tA:-P(0,27; X). Then u € LP(0,2r; X) and D*TAu e LP(0,27; X). By
[29, Proposition 2.3 (ii)] we have that Dfyu exists and D*Pu = D*(DPu). This means that
D¥(DPu) € LP(0,2m; X). Since B < a + B, part (i) of the same Proposition gives Dfu e
LP(0,27; X). Hence u € H?P(0,27; X) and DPu € H*P(0,27; X).

Conversely, assume that u € H?AP(0,27; X) and DPu € H*P(0, 27; X). Then [29, Propo-
sition 2.3 (ii)] guarantees that D**Py exists and D*Pu = D*(DPu). This implies u €
HYtAP0,27; X). O

Remark 2.3. [10] As a consequence of Proposition 2.2, if 0 < & < &;, then
HP(0,27; X) € HS1P(0,2; X).
We recall the notion of operator-valued Fourier multiplier [8,10,30].
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Definition 2.4. Let X and Y be Banach spaces. For 1 < p < oo, @ > 0 we say that a sequence
{Mi}rez C B(X,Y) is an (L?, H*?)-multiplier, if for each f € L? (0, 2r; X) there exists u €
H*P?(0,2m;Y) such that

(k) = My f (k) forall k € Z.

In particular, in the border case o = 0 the definition coincides with the one contained in [8,
Proposition 1.1]. The next important lemma can be found in [29, Lemma 2.6].

Lemma 2.5. Let 1 < p <00, a >0 and (My)cz C B(X). The following assertions are equiva-
lent

(i) (My)rez, is an (LP, H*P)-multiplier;

(ii) (((k)* My)rez, is an (LP, LP)- multiplier.

We recall from [30] the following definition.

Definition 2.6. A sequence {ci}rcz C C \ {0} is called 1-regular if it is bounded as well as the
k(ck+1—ck)
set { x Ykez-

The next lemma is a direct consequence of [31, Corollary 3.10 and Remark 2.2].

Lemma 2.7. Let X be a UMD space. Let {My}icz be an (LP, L?)-multiplier and {by}cz a
bounded sequence satisfying

sup |bi| + sup |k(bry1 — bi)| < o0. (2.2)
keZ kel

Then {by My}iez is an (LP, LP)-multiplier.

We now recall the notion of an R-bounded set of operators. For a summary about the main
properties about R-bounded sets we refer to [21].

Definition 2.8. Let X and Y be Banach spaces. A set 7 C B(X, Y) is called R-bounded if there
is a constant ¢ > 0 such that

”(Tlxl? ceey Tnxn)”R S C“(xl, sy xn)”R» (23)

forall Ty, ..., T,, €T, x1,...,x, € X, n € N where

||<x1,...,xn)||R:=2i,, 3 HXn:ejx./H.

ejel—11m  j=1
Let £ C C be the open sector
Ty ={z e C\{0}:|argz| < y}.

345



E. Alvarez, C. Lizama and M. Murillo-Arcila Journal of Differential Equations 376 (2023) 340-369

Definition 2.9. [29] A closed densely defined operator A is said to be sectorial of angle 6 if it
satisfies the following conditions

D) o(A) cC\ Zg;

(i) The set {z(z — A)~! : z € 2y} is bounded in B(X).

The operator A is called R-sectorial of angle 6 if the set {z(z — A)~! : z € Xg} is R-bounded.

3. A characterization of well-posedness for the afMGT equation of Type I1

Let 7,¢,6 > 0 and 0 <« < 1 be given. In this section we study well-posedness in Lebesgue
spaces L?(0,2m; X) for the Type I afMGT given by:

D" (1) +u” (1) — Au(t) — (19> + 8) DY Au(r) = f(r), te€[0,2x],  (3.1)
where A is a closed linear operator defined on a Banach space X.
Next, we introduce the definition of a strong L”-solution of the fractional evolution equation

(3.1) and the associated concept of well-posedness.

Definition 3.10. Let 1 < p < oo and 0 <« < 1. A function « is called a strong L”-solution of
3.1 if

ue H 2P (0,27 X) N HYP(0,27; D(A)) =: MR(«, X),
and equation (3.1) holds for almost all 7 € [0, 27 ].
Remark 3.11. It is not difficult to see that
MR(a, X)={ue H*?(0,27; X)NL?(0,27; D(A)) : D*u € L?(0,27; D(A)),
ue H2P (0,27, X), ue H>P(0,27; X)) (3.2)
The space M R(1, X) was considered by Bu in [10] and it is called the maximal regularity space.

Note that M R(«, X) is a Banach space under the norm

Vi Vi
lullmr == NAullLr©,27;x) + I1D* AullLr©0,27:x) + 1t | Lr 0,27 %) + 1 D*u” | Lr0,27: %)

Remark 3.12. Note that if u € H*t2P(0,27; X) then by Remark 2.3 we have that u €
H*?(0,27; X) and hence, by Remark 2.1, we have u(0) = u(27), u’(0) = u’(27). On the other
hand, by Proposition 2.2 we have D**'y € H'P(0,2r; X), and by [41, Chapiter XII, (9.1)],
we get that D*T1u(0) = D**1u(27). Therefore, Definition 3.10 implicitly implies that the
equation (3.1) possesses the initial conditions u(0) = u(27), u’(0) = u’(27) and D*Hy0) =
D1y (27). Note that in the case of o = 1 these initial conditions coincide with those consid-
ered in the reference [38].

Definition 3.13. Let 1 < p < co. We say that the problem (3.1) is strongly L? well-posed if for
every f € LP(0,2m; X) there exists a unique strong L?-solution of (3.1).
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Note that if the problem (3.1) is strongly L? well-posed then M : M R(a, X) — L? (0, 2m; X)
such that u — u s, where uy is the unique strong LP”-solution of (3.1), is a closed mapping.
Then, by the closed graph theorem, we deduce that there exists a constant C > 0 independent of
f € LP(0,2m; X) such that the estimate

| AullLr©.27:x) + ID* Al Lr 027 x) + 1 | L 0.27: %) + 1D*u” | Lr©.27:x) < CIfllLr(0.27: %)

holds.
The following result characterizes L? well-posedness for the problem (3.1) in terms of certain
operator-valued Fourier multipliers symbols. In what follows, we will denote

Yo i=1%% +34.

