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ABSTRACT. We study the equations

Oru(t,n) = Lu(t,n) + f(u(t,n),n); dru(t,n) = iLu(t,n) + f(u(t,n),n)
and

Oru(t,n) = Lu(t,n) + f(u(t,n),n),

where n € Z, t € (0,00), and L is taken to be either the discrete Laplacian op-
erator Aqf(n) = f(n+1)—2f(n)+ f(n—1), or its fractional powers —(—A4)7,
0 < 0 < 1. We combine operator theory techniques with the properties of the
Bessel functions to develop a theory of analytic semigroups and cosine operators
generated by Agq and —(—Aq)?. Such theory is then applied to prove existence
and uniqueness of almost periodic solutions to the above-mentioned equations.
Moreover, we show a new characterization of well-posedness on periodic Holder
spaces for linear heat equations involving discrete and fractional discrete Lapla-
cians. The results obtained are applied to Nagumo and Fisher—KPP models
with a discrete Laplacian. Further extensions to the multidimensional setting
ZN are also accomplished.

1. Introduction: background and main results. The study of lattice differ-
ential equations has experienced a rapid increase in the last few years. The lit-
erature in the subject is very vast, and we will try to give just a glimpse. For
instance, it is remarkable the thorough investigation of topics related to traveling
waves in spatially discrete dynamical systems, such as the study of their existence,
and monotonicity and stability properties, see [10, 28, 32, 33, 417] and references

2010 Mathematics Subject Classification. Primary: 34A33, 47D06; Secondary: 35R11.

Key words and phrases. Semidiscrete equations, fractional discrete Laplacian, almost periodic
solutions, Holder-Lebesgue regularity, Nagumo and Fisher-KPP equations, Bessel functions.

The first author is partially supported by FONDECYT grant number 1140258 and CONICYT-
PIA-Anillo ACT1416. The second author is partially supported by grant MTM2015-65888-C04-
4-P from the Government of Spain, by the Basque Government through the BERC 2014-2017
program, by Spanish Ministry of Economy and Competitiveness MINECO: BCAM Severo Ochoa
excellence accreditation SEV-2013-0323 and by Leonardo Foundation grant for Investigadores y
Creadores Culturales 2017 from BBVA.

* Corresponding author: Carlos Lizama.


http://dx.doi.org/10.3934/xx.xx.xx.xx

2 CARLOS LIZAMA AND LUZ RONCAL

therein. Studies on qualitative properties, like the relationship between exponential
dichotomies of nonautonomous difference equations and admissibility for classes of
weighted bounded solutions have been developed in [52]. Spatial dynamics of lattice
differential equations with delay are investigated in [29]. Also, the existence of wave
train solutions for the semidiscrete wave equation with a discrete Laplacian in Z2
was considered in [51]. Quite recently, a study related to the semidiscrete trans-
port equation has been carried out in [2]. Finally, harmonic analysis associated to
a discrete Laplacian and in the context of ultraspherical expansions has been also
developed in [11] and [7], respectively.

On the other hand, lattice differential equations with a fractional discrete Lapla-
cian arise to understand the behavior of processes related to small objects where the
continuum limit cannot describe events on length scales comparable to nanometers
[42]-[46]. The lattice approach gives a possible microstructural basis for anomalous
diffusion in media that are characterized by the non-locality of power law type. Ex-
amples of such behavior can be found on the deformations and diffusion processes
in solid objects like nanocrystalline and ultrafine grain polycrystals, both with and
without external forces [3], nanomechanics [44] and N-dimensional physical lattices
with long-range particle interactions [45]. For instance, a 3D lattice Fokker-Plank
equation to describe space-fractional diffusion processes was proposed in [43]. In
all of these cases, the main advantage of the semidiscrete analysis over the con-
tinuum is the better accuracy in the description of the phenomena [9]. However,
much work remains to be done, especially concerning properties of the solutions
either in the linear or nonlinear cases and qualitative and regularity properties of
such solutions. It is worth to mentioning the analysis of nonlocal discrete equa-
tions driven by fractional powers of the discrete Laplacian on a mesh performed in
[13, 14], where some properties concerning this operator are studied, as well as error
estimates for the approximation problem and regularity estimates in Holder spaces.
On the other hand, a relation between fractional powers of the discrete Laplacian
with a fractional derivative in the sense of Liouville was investigated in [12].

1.1. Background. To begin with, the typical equation describing semidiscrete dif-
fusion models is the semidiscrete heat equation

t
%t,n) = Aqu(t,n) +g(t,n), t>0, neZ,

u(0,n) =p(n), nez,

(1)

where v is the unknown function, the sequence ¢ = {¢(n)},ez is the initial datum,
g is a function representing a forcing term, and A4 is the second order central
difference operator

Aaf(n) = f(n—1) =2f(n) + f(n +1),

which we will call the discrete Laplacian. Analogously, we could formulate the
semidiscrete Schrodinger equation and the wave equation. In many cases, one has
to study nonlinear models associated to the above-mentioned processes.

The solution to the homogeneous version of the equation (1) (i.e., g = 0) is known
to be the semidiscrete heat semigroup, which is represented by the series

Tip(n) = Y Ti(n —m)p(m), >0, neZ,

mEZ
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where the kernel is given by
Tt(n) = 672t1n(2t)7 t 2 07 ne Za (2)

and I, denotes the modified Bessel function. This result is known within a for-
mulation of probability theory in the framework of birth-and-death processes and
random walks, cf. [22, Ch. XVIL5] and [23, Ch. IL7 and Ch. XIV.6]. It has
been also found by means of statistical methods [48] or by using Fourier series tech-
niques [19]. Very recently, it has been used in different contexts. For instance, in
the study of physical models [26, 27], mutation models in population biology [9,
Section 4] or for the development of harmonic analysis associated to Ag, see [11].
Furthermore, one more way to find the kernel (2) as the fundamental solution of
the semidiscrete heat equation has been rediscovered recently [29], where a lattice
differential equation model describing growth and spread of species in a shifting
habitat is studied.