Theorem 3.14. Let X be a UMD space, t,¢,§ > 0andlet A: D(A) C X — X be a closed linear
operator. The following assertions are equivalent for p € [1, 00):

(a) The problem (3.1) is strongly LP well-posed;
(b) S(ik) := (T*(k)* % + (ik)? — (c® + vu(ik)*)A) ! exists in B(X) for all k € 7. and the
sequence
{(iK)* 28 (ik) ez,

is an (L?, L?)-multiplier.

Proof. First, we show that (a) imRIies (b). Letk € Z and y € X. We define f(r) = ¢'k'y. Then
fe€LP,2r; X), f(k)=yand f(j)=0for j # k. Since the problem (3.1) is well-posed there
exists a unique u € H*T>P(0, 2mr; X) N H%P (0, 27r; D(A)) such that

D" (1) + u" (1) — P Au(t) — VaD*Au(t) = f(t) a.a. te]0,2n]. (3.3)
Observe that u € H2'1’(0, 2m; X) by Remark 3.1 lgnd hence u(0) = u(2m) and u’(0) = u’(27)
(see the second part of Remark 2.1). We also have u” (k) = (ik)2a (k). Multiplying equation (3.3)

by e_(t), k € Z and integrating from O to 27 in both sides of the equation, we get using the
definition of D and [8, Lemma 3.1] that (k) € D(A) and

(T (R + (ih)* = (¢ + yu (K Ak = f(k) =y, kel
It follows that the operators (t%(ik)*+? + (ik)* — (c? + yq (ik)*) A are surjective for all k € Z.

Let x € D(A). If we assume that [7%(ik)*™2 + (ik)* — (¢ + yu (ik)*) Alx =0 for all k € Z,
then u(t) := e*'x, k € Z, defines a periodic solution of equation (3.1) with f = 0. Indeed,

D" (1) + u” (1) — P Au(t) — v (ik)* D Au(t)
= (ik)* 1" D™ x + (ik)*e™ x — ? Ae™ x — v, (ik)* D* A x
=M 2 (k)" + (1K) — (¢ + yalik)*) Alx =0,

proving the claim. From the uniqueness of the strong solution, we conclude that x = 0.
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Next, we show that the sequence {(ik)*T2S(ik)}rez is an (LP, LP)-multiplier. Indeed, let
f € LP(0,2m; X) be given. By hypothesis, we have that u(k) € D(A) for all k € Z and there
exists a unique u € H*t2P(0,27; X) N H*P (0, 27r; D(A)) such that

(@) + (k) — (P + yu (D)) AV (k) = f(k), ke
Let v:= D%". Then v € LP(0, 27; X). Since S(ik) exists, we have
k) = (k) 2ak) = (k)2 S@k) f k), keZ.
Consequently, we deduce that {(ik)*+2S(ik)}xez is an (LP, LP)-multiplier, proving (b).

Next, we prove that (b) implies (a). Let f € L?(0,2r; X) be fixed. By hypothesis, there
exists v € L?(0, 2m; X) such that

k) = (k)2 Sk) Fk), keZ. (3.4)
By Lemma 2.5 we have that {S(ik)}zcz is an (L?, H**>P)-multiplier and thus there exists
ue H*P(0,27; X) C H*P(0,27; X) 3.5)
such that
k)= S@ik) fk), keZ (3.6)

and from Remark 3.12 it follows that D**14(0) = D**!u(27). This implies that 77(k) € D(A).
Combining (3.4) with (3.6), we obtain

k) = (k) Tak), keZ.

From here we deduce that D**?y = v. Proposition 2.2 gives that u” € H*?(0,2x; X) and
Da+2u = D% = .

Next, since the sequence {(ik)™*};cz is 1-regular and by hypothesis (k)28 (k) }keg is
an (L?, LP)-multiplier, then, the hypothesis of UM D allows to use Lemma 2.7 and hence the
identity

1

Y (ik)*T2S(ik), keZ
l

(ik)>S(ik) =

implies that {(ik)zS(ik)}kGZ is an (LP,LP)-multiplier. It follows that there exists v| €
LP(0, 2m; X) such that

1(k) = (ik)2S(ik) f (k) = (ik)*ak), keZ. (3.7)
Consequently, u € H>?(0, 27, X) and v; = u”. From the identity
I =1%Gh)*2S (k) + (ik)2S(ik) — (2 + vo ()Y AS(ik), keZ, (3.8)
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it follows that

Fk) =t T2Sik) F (k) + (k)2 S(ik) F (k) — (> + ya (ik)*)AS(ik) f k), keZ.
(3.9)
The above identity and the fact that {(ik)zS(ik)}kEZ and {(ik)“+2S(ik)}kEZ are (L?,LP)-

multipliers, imply that the sequence {(c? + vo (ik)¥)AS(ik)}ez is also an (LP, LP )-multiplier.
Next, let

1

by =———, keZ.
KT e S

It is clear that {b;};cz is a bounded sequence. Let £ > 0, we get from the mean value theorem
and the definition of (ik) that

Gk +1)% — (k5| <elk*™!, keZ. (3.10)
Then, for all k € Z we have

Yalk(G(k +1)% — (k)]
(2 + ya (i (k + 1)*) (€* + yu (ih))]
oY kI
(€% + Ya (i (k + 1)*)(? + ya (b))

|k(br+1 — br)| =

= O(1/k|%) as|k| — 00.(3.11)

=
|
From (3.11) we immediately get

sup |by| + sup |k(bgt1 — by)| < oo.
keZ keZ

It follows from Lemma 2.7 that the sequence
(b + va () AS(K) ez = (AS(K) ez
is an (L7, L?)-multiplier. Therefore, there exists v, € L? (0, 277; X) such that
Ta(k) = AS(ik) f(k) = Au(k), keZ. (3.12)
Since 0 € p(A), we define wy := A~ !vy. Then, by (3.12), we obtain
u=uw; € L?(0,2m; D(A)). (3.13)

Since {AS(ik)}rcz is an (LP, LP)-multiplier, the identity (3.9) implies that {((k)*AS(ik)}rcz is
also an (L?, L?)-multiplier. Therefore there exists vz € L? (0, 277; X) such that

v3(k) = (ik)“AS(ik)f(k) = (ik)*Au(k), (3.14)
for all k € Z. As before, define w3 := A~ 'v3. Then by (3.14) we obtain
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D%u = A"vy = w3 € LP(0,27; D(A)). (3.15)
Thus, inserting (3.4), (3.7) and (3.14) in (3.9) we obtain that
f(k) =19D(k) + D1 (k) — *Dr (k) — v 03(k), keZ.
Hence, (3.5), (3.13) and (3.15) together with Remark 3.11 imply that u € M R(«, X) and
D" (1) + u” (1) — P Au(t) — ye D* Au(t) = f (1),

for almost all 7 € [0, 27r]. Hence u is a strong L”-solution of (3.1).
Let us see the uniqueness. If u € M R(«, X) is such that

19D (1) + u” (1) — CAu(t) — e D* Au(t) = 0,
then for the Fourier coefficients we get
(TG + (K)*) — (¢ + yaik)*) A)ii(k) = 0.

Since S(ik) exists, we deduce that (k) = O for all k € Z, which means that the equation (3.1)
has the null solution u =0. O

The following is the main result of this section.

Theorem 3.15. Let A be a closed linear operator defined on a UMD space X and let T, ¢, § > 0.
The following conditions are equivalent:

(i) Equation (3.1) is strongly LP well-posed;
(i) T (k)2 + (ik)%)
ii

2 + yu (ik)®

} C p(A) and the set
keZ

(3.16)

T (i k)2 4 (ik)? (r“(ik)“+2 +0* A)‘l
2+ Yo (ik)¥ 2+ Vo (ik) keZ

is R-bounded.

‘L’“(ik)aJrl +(ik)2
2 + ya (ik)®
sequence {(ik)*t2S(ik)}keg is an (LP, LP)-multiplier. By [8, Proposition 1.11] we conclude
that {(ik)**t2S(ik)};cz is R-bounded. Since the sequence ra(ug:# is uniformly bounded,

the identity

Proof. Suppose (i). By Theorem 3.14 we obtain that { } C p(A) and the
keZ

-1

T (ik)*t? + (ik)? <r“(ik)°‘+2 + (k) A)
2 + yu (ik)® e+ yu (ik)®
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—1

(k)2 + (k)% (ik)*t? <r°‘ (ik)* T2 + (ik)? )
- : , . —A
(iky*+2 2+ o (ik)® 2+ Vo(ik)®

shows that (3.16) is R-bounded, too.

Conversely, suppose (i7). Since (3.16) is R-bounded and the sequence ik

R 1S U

formly bounded, the identity

-1

(l-k)oc-‘rZ (.L_a (ik)ot+2 + (ik)2 A)
A+ ya (0 \ 2+ yalib®
(k) +? (k)2 + (ik)? (t“(ik)‘“z + (ik)? )
= - - - - —A
TYk)* T2 + (k)2 4 yu(ik)® c? + Yo (ik)®

-1

shows that the set {M; := (ik)"‘+25(ik)}kez is R-bounded. By the Marcinkiewicz operator-
valued multiplier theorem [8, Theorem 1.3], it is enough to show that the set {k(My4+1 — My)}rez
is R-bounded. Then, the result follows from Theorem 3.14. In order to verify this property, we
will use [19, Theorem 3.7].

For any & > 0 we define ry := (ik)®, k € 7Z. We prove that the set {ry}zcz is 1-regular, that is,
the set {k%}kez is bounded. Indeed, by (3.10) we obtain

B . E _ (i€ §-1
Vk—i—lr Vk‘:‘k(l(k-l—l)) (ik) kP e kezvi0),  Gum
k

\k o <€

for any £ > 0, proving the claim.
Using (3.17) with & = o +2 it follows that the set {(ik)**?},cz is 1-regular. It proves the first

condition stated in [19, Theorem 3.7].
Next, in order to prove the second statement of [19, Theorem 3.7], we must consider

Ly = (SR~ = Sk + 1) 7" S k).
Observe that from the identity [—k>(t¥(ik)® + 1) — (c? + Yo (ik)*)A)S(ik) = I, we have

, (TR +1) .

— e (2 SOIR)
ot yaabe P 1 =: (k) 2exS(ik) — by .

AS(ik) = (ik _—
(ik) = (ik) 2+ Yo (ik)®
Since the sequences {ck}rez and {(ik)%by )iz are clearly bounded, the identity

(ik)* AS(ik) = cx (ik)*T2S(ik) — (k) brl = cx My — (ik)* byl (3.18)

proves that the set {(ik)* AS(ik)}rcz is R-bounded. Finally, we must verify that the set {kLj};c7
is R-bounded. In fact, for any k € Z \ {0} we get

kLy = k[ — @)Y+ 1) = (P + v (D) A+ (k+ DA% (k+1)* + 1)
(2t yalitk+ 1))“)A]S(ik)
= [FKO™2 = (K + 1) 2]+ K[G0)? = (K + D))
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— YokLGK)" = ik + D)IA|S(K)

(k)2 — (i (k + 1))*F2]
(ik)‘“’z
[(ik)? — ((k+1)%] 1
(ik)? (ik)*
ok OT = GEH D e g ity
(ik)*
(k)2 — ik + 1)*+2] [(ik)? — (i(k+1)%] 1
g (k)P My +k ()2 (i)
[(ih)* — (i (k + 1))%]

— vk o7 (ik)* AS(ik). (3.19)

= 1% (k)28 (ik)

+k (k)28 (ik)

_

k

Inserting (3.18) in (3.19), and applying repeatedly (3.17) with & € {« + 2, 2, o} we conclude that
the set {kL}rez is R-bounded since it is the sum of R-bounded sets [3, Proposition 2.2.5]. Since
all hypotheses of Theorem 3.7 in [19] are satisfied, the result follows. O

Remark 3.16. If X is a Hilbert space, R- boundedness is equivalent to uniform boundedness [3,
Proposition 2.2.5 (d)] and then condition (ii) in Theorem 3.15 can be replaced by:

—1

sup < 00. (3.20)

keZ

—kK2(zYGk)% + 1) (—kz(t"‘(ik)"‘ +1) A
? + yu(ik)® ? + yu (ik)®

4. Characterization of well-posedness for the afMGT equations of Type I and II1

Let 0 < @ <1 be given. In this section we first analyze well-posedness for the Type I atMGT
equation given by:

D" (1) + u" (1) — P Au(t) — TP D* Au(t) — SD'" " Au'(t) = f(1), t€[0,2x], (4.1)
in the Lebesgue spaces L”(0,2m; X). Here, A is a closed linear operator defined on a Banach
space X and 7,¢, 8 > 0.