Let 0 < 0 < 1. The fractional powers of the discrete Laplacian can be defined as

(805 =t [ () - ) i mez
d - 1—\(70_) 0 t t1+a.7 y
see [11, Section 3], [12, Theorem 2], [13], and [11]. Let us consider equation (1) with
the fractional powers of the discrete Laplacian —(—Aq)?, instead of A4, namely
Ju(t,n) -
T - _(_Ad) u(ta TL) + g(tvn)7 t>0, ne Za (3)

u(0,n) = p(n), ne€Z.

It seems that basic properties for the solutions of the non-homogeneous equation (3)
involving the fractional discrete Laplacian either in the linear or in the nonlinear
cases, and qualitative and regularity properties of such solutions are not known.
The motivation for such study relies on recent formulations of fractional calculus
for N-dimensional lattices that showed to be helpful in applications where long-
range physical particle interactions appear, as well as in the field of nanomechanics.
The references [44, 45, 46] cover several of these phenomena and demonstrate the
importance of fractional discrete equations.

On the basis of analytic semigroups and cosine operators theory, we analyze the
heat, Schrodinger, and wave models, both in the case of integer and in the case
of fractional spatial discretization. We will show that this approach facilitates the
analysis of qualitative properties of the model, providing directly their main general
properties.

More precisely, the equations under investigation in this paper are

QUL — Lt m) + Gtm), u(0.m) = o), (1)
% = iLw(t,n) + G(t,n), w(0,n)=1p(n), (5)
and
2'U n
TOEn) _ Lotn) + Gltn), o(0,m) =€), v(0,m) =n(n),  (6)

ot?
where n € Z. The notation L means either the discrete Laplacian Ay or the
fractional powers —(—Aq4)?, and the sequences @, 1,£ and 7 are the initial data
at ¢ = 0. The function G(¢,n) is the forcing term. We will consider both linear
and nonlinear type equations, namely, we will study the equations above in the
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case in which either G(¢,n) is a function of the form g(¢,n), t > 0, or of the form
g(u(t,n),n), g(w(t,n),n), or g(v(t,n),n), with t € J :=[0,T].

Our first aim is, therefore, to develop a detailed theory of analytic semigroups and
cosine operators generated by the operators Aq and —(—Aq4)?. We will merge some
techniques from operator theory and a careful use of properties of Bessel functions.
Actually these results, contained in Theorems 1.1, 1.2, and 1.3, are the core of the
paper.

Our second goal will be to consider the existence of almost periodic solutions to
the equations (4), (5), and (6). The existence of solutions to the linear versions
of (4), (5) and (6) will follow from the general theory of semigroups and cosine
operators. We will prove, under appropriate conditions on the forcing term, an
almost periodic behavior of these solutions which is not present in the continuous
case, see Theorem 1.5. Concerning nonlinear models, we will show the existence
and uniqueness of solutions to the equations (4), (5) and (6) when G(t,n) is taken
to be either g(u(t,n),n), g(w(t,n),n), or g(v(t,n),n), see Theorem 1.6. As in the
linear models, under suitable conditions on the forcing terms, the solutions present
an almost periodic behavior. The proofs will be based on the previous results for
the solutions to the linear models, together with an application of the Banach fixed
point theorem.

As a third aim, we will show a completely new characterization of well-posedness
on periodic Holder spaces for the linear model

w = Aqu(t,n) +ru(t,n) + f(t,n), t€[0,2n], n€Z,

u(0,n) = u(2m,n), n € Z,

(7)

on periodic Holder spaces, where » > 0. Namely, we will prove that the problem
(7) is well-posed in C%,([0,27];¢P(Z)) if and only if r > 4, see Section 5 for the
definitions and the proof of the results. This characterization is particularly impor-
tant for the analysis of general nonlinear models by means of fixed point arguments
using the implicit function theorem. In the case in which the discrete Laplacian is
replaced by the fractional discrete Laplacian, we will also study the well-posedness
of the corresponding problem. Maximal regularity estimates will be deduced as
corollaries.

The theory of analytic semigroups and cosine operators generated by A4 and
—(—Aq)? can be also described in the multidimensional setting Z. This will be
done in Section 6. The results for the one-dimensional case and the use of the
multidimensional discrete Fourier transform will be the ingredients to develop the
corresponding multidimensional theory of analytic semigroups and cosine functions.
With this extension, most of the results stated in Theorems 1.5 and 1.6 for the
solutions of the equations in the one-dimensional case will remain valid in the mul-
tidimensional case. We notice that the multidimensional discrete heat semigroup
was implicitly used in the study of asymptotic estimates concerning the fractional
discrete Laplacian (see [13, Section 5]).

Finally, we will call the attention on some nonhomogeneous and fractional ver-
sions of reaction-diffusion equations that are of particular interest, for instance in
Zinner’s model for the well known Fisher-KPP equation,

ou(t,n)

pra Aqu(t,n) + ru(t,n) — ru*(t,n) + g(t,n), t>0, n€Z,
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where r > 0 and g denotes an external forcing term. Another example is provided
by the semidiscrete Nagumo equation

Ou(t,n)

ot

where 0 < a < 1 and once again f is a forcing term. As applications of the results in
Sections 4 and 5, we will provide results on the existence and uniqueness of almost
discrete solutions to the equations above, and information on the C'* — ¢ regularity,
see Section 7.