We first introduce the correspondent notion of a strong L”-solution for the abstract model

(4.1).

Definition 4.17. Let 1 < p < oo and 0 <« < 1. A function « is called a strong L”-solution of
4.1y if

ue HY 2P (0,27, X) N H> %P (0, 27; D(A))
and equation (4.1) holds for almost all 7 € [0, 27 ].
Remark 4.18. Since u € H*T27(0,27; X) if u is a strong L”-solution of (4.1), then, as shown
in Remark 3.12, we must have u(0) = u(27), u’(0) = u’(27) and D14 (0) = D1y (27). This

means that (4.1) is in fact a problem with prescribed initial conditions.
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Analogously to the previous section, we introduce the following definition.

Definition 4.19. Let 1 < p < co. We say that the problem (4.1) is strongly L? well-posed if for
every f € LP(0,2m; X) there exists a unique strong L”-solution of (4.1).

The next result provides a characterization of L? well-posedness for the problem (4.1) in
terms of (L?, L?)-multipliers.

Theorem 4.20. Let X be a UMD space, t,¢,8§ >0,0<a <1landlet A: D(A)C X — X bea
closed linear operator. The following assertions are equivalent for p € [1, 00):

(a) The problem (4.1) is strongly L? well-posed;

(b) R(ik):= (z%(k)* 2 + (ik)? — (2 + 2({k)* + 8(ik)2~*)A) ! exists in B(X) forallk € Z
and the set

(R kez
is an (L?, L?)-multiplier.
Also, if (a) or (b) hold then we have the following a priori estimate for the solution:

ID*u” || os2.p 0,270 %) + 11t | 200,270 %) + [1AUI L 0,270 %) + || D* Aut| | e 0,20 %)
+ 1D A || g2-an 0,270 %) < CILf L0, 27:%)-
Proof. (a) implies (b) can be proved similarly as in the first part of Theorem 3.14.
Next, we see that (b) implies (a). Let f € LP(0, 2; X) be fixed. By hypothesis, there exists
v e LP(0,2m; X) such that
(k) = (ik)“+2R(ik)f(k), keZ. 4.2)

By Lemma 2.5 we deduce that {R(ik)};cz is an (LP, H*+%>P)-multiplier. Then, there exists
u € HY 2P (0, 277; X) such that

k) = RGik) fk), keZ. (4.3)

This implies that (k) € D(A). Inserting (4.3) in (4.2) we get (k) = (i) 2ak), kelZ.
Therefore

ue H*>P(0,27, X) and D ?u = v. (4.4)
Moreover, by Proposition 2.2 we have that
uw e H*P(0,27; X) and D" =v. 4.5)

Next, since the sequence {(ik)™*};cz is 1-regular and by hypothesis {(ik)* 2R (ik)}rez is an
(LP, LP)-multiplier, then Lemma 2.7 and the identity
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1

R (ik)*T*R(ik), keZ,

(ik)*R(ik) =

imply that {(i k)2R(ik)}jez is an (LP, LP )-multiplier. It follows that there exists vy € L? (0, 27;
X) such that

B1(k) = (ik)>R(ik) f (k) = (ik)*uk), keZ. (4.6)
Hence
ue H*P(0,7; X)and vy =u". (4.7)
From the identity
I =% (k)" 2 R(ik) + (ik)>R(ik) — (¢* + 2T%(ik)* + 8(ik)*"*)AR(ik), ke Z,
we get
Flk) =7k 2 R(ik) F (k) + (k) R(ik) F (k) — (?
+ 2Tk + 8(ik)> ) AR(ik) F (k). (4.8)
Since {(ik)*T?R(ik)}rez and {(ik)?>R(ik)}regz are (LP, LP)-multipliers, together with (4.8), im-
ply that {(c? + >t (ik)* + 8(ik)' = (ik)) AR(ik)};cz is an (LP, LP)-multiplier.
Next, let

(ik)*

= , keZ.
2 4+ 2t (ik)e 4+ 8(ik)2

Ck

It is clear that the sequence {ck}irc7 is bounded. Also using (3.10) withé = and £ =2 — o we
obtain that for all k € Z

k|G (k + 1)* — (ik)¥| n SIkIGR)> =% ((i (k + 1)* — (ik)*))|
gk 773
n 1|k (i (k + 1))~ — (ik)>~)| _ O([k|*) + O(k?) + O (k)

lqx| O (Jk|4=2) ’
(4.9)

[k(ckt1 —c)l <

as |k| — oo, because |gi| := |(c? + 2t (i (k + 1)¥ + 8@ (k + 1)2)(c? + 2t (ik)* +
Sk = O(k*2) as |k| — oco. We conclude that

sup |ck| + sup |k(cry+1 — cx)| < oo.
ke ke

It follows from Lemma 2.7 that the sequence
{cr(¢® + T (k)* + 8(ik) "% (k) AR (k) Ykez = {(ik)* AR(ik) ez, (4.10)
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is an (L?, L?)-multiplier. Therefore there exists vz € L? (0, 277; X) such that
v3(k) = (ik)“AR(ik)f(k) = (k)*Auk), keZ, 4.11)
where we have used (4.3). Define w3 := A~ v3. Since -A~! exists as a bounded operator, we
have that w3 € L?(0, 2w, D(A)) and Aws (k) = 03(k) = (ik)* Aii(k). We conclude that w3 (k) =
(ik)*u(k), and therefore,
ue H*?(0,27,X), D% =w3e€ D(A)and AD*u = Aws = vs3. 4.12)

On the other hand, the identity

AR(ik) =

T (Ik)*AR(ik), keZ,

and (4.10) show that the sequence {AR(ik)}icz is an (L?, L?)-multiplier, too. This means that
there exists v4 € LP (0, 27; X) such that

Va(k) = AR(ik)f(k) = Auk), kelZ. 4.13)