The structure of the paper is the following. We present the statements of the
main results in Subsection 1.2. The results on the theory of analytic semigroups and
cosine operators generated by Ay and —(—Aq4)? are stated in Theorems 1.1, 1.2, 1.3,
and 1.4, and their proofs will be developed, respectively, in Sections 2 and 3. Such
theories will be applied to prove the existence and uniqueness of solutions to the
nonhomogeneous semidiscrete heat, Schrodinger and wave equations. These results
are stated in Theorems 1.5 and 1.6, and the proofs are contained in Section 4. The
results of well-posedness and maximal regularity for the linear semidiscrete heat
equations are stated in Theorems 1.7 and 1.8, and Section 5 will be devoted to their
proofs. In Section 6 we will show the extension of the theory of semigroups and
cosine operators to the multidimensional setting. In Section 7 we will present the
applications of our results to the semidiscrete Nagumo and Fisher—- KPP equations.
Finally, we collect facts and results concerning analytic semigroups and cosine op-
erators, Bessel functions, almost periodic sequences and discrete almost periodic
functions, and the discrete Fourier transform in Appendices A, B, C, and D. These
are the general tools needed to develop the rest of the results, and we consider
convenient to move them to the end of the paper, for easy reading.

= Aqu(t,n) —au(t,n) + (1 +a)u?(t,n) —v*(t,n) + f(t,n), t>0, n<Z,

1.2. Main results. We collect in this subsection the main results of the paper.
For every 1 < p < oo, we will denote by ¢P(Z), or just ¢P, the space of complex
sequences {a(n)}nez such that

1/p
llalle = (Z |a(n)|p) <00, 1<p<oo, |allee :=supla(n)] <oo, p=occ.
nez neZ
If X is a Banach space, B(X) will denote the collection of all bounded linear oper-
ators from X into itself. With an abuse of notation, we will often just write a or
a(n) instead of {a(n)},ez when referring to sequences.
Let us define ¥ := {z € C: |arg z| < w}. We write

T.(n) :=e %*1,(22), z€C, (8)

where Iy (z) is the Bessel function of imaginary argument (see Appendix B for the
definition and properties). We define the operator

Tpn) i= (T + 9)(n) = S To(n— m)g(m), 2 €C, (9)
MEZL
where the convolution is taken on Z. In Theorem 1.1 we will show that the familiy
of operators {7 }.ex, form an analytic semigroup in ¢P, see Definition A.1. Recall
also that the definitions and facts concerning almost periodic functions are collected
in Appendix C.

Theorem 1.1. (Semidiscrete heat analytic semigroup) Given z € X, let T, be the
operators defined in (9).
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(i) We have {T.}sex, C B(P) and it is an analytic semigroup in X, with
bounded generator Agq on P, 1 < p < oco. Moreover, for all p € (P:

1 [[(=Aq)eller < 4llller-
2. Tzoller < 64‘Z‘||g0||gp for all z € .

(i) Concerning the sequence T.(n), we have:
1T ler < €, for 1 < p < oc.
2. T.(n) is almost periodic in the variable n, for each z € ..

(iii) The spectrum of the operators Aq and T, is, respectively,

o(Aq) ={-4 sin? 0/2}oe(—nr) = [-4,0], and o(T.) = {6742 sin® 9/2}96(,7“7].

From Theorem 1.1, by the general semigroup theory, we have that the solution
to the homogeneous version of (5) with L = A4 is given by

Upp(n) =Y e Ty (2it)ih(m).

mez
Let us call
Ci(n) := Jo2n(2t), teR, nezZ, (10)
where Jj, is the Bessel function of first kind (see Appendix B for the definition and
properties) and consider the operator

Cié(n) := (Cyx&)(n) = Y Ci(n—m)&(m), teR. (11)

meZ

We shall prove in the following result that {C;}:cr is a cosine operator family (see
Definition A.2) which is also bounded on ¢ and we provide several properties for
the sequence Ci(n).

Theorem 1.2. (Semidiscrete wave cosine family) Given t € R, let C; be the oper-
ators defined in (11).

(i) We have {Ct}ier C B(P) and it is an uniformly continuous cosine family,
with bounded generator Agq on P, 1 < p < oco.
(ii) Concerning the sequence Ci(n), we have
1. ||Ctller < (2cosh|t]P — 1)YP, for 1 < p < .
2. Cy(n) is almost periodic in the variable n, for eacht € R, and also almost
periodic in the variable t, for each n € Z.
3. The spectrum of Cy is 0(Cy) = {cos(2tsin0/2) }oe(—r -

It follows from Theorem 1.2 and the general theory of cosine operators ([5, 20])
that C:£ is the solution to the homogeneous semidiscrete wave equation (6) with
n = 0. We observe that this fact is already known from the work by H. Bateman
[6, Formula (4.2) p. 502] (see also C. E. Pearson [37]). Here we just put that result
in a framework of operator theory.

Moreover, the relation

1 2 A 2
—— / t J) 2 d — tI 216
e n S S e n

holds, see Remark 3. This is understood as a discrete version of the abstract Weier-
strass formula, which is well-known from the theories of cosine and semigroups of
operators.

Given z € X let us define

LI = e #7874 per, (12)
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We will show that the family of operators £J is an uniformly continuous and analytic
semigroup of angle 7, as well as other qualitative properties of such operators, with
the associated kernel

L9 (n) = /0 e LN fro(NdA, 20, neZ, 0<o<l,

where f; ,(A) is the stable Lévy distribution [50]. Moreover, the latter expression
is positive due to the positivity of (2). An analytical expression is not available in
general, but in the case o = 1/2 we have the precise formula

_ t —t2 /4
[ t,1/2(/\) \/me )
corresponding to the Van der Waals profile (or the probability density function
of the Lévy distribution over the domain A > 0 with scale parameter t2/2) used
commonly in spectroscopy. Analogously to the case of the discrete Laplacian Ag,
we will also study the solutions to the fractional Schrodinger and wave semidiscrete
equations, that we will denote, respectively, by U7 and C;.

Theorem 1.3. (Fractional discrete semigroup) Let 0 < o < 1. Given z € ¥, let
L7 be the operators defined in (12).

i) We have {LI}.ex. C B(P) and it is an analytic semigroup, with bounded
z ™
generator —(—Aq)? on P, 1 < p < oo. Moreover, for all ¢ € (P:
20 (1+2
L [(=Ad) ¢l < TEZR s
2I'(14+20) ||
2. 1L2¢]ler < T+ |0l gp, for all z € Xy
1) We have the following representation for LI as a convolution operator with a
z
kernel. For each z € ¥ and n € Z:

LIp(n) = (LI x¢)(n) =Y _ LI (n— k)p(k),
kEZ
where
i I'(2ko +1)
LO' = "L 6 n
2 kZ::l k'F1+k0+n) T+ ho—n) 0
_ i efz(4sin2 %) efinG d97
2

and 8o, is the Kronecker delta function.
(iii) The spectrum of the operators —(—Aq)° and LS is, respectively,

o( = (=Aq)7) = {—(4sin®0/2)" Yoe(—nn) = [47,0],
and
o(L9) = {e—z(4sim2 6/2)° }96(—7‘(’,71’]'

(iv) C’oncernmg the sequence Le
F (142

LLSler < e etk , for alze ¥, 1<p<oo.
2. LI(n) is discrete almost periodic in the variable n, for each z € X.
(v) In the case z =t > 0, we have
1. LYo(n) >0 if ¢ >0 and LY (n) > 0, for each n € Z.
2. Y ez Li(n) =1, and L7 is a Markovian semigroup.

7, we have:
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Let 0 < 0 < 1 be given. For any £ € /P, 1 < p < 0o, we define:

Cogi= 2t STt S R, (13)

Concerning the fractional discrete cosine function generated by the fractional dis-
crete Laplacian, we have the following.

Theorem 1.4. (Fractional discrete cosine function) Let 0 < 0 < 1. Given t € R,
let C7 be the operators defined in (13).

(i) We have {C? }+ter C B(¢P) and it is an uniformly continuous cosine family,

with bounded generator —(—Aq4)? on P, 1 <p < c0.
(1i) The following identity holds

C7&(n) = (CF +&)(n) = > Cf (n—m)&(m), tER, (14)
meZ
where P
C?(n) == % / cos (t(4sin? 0)7/2) cos(2n0)d6. (15)
0

(iti) The spectrum of C7 is o(C7) = {cos (t(4sin®0/2)7/2) bge(—r -
iv) Concerning the sequence C¢(n), we have
t
T(1+o0)
1|09 |ler < X Tarorm? !l ¢ e R,
2. C¢(n) is almost periodic in the variable n, for each t € R, and also almost
periodic in the variable t, for each n € 7Z.

The following result gives explicit solutions of the non homogeneous linear equa-
tions (4), (5) and (6), each one in both cases L = A4, —(—Aq4)? and establishes
qualitative properties of such solutions. Let us define

t
Stn:/CSnds, ner, t>0,
0
and .
Sfr]z/C;’nds, neLr, t>0.
0

Recall that the definitions and facts on discrete almost periodic functions are col-
lected in the Subsection C in Appendix B.

Theorem 1.5. Let 0 < o0 < 1. Let ¢,9,&,n € £* and g : (0,00) x Z — C be
continuous in the first variable and such that g(t,-) € € for each t € [0,00), and
g(+,n) € L*((0,0)), for each n € Z. Then, for t > 0 and n € Z, the functions

u(t,n) = /ﬁsgsn w(t,n) = Upp(n /Utsgsn
and
v(t,n) = C&(n) + Sen(n / St—sg(s,m)
and
woltom) = 7o)+ [ £ sglo,myds, walton) =Upvi) + [ U glo.m s,
and

v t,m) = C7E(n) + S7n(n /&wsn



HOLDER-LEBESGUE REGULARITY AND ALMOST PERIODICITY 9

are well-defined for every (t,n) € (0,00) X Z and they solve the problems (4), (5),
and (6), with L = Aq or —(—Aq)?, respectively, when G(t,n) = g(t,n).

Moreover, if p,,&,n € €1, then the following statements also hold:

1. If g(t,-) is discrete almost periodic in the second variable, for each t > 0, then
u(t,-), w(t,-), v(t,"), us(t, ), ws(t,-), and v, (t,-) are also discrete almost
periodic in the second variable.

2. If g(-,n) is almost periodic in the first variable, for each n € Z, then w(-,n),
v(+,n), we(-,n), and vy (-, n) are also almost periodic in the first variable.

8. Letc>4. Ifg(t,-) € I* is such that Y, ., |g(t,n)| < Me™“, for some M > 0,
then both u(t,n) — 0 and uys(t,n) — 0 as t = 0o, for each fixzed n € N.

We now treat nonlinear versions of the semidiscrete equations presented in Sub-
section 1.1. Recall that, given 0 < T < oo, we denote J := [0, T].