Since 0 € p(A), we define w4 := A~ vy. Then by (4.13), we have
u=wy € LP(0,27; D(A)), v4=Au=Aws. 4.14)
Since the sequences {AR(ik)iez, {((k)*ARGk)\ ez, {(GK)*T2R(ik)}rez and
{(ik)zR(ik)}kEZ are (LP, L?)-multipliers, and as a consequence of the identity (4.8), we ob-

tain that the sequence {(i k)2_“AR(ik)}k€ 7 is also an (L?, L?)-multiplier. Therefore there exists
vs € LP (0, 27r; X) such that for all k € Z

Ts(k) = (ik)> " AR(ik) f (k) = (ik)>~* Ali(k). (4.15)

Since 0 € p(A), we define ws := A~lvs which implies that ws € L?(0,2m, D(A)) and
Aws (k) = 5(k) = (ik)>~“ Au(k), that is, A~ D5(k) = (ik)>~*u(k). Consequently,

ue H>"%P(0,27; D(A)), andvs= D>"%Au. (4.16)
From Proposition 2.2 we get that
w' € H'=%P(0,27; X) and vs = D' "% Au’. (4.17)
Thus, inserting (4.2), (4.6), (4.13), (4.11) and (4.15) in (4.8) we obtain that
Fk) = t90(k) + D1 (k) — *ou (k) — P1%D3(k) — 805(k), ke Z.
Now, using (4.5), (4.7), (4.14), (4.12) and (4.17) we get

D" (1) + u” (1) — P Au(t) — T D* Au(t) — SD' " Au’ (t) = f(1) (4.18)
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for almost all ¢ € [0,27]. From (4.18) together with (4.4) and (4.16) we conclude that u is
a strong L?-solution of (4.1). The uniqueness can be proven analogously as in the proof of
Theorem 3.14. The conclusion follows. O

The next result deals with a characterization of L? well-posedness for the equation (4.1) in
terms of the R-boundedness of the correspondent operator-valued symbol.

Theorem 4.21. Let X be a UMD space and t, ¢, o > 0. The following conditions are equivalent
(i) Equation (4.1) is strongly LP well-posed;

- (k)2 + (ik)?
(i) {c2 T 0Gk)2 + t2c2(ik)®

} C p(A) and the set
keZ

@ Nat2 1 i 1)2 a2 | i1)2 =1
T ('lk) + (ik) . < T (.lk) + (ik) . B A) 4.19)
24+ 8(ik)2~ 4+ toc2(ik)* \ 2+ 8(@ik)2~* 4+ t2c2(ik)™ vz

is R-bounded.

S\ 2+a
wa = O(1) as |k| = oo, then R-boundedness of

(4.19) is equivalent to R-boundedness of the set {(i K2R3 k)}rez- Therefore, the fact that (i)
implies (ii) follows immediately from Theorem 4.20 and [8, Proposition 1.11]. We now assume
that (i7) holds and let M}, := (ik)“+2R(ik) with

Proof. First we observe that since

R(ik) = (9K + (ik)> = (® +8(ik) > + %2 (k) A) L.
Following the same argument as in the proof of Theorem 3.15 it is sufficient to show that the set
{k(My4+1 — My)}rez is R-bounded.
As it was shown in (3.17) the sequence {(ik)**2}ycz is 1-regular. We define

Li:= (RGik)™" = R(i(k + 1)) HR(ik).

From the identity [t%(ik)*+? — k% — (¢? + 8 (ik)>™® 4+ t%c2(ik)*) A]R(ik) = I, we obtain

ARGD) T4 (ik)* T2 + (ik)? RGH) 1 !
l = 1 — .
2+ 8@k)2 + 122 (ik)“ 2+ 8@k)2 + 122 (ik)™
Then we get
o k o 1 k o
(k) AR (ik) = TR A (k) I, (4.20)

M, —
28GRk o2k KT 2 8(ik)2Y + te2(ik)®
and we clearly have that {(ik)* AR(ik)}rcz is R-bounded. On the other hand,

D gy T (ik)* + (ik)* ™ B (ik)>«
(TRTFARGR) = TS i reec2Gha]ahe ¢ T 23 sk f e Gha
4.21)
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which shows the R-boundedness of {(ik)>"*AR(ik)}xcz. Finally, we verify that the set
{kLy}rez is R-bounded. Indeed, for any k € Z we get

KLy = k[r“(ik)“+2 T (k)2 = (& + 8(ik)>
+ %)) A — T (k4 1) — (i(k + 1))?
(P8 + DY Rk + 1) A|RGK)

= [FKO™ = (K + 1))+ K(G0)? = (K + D))
— BRI = (i (k+ D)4 = TR0 — (K + 1)*1A|R(i0)

(k)2 — Gk + 1)*T?]
(ik)“+2
(k)% — G(k+1)] 1
(ik)? (ik)®
kLGR)* T = k4 1)
(l'k)Z—oz
kLG = Gk + 1)%]
(ik)*
(k)2 — (i (k + 1))*+2] [(k)? — ((k+1)] 1
ik +? Mi+k k)2 g
kLGP = k4 1)
(ik)2—«
kLG = Gk + 1)%]
(ik)*

=1%

(ik)*T2R(ik)

+k (ik)* 2R (ik)

S(ik)> " AR(ik)

%2 (i k)* AR(ik)

=1%

S(ik)> Y AR(ik) (4.22)

% (k)Y AR(ik).

Inserting (4.20) and (4.21) in (4.22), and applying repeatedly (3.17) for & € {2 — o, o +2,2, o} we
conclude that the set {kL}icz is R-bounded since it is sum of R-bounded sets. The conclusion
holds from Theorem 3.7 in [19]. O

Secondly, we analyze the correspondent results about well-posedness for the Type Il atMGT
equation given by:

(1) + u" (1) — P Au(t) — 1 Au' (1) — D' P AW (1) = (1), t€[0,2n], (4.23)

in periodic Lebesgue spaces L? (0, 27; X).
We first introduce the definition of strongly L? well-posedness as follows.

Definition 4.22.1et 1 < p < oo and 0 < 8 <1 be fixed. We say that the problem (4.23)
is strongly L? well-posed if for every f € L?(0,2m; X) there exists a unique function u €

H3*?(0,27; X) N H* 70, 27; D(A)) that satisfies equation (4.23) for almost all 7 € [0, 27].
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Remark 4.23.If u is a strong L”-solution of (4.23), then u € H>P(0,2x; X) and therefore,
from Remark 2.1, we have that the equation (4.23) must satisfy the initial conditions u(0) =
um), u’ (0) =u'(2w) and u” (0) = u” 2m).