Let us introduce the following definitions. Let ¢,1,{,n € £*° and g : R X Z —
R be continuous in the second variable and such that g(x,-) € £, Vo € R.
We say that u(t,n), w(t,n), v(t,n), us(t,n), we(t,n), and v,(t,n) are a solu-
tion of (4), (5), and (6), with L = A4 or —(—Aq)?, in the case in which G(¢,n)

is either g(u(tv ’I’L), n)v g(w(tv n)v ’I’L), g('l}(t, TL)7 n)7 g(ua (ta n)v n)a g(wd (t7 n)v ’I’L), or
g(vs(t,n),n), respectively, if they solve

u(t,n) = /ﬁgg s,n),n)ds,

w(t,n) = Upp(n /ut sg(w(s, n),n)ds,
and
v(n,t) = Cié(n) + Sin(n /St s9(v(s,n),n)ds;

and
t
o () = L5 p(n) + / L5 g(uq(s,m),m) ds,
0

we(t,n) =UTP(n /L{fsgwasn) n)ds,
and
t
ve(t,n) = C7&(n) + ST n(n) + / Si—s9(vs(s,m),n)ds;
0

for t € J, n € Z. The main result concerning existence and uniqueness of solutions
to the nonlinear equations is the following.

Theorem 1.6. Let 0 < o < 1. Let ¢, ¢, &n e l>*, T >0 and g:[0,T] xZ — C be
such that g(t,-) € £>° for eacht € [0,T)]. Let us assume that there exists 0 < Cp, < 00
such that

lg(s,n) —g(u,n)| < CLls—u|, s,ueR, neZ. (16)
If g(t,-) is discrete almost periodic in the second variable, for each t € R, then there
exists a unique solution u, w, v, Uy, Wy, and v, on [0,T] X Z to the problems (4),
(5), and (6), with L = Aq or —(—Aq)?, respectively, when G(t,n) is one of the
above, that is also discrete almost periodic in the second variable.
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The proofs of Theorems 1.5 and 1.6 are contained in Section 4.
Let » € R.. We now focus on the problem

(Poer(£)) 6”32’ ™ = (Bapult,n) + f(tn), in [0,20] % Z,

u(0,n) = u(2m,n), on Z.

(17)

The aim is to characterize well-posedness (or maximal regularity) of the solution
of (17) in the sense of Holder continuity on periodic times, and ¢? summability in
a lattice space. Observe that such characterizations have been studied earlier by
others authors with different methods [21, 30].

Let us define Cpe, ([0, 27]; ¢7(Z)) the space of continuous functions F : [0,27] —
(P(Z) with F(0) = F(27). Let 0 < a < 1. We denote by Cg.,([0,2n]; (7(Z))
the space of a-Holder continuous functions F' taking values on ¢P(Z), such that
F(0) = F(2r). The seminorm on C%..([0,27]; ¢P(Z)) is given by

per
1/p
F(t)— F(s P Zn |f(t,n)—f(s,n)|p
||F||a — sup H ( ) (a)ll — sup ( €Z - ) .
t#s |t—$‘ t#s |t_8|
t,s€(0,27) t,s€[0,27]

Moreover, C’g‘er([O, 27]; £P (Z)) is a Banach space endowed with the norm
[Fllce = 1 Fllo + [ E(0)|lev-
We will also define the space CL%([0,2n];¢P(Z)) as the space of functions F €

per

C'([0,27];7(Z)) such that F(0) = F(2n), and F' € C%,.([0,2x]; (Z)) (actually
we could define, more generally, the space of functions Cgé? ([0, 27]; ¢P (Z))7 for each
k € N, but this is enough for our purposes).

We say that the problem (Ppe;) in (17) is well-posed in CS,, ([0, 2] ¢P(Z)) if,
for each f € Cger([O, 2r);P(Z)), there is a unique classical solution u €
Cpx([0,27]507(Z)) of (Poex (f))-

We will characterize the C%, ([0, 27]; £7(Z))-well-posedness of the problem (17)
only in terms of the parameter r. We remark that this is a notable qualitative
property that is certainly not present in the continuous setting. The key of the
proof is the fact that the spectrum of the operator A = A4 + I is bounded and
therefore the resolvent set of A can be defined on the left side of the complex plane.
This is a particular property of the discrete case; in the situation of the continuous
Laplacian this is not true because the Laplacian is an unbounded operator and its
spectrum is located in the entire negative real semiaxis.

Theorem 1.7. Let 0 < a < 1,1 < p < oo, and r € R.. The problem (Pper) in
(17) is well-posed in Co.([0,27]; €P(Z)) if and only if r > 4.
Given 0 < 0 < 1, we also consider the problem

Ou(t,n)

= (—(—Aq)7 +r)u(t,n) + f(t,n), in [0,27] X Z,

(Pgec(f)) ot (18)
u(0,n) = u(2m,n), on Z.
For this problem, we will state a result of well-posedness as well.
Theorem 1.8. Let 0 < a< 1,1 <p< oo, and 0 <o < 1. Letr>2%.

Then the problem (PS..) in (18) is well-posed in C2,.([0, 2x]; €7(Z)).

per per
Theorems 1.7 and 1.8 will be proved in Section 5 and C'* — /P maximal regularity
results will be obtained as corollaries, see also Section 5.
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2. Analytic semigroups and cosine operators generated by Ag. In this
section we will prove the main results on the theory of analytic semigroups and
cosine operators generated by the discrete Laplacian Ayq. We emphasize that this
operator is trivially bounded on /7, 1 < p < oo, unlike the continuous Laplacian,
and this fact allows to employ known tools from functional calculus together with
the general theory of semigroups and cosine operators to obtain several particular
properties in an efficient way.

2.1. The semidiscrete heat analytic semigroup. Observe that, from the for-
mula [38, p. 456, 2.5.40 (3)]

In(z):f/ e*%cosnfdh, |argz|<m, neZ,
T Jo

we can obtain

2 7\'/2 X
— / e—4zsin® 0 cos(2nb) db.
0

1 (7 2 )
— o2z _ —4zsin“0/2 —inb _
T.(n) =e **1,(22) 5 [ﬂe e de -
(19)

Proof of Theorem 1.1. 1t is clear that ¢ — T,p is a linear map. Let us see the
boundedness on . Because I,(z) = I_,(2), I,(z) = i "J,(iz) and the upper
bound (44), we deduce

(oo}
D e (22)] <2 e L (22)] + e To(22))]

neL n=1
=2 Z le =227, (2i2)| + |e 2% Jo(2i2)|

n | Im 2iz|
_ z|e _ P
2Rez§ | | +e 2Reze\lm2zz|
I'(n+1)

2R z:|12|n€um2w| —2Rez | Im 2iz| —2Rez | Im 2iz|
ez _26 eze m zi1z _|_e eze m zi1z

P(n+1)

< 2~ 2Rez€| |e|In12zz| _ e—QReze|In12zz|

< 672Rez€|1m2iz|(26|z| . 1) — Cz.
Hence by Minkowski’s integral inequality we obtain
1T+ eller < NTxllerlleller < Cellller

The function z — 7, is analytic in X, because T, is analytic in ¥,. In order to
check that the semigroup properties hold, it is enough to observe that 7o = ¢ and
that 7., 7., = T.,+2,¢. But the first one was just proved in [11, Proposition 1]
and the second one can be shown analogously as it was proved in [I1, Proposition
1], just noticing that the Neumann’s identity (50) is valid for zy, 25 € X,

Now we shall prove that the family has the bounded generator Ay. We first
observe that Minkowski’s inequality shows that ||Aq|per) < 4, proving (i)-(1). It
suffices to check that Agp = zga\z 0, for an arbltrary sequence ¢ € (P. Indeed,
the modified Bessel function Ik( ) satisfies I} (z) = 3 (Ir41(2) +Ix—1(2)). From here
it follows

%(e_ZZIk(2z)) = e %% (Ij11(22) — 203,(22) + I—1(22)).
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Then, we have

7-2/@(”) — 2 Z (In,erl(QZ) — 2In,m(2z) + In,m,1(22))§0(m)
mEZ

Therefore, taking into account (49), we conclude the desired statement. By unique-
ness of the generator we conclude that T, = e*24 for all z € ¥. This last identity
together with (i)-(1) shows the inequality (i)-(2).

Concerning (ii)-(1), we take u(n) = ¢, in (i)-(2) obtaining in this way || T, ||e» <
etl#l for 1 < p < .

Now we prove (ii)-(2). Let us assume that Rez > 0. Otherwise, the argument
below is valid after slight modifications. The sequence {fy(n)}necz, where fo(n) :=
cos(2mnd) is almost periodic in n for any real valued 6, see [8]. Then, given € > 0,
there exists a positive integer M (¢) such that any set consisting of M (&) consecutive
integers contains at least one p € Z such that

sup | fo(n +p) — fo(n)| <e.
nez

It follows from here and (19) that

/2 .
|T.(n+p)—T.(n)] < 2 / le=4#57 9| cos(2(n + p)B) — cos 2nb| db
™ Jo

1/2 L,
o / e~ =50 (¥0)| £ (1 4 ) fo ()| dB.
0

By Dominated Convergence Theorem, we thus have

1/2
sup |Tz(n +P) - Tz(n)| < 25/ / 674Rezsin2(ﬂ'9) do < g,
neZ 0
and the proof is complete.

Finally, part (iii) follows from the definition of the corresponding operators with
the discrete Fourier transform and the spectral mapping theorem for the case of T,
(see e.g. [18, Lemma 3.13, p.19]). O

Remark 1. By taking z = t € (0,00) in (9) we are led to the semidiscrete heat
semigroup, which is given by the series

Tip(n) = Z e ML m(2t)p(m), @€ P,
meZ

It was proved (see [11, Proposition 1]) that {T; }1>0 is a positive Markovian diffusion
semigroup, and is bounded on (P for 1 < p < oco. In particular, ||[T¢||r = 1, due
to (51). Observe that since I,(z) is an entire function on z, it follows that the
semigroup Ty generated by Aq is in fact a group. In other words, it can be defined
for all t € R. In particular, the identity e 4o = T_, * © holds for t > 0 and for
each p € P, 1 < p < o0, and we also have

IT-epller < € [lolle-
Remark 2. As a by-product, from the proof of Theorem 1.1 we also obtain that
||Tz||€1 < 672Rez6|1m2iz|(26|z| 7 1),

which is valid for z € C.
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It turns out that when considering z = ¢, t € R, the operators
Uy := T,
form also a group. This is contained in the following theorem.

Theorem 2.1. Lett € R.
(i) The family {U;}ier C B(¢P) and it forms a group with bounded generator iAq,
1 < p < oo. Moreover, |[U]| < e*t.
(i) Tit(n) is almost periodic in the variable t, for each n € Z.

Proof. Concerning part (i), by taking into account (8), from the very definition
of the Bessel function Ij(z) in (47) we have that Si(n) := T_¢(n) = e 1,(-2t).
Observe that the identity 21/ (z) = I,,—1(2) + I,+1(2) imply

Si(n) = —€* (In1(2t) — 21,,(2t) + I,—1(2t)),

so that S;(0) = —A4do.n. By [36, Th. 6.3, p. 23], we get the conclusion. The
second part follows from Theorem 1.1, part (i)-(2).