The following theorem is the main result for (4.23). The proof is omitted since it follows
similarly to the one of Theorem 4.20 without significant differences.

Theorem 4.24. Let X be a UMD space, t,c¢,§ > 0 and let A be a closed linear operator. The
following assertions are equivalent for p € [1, 00):

(a) The problem (4.23) is strongly LP well-posed;

» 7(ik)3 + (ik)?
) 2+ 1c2ik + 8(ik)2—P

{ T(ik)3 + (ik)? ( Tk + (ik)? A)_l} (4.24)
keZ

} C p(A) and the set
keZ

2+ 1c2ik + 8(ik)2P \ 2 + tc2ik + 8(ik)2F
is R-bounded.

Also, if (a) or (b) hold then we have the following estimate:

" 1| 3.0 0,270 3) F+ 118" 1 2.0 0.2 3) + AU Lr 0,270 %) + 1AW || 5110 0,270 3

+ D" A || 250027 ) < CIF 1L 0.27:%)-

Remark 4.25. Although the method used in this article has been limited to periodic functions,
other cases can be treated similarly. In fact, for functions defined on the positive real axis the
Laplace transform can be used. In the case of functions defined on the whole real axis, the
Fourier transform could be used. However, in such cases, characterizations of well-posedness
as set out in this paper, might be more difficult to prove, because we need additional tools or
stronger conditions on the abstract operator A. For example, in the case of the positive real axis,
a similar theoretical approach is originally due to L. Weis [40] and requires A to be the generator
of an analytic semigroup. In the case of the whole real axis, an approach similar to the one in this
article could be performed on vector-valued Holder spaces using a result due to Arendt, Batty
and Bu [6]. In such a case, R-boundedness is no longer necessary, but uniqueness turns out to be
a difficult problem, and tools like the Carleman transform need to be implemented. Our results
are independent of these approaches, and particularly for spaces of 27 -periodic functions much
simpler, because it uses the finite Fourier transform method in its simplest and most general form
and a general result on operator-valued Fourier multipliers due to Arendt and Bu [6]. Also, no
additional conditions on the operator A are needed.

5. Examples and consequences
In this section, we analyze and present some important consequences of our main abstract
results which allows us to conclude some differences in the structure of each of the exposed

models.
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Fig. l.a=1,7=0.5,c=0.5,§=0.5.

In order to transfer to some extent the hyperbolic nature of the MGT equation to its frac-
tional abstract version, it is necessary to study the location of the real and imaginary parts of the
sequences d’ (ik), k € Z, j € {I, 11, 11} in the complex plane.

5.1. Type Il

Let 7,8,c > 0 and 0 < o < 1. According to Theorem 3.15 the model (3.1) is structurally
characterized by the sequence
_ —lkPE )+ 1)
T2+ S+ TR (k)]

k keZ

We recall that y,, := 8§ + 7%c?.
A computation shows that

—|k|? (r“|k|2"‘ + }C,—z + Ikl‘)‘(t"‘;—i + 1)cos(an/2))

Re(dy) = 5.D

2 2
Va ((7 + ke cos(om/2)> + k|2 sin? (e sgn(k) /2))
and

24 o
Im(dy) = 81k|** sin(a sgn(k)r /2)

2 . (5.2)
(;—a + ke cos(om/Z)) + k|2 sin?(a sgn(k) 7 /2)

It is clear that Re(dy) < 0 and Im(dy) # O for each k # 0. Therefore, arg(dy) < m for all
k # 0. From (5.1) and (5.2) we get

Im(dy) _ —38|k| sin(a sgn(k)7 /2) — O(1/k%) as Jk| — oo 5.3)
Re(d)  zok + £ 4 k| (2% < + 1) cos(a/2)

For o = 1 the above conclusions are exactly the same. See Fig. 1 that shows the generic location
of the points di (over the continuous line drawn). Note that (5.3) implies that we cannot expect
to admit a sectorial operator of a fixed angle 6 < 7 in our Type Il model. As a consequence, this
case could be considered as prototypical.

With the above considerations in mind, we prove the following result:
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Theorem 5.26. Let A be a selfadjoint operator defined on a Hilbert space H with 0 € p(A).
Then equation (3.1) is strongly LP well-posed.

Proof. Since A is selfadjoint and 0 € p(A) we have o(A) C R \ {0}. Since Im(dy) # 0 for

all k # 0, we have dy € p(A) for all k € Z. From [28, Chapter 5, Section 3.5], we have that

lde — A7 = k € Z \ {0}. Since dist(dy,o(A)) has order |k|> and the same
|dk|

happens with |di|, we have sup(———— ) < 00. Therefore, we can conclude that
pp |di| kp(dl.st(dkﬁ(A)))

1
dist(dg,0(A))’

sup Hdk (dr — A)_1 H < 00.
ke

As a consequence of Theorem 3.15 and Remark 3.16, we conclude that equation (3.1) is L?
well-posed. O

We note that the above theorem applies in case A = A the Laplacian or A = A? the bilaplacian
operator in L?(2) with Dirichlet boundary conditions where & C R" is a bounded domain with
smooth boundary.

Remark 5.27. Concerning the problem of singular limit for the type II model, i.e. when T — 0,
we observe that, formally, the limit should be the time-fractional model u” — c2Au—§ DfAu =

f-
5.2. Typel

Let7,8,c > 0and 0 < o < 1. In this case, the relevant structural sequence is defined by:

T« (ik)oH-Z + (lk)2

dy = .
T 2 e (ik)® + 8(ik)2—@

A computation shows that

[T k|%2 cos(am/2) + [k|P1[S|k|1>~% — %2 |k|%) cos(am /2) — ¢2)]

Re(dr) =
Pk
o |o+2 2—a o 2141 «inl
T |k|“T=(5]k| + t%c7|k|%) sin“ (sgn(k)amw /2) 5.4)
Pk
and
[T¥]k|* T2 sin(sgn(k)arr /2)1[(8]k|>~* — %c?|k|*) cos(am /2) — ¢?]
Im(dy) =
Pk
oL 1at+2 2 2—«a o 2N o
" [T%k| cos(am/2) + |k| ][(Bgd + 1%c”) sin(sgn(k)am /2)] (5.5)
k

where py := [(8]k|>~% — 12 |k|%) cos(amr /2) — 21> + (8 |k |~ +1%c?|k|*)? sin(sgn(K) o /2)2.
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After some computations, we obtain for each k € Z,

piIm(dy) = sgn(k) [r‘)‘[6|k|4 sin(am) — ¢ [k|* 2 sin(ar /2)] + SIk|*e sin(ar /2)+
+ %? k| sin(a /2) ]

and hence Im(dy) # 0 for each k € Z \ {0}.
The above property allows to argue as in Theorem 5.26 and obtain the following result in the
Hilbert space setting.