On the other hand, it can be proved that the function Tj;(n) in (19) (with the
choice z = it there) is almost periodic in ¢ by following an argument parallel to the
one developed in Theorem 1.1, part (ii)-(2). This time we have to take into account
that e~41tsin” 6 s almost periodic in ¢, for any real valued 6. O

2.2. The semidiscrete wave cosine family. Let C;(n) be defined in (10). From
([25, p. 420, Formula 3.7.15 (9)]) we have

/2
Cy(n) = 2 / cos(2t sin z) cos(2nx)dx. (20)
0

™

Proof of Theorem 1.2. We begin with part (i). By (42) and the upper bound (44)
we have, for each t fixed,

D [om@p(n —m)P < [lglle Y [Jom(20)]

meZ mEZL
< ligler (2 EOO M (20)])
= L T(@2m+1)

< [l@ller (2(cosh [t] — 1) +[Jo(2t)]) < (2cosh[t] — D)]leller,

so C; is a linear and bounded operator on ¢P. Note that, by (43), we obtain

Cop(n) = Z Co(n —m)p(m) = Z Jan—2m (0)p(m) = @(n).

meZ meZ
On the other hand, by using (46) and (42) it is easily verified that

Jon(2t = 25) =Y Jonom(26)Jom(25) = Y Jan—2m(2t)J2m(25)

meZ mEZ
= Z Jgn_gm(Qt)JQm(QS)(—l)2m = Z Jgn_gm(zt)ng(Qs).
meZ MEZL

Moreover, (45) shows that

Jon (2t +25) = > Jan—2m(2t)Jom (25).

mEZ
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Therefore it follows that

Jon (2 + 28) + Jon (2t — 25) =2 Jon_om (2t)Jom (25).
meZ

Since C’t(n) = Jo,(2t) we arrive at

CCop(n) =G (Y Cul- —m)g >)<n>=Zot<n—k>(203<k—m>so<m>)

mez keZ mez
:Z<2Ct n—k)Cs(k — m))gp(m)
mEZ kEZ
=3 3 (Conaln—m) + Coosln = m)) plm) = 3 Cvs + Cim ().
mEZ

Now we will check that the family of cosine operators {C;}+cr has the bounded
generator Agq and, in particular, is uniformly continuous. To that end, we will
see that Agp = g—;Ct|t:0g0, for an arbitrary sequence ¢ € ¢P. Indeed, the Bessel
function J(2) satisfies J},(2) = — 3 (Jx41(2) —Jr—1(2)). With this, we readily obtain

32
9.2 Ji(22) = Jpa2(22) — 2J5(22) + Ji—2(22).
Then, we have
02
o2 CtSO( ) Z (J2(n—m+1)(2t) - 2J2(n—m)(2t) + JQ(n—m—l)(2t))90(m)~

mEeZ

Therefore, taking into account (43), we conclude the desired statement.
Now we pass to part (ii). To prove (ii)-(1) we follow an analogous reasoning to
the one used in part (i) that leads to

3 a2 |P<2z( )+ e

neZ

SO
<2 _ 2t)|P < (2cosh |t]P — 1).
<23 pguyy * (@ < 2eosh e -1

Part (2) follows immediately from the integral representation (20) for Cy.
Finally, part (3) follows from Theorem 1.1 (iii) and the spectral mapping theorem
for cosine operator functions, i.e., the identity

o(C:) = cosh(ty/o(Aq)).

Observe that we take into account that cosh(iz) = cos(z). The theorem is proved.
O

Remark 3 (Weierstrass formula). The following identity can be found in the lit-
erature: for Rep > 0, Rev > —1, |argc| < m, one has (see [39, p. 186, 2.12.9.

1.])

[t as =y [Teso (= £ )na(5,)

Then, if we take above p = -, v = 2n and ¢ = 2, it holds

at

1 —s% /4t
— e Cs(n)ds =T;(n), t>0, nez,
\/Wt/o <) t()
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where Cy and Ty are the ones in (10) and (8), which yields

1 0 R
ﬁ/@ e S /4tcs<p(n) ds=Tip(n), t>0, neZ.

So the identity can be reinterpreted as the Weierstrass formula in the discrete set-
ting. Observe that Weierstrass formula is valid in general in the framework of cosine
and semigroup theory.

3. Analytic semigroups and cosine operators generated by —(—A4)?. We
proceed in this section to construct the theory of analytic semigroups and cosine
operators generated by the fractional discrete Laplacian —(—Aq)“.

3.1. The fractional discrete Laplacian. We begin this subsection by defining
the fractional powers of the discrete Laplacian. The first approach will be by means
of the discrete Fourier transform, see Appendix D. We define the following function
of order o > 0:

1 [" .
K°(n) := 2—/ (4sin?(0/2)) e ™ dp, n € Z. (21)
™ —T
A computation using [38, 2.5.12 (22), p. 402] shows that the function K°(n) can
be explicitly written as (see [12, Remark 1])
-1)"I'(2 1
K°(n) = (=D)"T(20 +1) n ez, (22)

rM+o+n)l(1+0—n)

for each o € (0, 00)\N. This kernel has been also considered earlier by other authors.
See e.g. [44, formula (26)] and references therein. It can be checked, by Stirling’s
approximation, that

~ F(QO& + 1) ‘n|—20¢—1

|K7(n)| , n — *oo,
so that the following expression can be well defined for f € £>° (see [12, Section 2]),
(=8a)7f(n) =Y _K°(n—k)f(k), n€Z oe(000)\N  (23)

keZ

and is called the fractional discrete Laplacian. It is clear from (21) that

Fz((=Aa)7 £)(0) = (4sin*(0/2)) Fz(£)(0),

where F7z denotes the discrete Fourier transform, which is defined in Appendix D.

On the other hand, we can also define, for good enough functions, the fractional
discrete Laplacian with the approach of the semidiscrete heat semigroup (9), as
follows:

S e dt
(-80S0 = 5o [ (TI0) = ), meZ @
(see [11, 13, 41]). With this semigroup approach, we can derive another pointwise
explicit formula, see [13, Theorem 1.2]:
(=284)7f(n) =Y (f(n) = f(k)) R (k —n), (25)

k#n
where
4°T(1/2 4+ o)T(|n| — o)

R(n) = o e ey MEEVOL RO =0 (20)
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Remark 4. It is proved in [13] that, if f is bounded then lim,_,;-(—Aq)? f(n) =
—Aqf(n), for eachn € Z.