Theorem 5.28. Let A be a selfadjoint operator defined on a Hilbert space H with 0 € p(A).
Then equation (4.1) is strongly LP well-posed.

Proof. Since Im(dy) # 0 for all k # 0, we have dy € p(A) for all k € Z. Since dist(dy,c(A))
has order |k|2* we can conclude that

sup Hdk (dr — A)_1 H =M < 0.
keZ

As a consequence of Theorem 4.21, equation (4.1) is L? well-posed. O

A computation, taking into account that Im(dy) = —Im(d_y), so that it is enough to calculate
for k € N, shows that

Im(dy)

Re(do) — tan(aw) ask — 400, 5.6)

which coincides with (5.3) only in case @ = 1 for the range 0 < o < 1. Otherwise, the behavior
is clearly different. Indeed, sectorial operators of a fixed angle & < m can be included in our
results depending on the values of the given parameters. This fact makes a difference with those
operators that fit into the Type II model. See also the figures below.

After some calculus it can be observed that,

pxRe(dy) =8[|k|*~ cos(am/2) + 1% |k|* cos(ar)]

— 272k cos(am /2) — 242 kP22 — k|2 c?
whence we deduce that Re(dy) < O for k £ O if the condition

1/2<a<1 and {(a):=cos(am/2)+ t%cos(an) <0, 6.7

holds.

A picture of the typical structure of the sequence {dj };c7 is illustrated in the following figures
where the points dj are located over the continuous line drawn.

Figs. 2 and 3 show that the condition (5.7) is sufficient but not necessary to have Re(dy) <0
for k # 0.

In Fig. 4, we show that the condition (5.7) may fail to have Re(dy) < O for k # 0.
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Fig.2.«a=09,7=2,c=1,6 =3 and {(e) =—1,6183 <O0.

1000
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-1000 -500 500 1000
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-1000 -

Fig.3.¢=0.6,1=2,c=1,§ =3 and £(«) =0.119403 > 0.

Remark 5.29. We observe that the first condition in (5.7), i.e. @ > 1/2, is consistent with the
physical behavior of this type of model, as suggested in [25, Section 2].
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Fig. 4.« =0.51,7=2,c¢=1,6 =3 and £(a) =0.707 > 0.

Note that the second condition in (5.7), or directly from the formula for the real part of the se-
quence {dy}, gives us information about a surprising and interesting dependence of the parameter
T and the fractional order «. Namely, if T — O then « — 1.

It should be observed that the property that T could be near to 0 is justified because, in practice,
the parameter t represents a positive constant accounting for relaxation, and it has been shown in
a number of experiments that this parameter is small in several mediums as shown in [9, p.150]
and references therein. In particular, the singular limit of the type I model assuming condition
(5.7) should be the equation u;; — c*Au — §Au’ = f.

For our next result we need some preliminaries.
Let consider the space of functions: H*°(Xy) = {g : ¥y — C holomorphic and bounded}
which is endowed with the norm

lgll% = sup [g(2)l.
|argz| <y

Le A be a sectorial operator that admits a bounded H*°— calculus [21], i.e. A € H®(X). If,
moreover, the set {A(A) : h € H*(Zy), ||h] |Zo < 1} is R-bounded for some ¥y > O then we say A
admits an R-bounded H*°-calculus and that A belongs to the class RH°°(X). The correspondent
angle will be noted as 1//7{e .

The following proposition provides sufficient conditions to ensure when {h;(A)};cp is R-

bounded.
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Proposition 5.30. [2/] Let A € RH™(X) be given and assume that the set {h;};ep CH®(Zy)

is uniformly bounded for some r > 1&7{30", where A is an arbitrary index set. Then the set
{h;(A)};cn is R-bounded.

Define

0* := sup arg(dy),
keZ

where 6* could depend on the values of «, 7, ¢, §. From the above analysis and figures provided,
it is clear that there exist 7, ¢, § > 0 such that 8* < 7 for some values of «.

Theorem 5.31. Let t,¢,8 > 0 and 0 < a < 1 be given and assume that the condition 0* <
7 holds. Let A be a closed linear operator defined on a UM D-space X. Suppose that —A €
RH>®(X) with angle ijf € (0,71 —0*) and 0 € p(A). Then equation (4.1) is strongly LP well-
posed for any 1 < p < oo.

Proof. From Theorem 4.21 it suffices to show that the set

i @ - )7 ]keZ (5.8)

is R-bounded. Due to the fact that 0 < ijf < 7 — 0* there exists s > ijf such that s < 7w — 6*.
Foreach z € X5 and k € Z, k # 0, define

hi(2) i=di(di +2)7".

Since § > 0, we note that ;—k belongs to the sector X9+ where s +0* < 7 and then the distance
from the sector X9+ to —1 is always positive. As a result, there exists M > 0 independent of
k € Z \ {0} and z € X, that satisfies the following:

1
1+ £

i) =|

Since —A € RH*(X), then we can conclude from Proposition 5.30 that the set {/ix(—A)}xez\ (0}
is R-bounded. Moreover, due to the fact that A is invertible, the operators H (k) := (dy — A)~!
exist for all k € Z. As a consequence, H (k) belongs to B(X) for all k € Z and the sequence
{di(dy — A)""}kegz is R-bounded. O

As a consequence of the fact that any sectorial operator defined on a U M D space that admits
a bounded H*°-calculus of angle 8 also admits a RH> calculus of the same angle 8 on the
correspondent space (see [27] and [29]) we get the following corollary.

Corollary 5.32. Let 1 < p < 00. Let X be a UM D-space and —A a sectorial operator that
admits a bounded H> calculus with angle 65° € (0,1 — 6%) and 0 € p(A). Then the equation
(4.1) is strongly LP well-posed.

364



E. Alvarez, C. Lizama and M. Murillo-Arcila Journal of Differential Equations 376 (2023) 340-369

As a concrete example, we consider the time-fractional Moore-Gibson-Thompson equation
(4.1) of Type I on a cylindrical domain Q@ = U x V C R"*? where U = R%,neNand V C
R?,d € Ny is bounded, open and connected. Let A = A be a cylindrical decomposition of the
Dirichlet Laplacian operator on L7(£2) with respect to the two cross-sections i.e. A = A +
Ay where A; acts on the correspondent component of 2. Following [36] we introduce L4-
realizations A, ; = A; as follows:

D(Ag1):=f{ueWHI(R", LI(V)) : Dy =0};

D(Ag2) =W (V)N Wy ' (V),
with Dirichlet boundary conditions Dy . We consider the Laplacian A, in L7(£2) to be

D(Ay) :=D(Ag 1) N D(Ay2)
Agu:=Agu+Aju=Au, ucD(Ay).
Let V be a C2-standard domain ([36, Definition 3.1]). From [36, Theorem 4.2] we get —A, €
RH>(LY(2)) and 0 € p(A,4). Moreover, by [36, Proposition 5.1 (i)] we have G?A“; < % Since

X=L9(Q),1 <q <ooisalUMD-space, as a consequence of Theorem 5.31 with A = A, we
obtain the next theorem.

Theorem 5.33. Let 1 < p, g < 00. Suppose that 0* < H?A"‘;. Then, for any given f € L? (0, 2m;

L9()) there exists a unique u € H*+Y>P(0,2m; X)NH>%P (0, 27; D(Ay)) such that equation
(4.1) with A = Ay holds for almost all t € [0, 2r]. Moreover, the estimate

ID*u" | a2 (0 270: L () + 111" 1 2.0 0,270 L0 @)) T 11Dl L2 0. 270: 19 (2))
1—
+1|D "‘Aqu’||Hzfa.p(0’2qu(Q)) + | DY Agull e (0,27; 19 (9))

< CllfllLr©27;L9(2)>
holds.
5.3. Type Ill
Let7,8,c>0and 0 < 8 < 1. In this case, the sequence defined by

T(ik)? + (ik)?

d =
N 2 ¥ 2rik + 8(ik)2P

gives structural information of the model (4.23).
A computation shows that

T+ 5c—2[|k|3—ﬂr sin(£Z) — |k[>~F cos(%”)]
Re(dy) = —k , (5.9)
K

and
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Sc2t|k|2F cos(BX) + e 2|k |'F sin(£X)
ax ’

Im(dy) = k>

where g = ¢2(1 + 8¢ 2|k1> 7 cos(B))2 + 2 (tk + 8¢ 2|k |>~F sin?(sgn(k) E2)), for all k € Z.
We note that Im(dy) # 0 for k # 0 and hence, analogously as in Theorem 5.28, we can prove
the following result.

Theorem 5.34. Let A be a selfadjoint operator defined on a Hilbert space H with 0 € p(A).
Then equation (4.23) is strongly L? well-posed.

For the proof, it is enough to observe that |d| = O(|k|'*#) as |k| — oo and hence the set

dy (dy — A)~! }
{ k (di ) ‘ez
is uniformly bounded.

Imposing that [k|>~# 7 sin(EX) — [k|>~F cos(EX) > 0 for all k € Z in (5.9), it is not difficult to
see that Re(dy) <0 if

pr . (Bm
£(B) =cos <7) — Tsin <7> <0, O0<p<l. (5.10)

Remark 5.35. Since cot <ﬂ7”> — oo as B — 0 and cot (’%’) — 0 as B8 — 1, and in view that T
admits small values, we conclude that under condition (5.10), 8 should be near to 1, presenting
a similar behavior as the Type I model. However, in contrast, no restriction on the values of g is
necessary. If we consider the singular limit of the type III model assuming condition (5.10) then
the limit is u,; — c?Au — §Au’ = f which coincides with the singular limit of the type I model.
Compare it with Remark 5.29.

From the example presented in Fig. 5, it is clear that there exist t,¢,5 > 0and 0 < 8 < 1 such
that 0* < 7. More precisely, and taking into account that Im(dy) = —Im(d—y), k € Z, we obtain

Im(dy) N _cos(ﬂrr/Z) _
Re(dy) sin(B/2)

—cot(fr/2) ask— +4o0. (5.11)

Note that if B = 1 the above condition naturally coincides with (5.3). As for Type I, sectorial
operators could be admitted in the abstract model, in contrast with the Type II model.
Let

0* := sup arg(dy).
keZ

6* could depend on the values of 8, 7, ¢, §. We obtain the following result.

Theorem 5.36. Let 1 < p <00, 8,¢,7>0and0 < B <1 be given. Let X be a UM D-space and
let A be an R-sectorial operator on X of angle 6 < 6* < with 0 € p(A). Then the equation
(4.23) is strongly LP well-posed.
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-15 -10 -5

Fig. 5. 8=0.7,7=1,c=100, 5 =20 and ¢(B) = —0.437016 < 0.

Proof. By hypothesis dy € Xy« for all k € Z. Therefore, the definition of R-sectoriality implies
that {di}rcz € p(A) and that the sequence {di(dx — A)_l}kez is R-bounded. The conclusion
holds from Theorem 4.24. O

We finish this article with the following example.

Example 5.37. Let us consider the L9-realization of A, in X = L9(2) of A, where 1 < g < oc.
It has been proved in [24, Appendix] that A, is an R-sectorial operator in X for any angle
0 € (0, ). Assuming that 0 € p(A,) (for instance if & C R¥ is a bounded domain with smooth
boundary) then all the hypotheses of Theorem 5.36 are satisfied. Also, for the proof of Proposi-
tion 2.2 in [4] we note that the operator —(—Aq)l/2 is R-sectorial in X with angle 6 € (0, 7/2).
Moreover, by [4, Proof of Proposition 2.3], the same happens for the operator —ALZI, with equal
angle.
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