The pointwise formulae (23) and (25) are equivalent, and the kernels (22) and
(26) are related. In order to prove this equivalence, we present a previous technical
lemma.

Lemma 3.1. Let a € (0, oo) \Z. Then we have the identity

I(n—a) I'(1—a)
— I'(n+a+1) F(a+1)2a'

Proof. Let us write the sum above as

'n—a) i F(n—a)l'(n+1) T'(-a)

I‘n+a+1 ~— T(n+a+1)nl T(a+1)’

and the sum Zn 0 % in the right hand side is the absolute convergent

Gauss hypergeometric series o F1(—a, 1;a + 1;1) times %, see [1, 15.1.1]. This
particular series can be explicitly computed, see [1, 15.1.20], so that

) I +a)l(2a) 1
2F1(—CL,1,CL+ 1,1) = m = 5

Therefore we get

—~ I'(n-a) 1 I(-a) T@1-a)
ZF(n+a+1 ~ 2T(a+1) T(a+1)2a’

n=1

as desired. O

The following proposition shows that the kernel K?(n) is mass preserving [16,
Section 3] and coincides essentially with the kernel R°(n) except for a change of
sign.

Proposition 1. Let 0 < 0 < 1. Then K?(n) = —R°(n), for all n € Z\ {0}.
Moreover, R?(0) =", ., K?(n) = 0.

Proof. The pointwise formula (23) can be rewritten as

(—Aa)7f(n) = K°(n—k)f(k) + K°(0)f(n)

k#n
==Y K7(n—k)(f(n) = f(k)) + D> K°(n—k)f(n)+K°(0)f(n)
k#n k#n
==Y K(k)(f(n) — f(n—k)) + f(n) > K (k)
k#0 keZ
Moreover,
> Ko(k)=0. (27)
k€EZ

Indeed, we split the sum into

> Kok —QZKU + K°(0).

kEZ
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On one hand, by Lemma 3.1,
e _1\k x _1\k
5> (-1 L, (-
= M(l+o+k(1+0—k) = I(l+o+kI(1-(k-0))

2 & (-1)T(k — o) sin (n(k — o))
™ I'l+o+k)

3

On the other hand,

oo I'(20 +1) _ sin(mo) I'(1 — o)
K7(0) = I'l1+o)(14+0) 7 TI(l+40)0’

so we conclude (27).

Now, we will see that K (k) = —R?(k) for all k € Z\ {0}. Since both kernels
are even, it suffices to consider k > 0. Indeed, by applying in (22) the duplication
formula I'(2)T'(z + 1/2) = 2'72*T'(22) /7 with z = 222 and then Euler’s reflection
formula I'(1 — 2)I'(2) = with z =140 — k, we get

RS
sin(mz)

CK(k) = (-0 (20+1)  (-1D)FT(oc+1/2)T'(0 + 1)47
T4 o+kT(1+0—-k) TA+o+kI(1+0—k)VT
(=) (0 + 1/2)T(0 4+ 1)4°T(k — o) sin[r(1 + o — k)]

B I(1+o0+k)/rr
_ (0 +1)4°T(k — o) sin[r(1 + )]
(140 +k)/rm
_(=D)D(0 4+ 1/2)T(0 + 1)4°T(k — o)1
 T(1+o+k)/arl(—o)T(1+0)
I'(o +1/2)4°T'(k — o)

T T(1+o+k)/AD(=0) R k),

(—~1)I'(o +1/2)T

and the proof is complete. O

We finish this subsection with the explicit computation of || K?||,:, which will be
useful later on.

Lemma 3.2. Let0 <o < 1. Then

- I'l+ 20
1K = 24 29),

I'l+o)
Proof. Observe that, by (22),

(—1)" I'(1+20)
l4o0+n)l(1+0c—n)l TA+o0)(1+0)

1K =T +20) 3 |
nezZ\{0}



18 CARLOS LIZAMA AND LUZ RONCAL

Let us analyze the sum on the right hand side above. By Lemma 3.1 we have

(=n" 1
Z ‘F(1+0+n)F(1+07n‘_22 I'l4+o0+n)I'(1+0—n)
nezZ\{0} n=1

1
— I(1+o0+n)|T(1—(n—o0))

X I'(n —o)|sin (7(n—0))]

=%Z

Mg

— F(1+a+n)
_ 2sin(ro (n—o)
N m I‘ 1+a+n
__ sin(7o) F(l —o0)
1 T(4o0)o

On the other hand by the reflection formula for the Gamma function, we get

Sin(m;g(l_g) = (1+J) Putting everything together, we conclude that

I'(l1+20)

Kopn =24—4F——=
1K e = 2y o5

and the proof is finished.

3.2. The fractional discrete semigroup.

Proof of Theorem 1.3. Given a sectorial operator A, the spectral mapping theorem
for fractional powers states that (see for instance [34, Ch. 5.3])

o(A%)={2°:z€0(A)}, o>0.

If, in addition, the operator A is bounded, then for any ¢ > 0 the operator A°
is bounded as well. Thus, (—Aq4)? is bounded on ¢7, for 1 < p < oo. On the
other hand, the spectrum is o ((—Aq)?) = J((—Ad))o, obtaining in this way part
(iii), just by using Theorem 1.1, part (iii). We can say even more. According
o (23) the fractional discrete Laplacian is defined as a convolution operator on
Z as (—Aq)?f = K? x f. Then by Minkowski’s integral inequality we have that
H(=Aq) fllee < [|EK|er]| fllee, for 1 < p < co. By Lemma 3.2, we conclude that
the estimate (i)-(1) holds. Therefore, the family of operators £J ¢ defined in (12) is
contained in B(¢P), it is an analytic semigroup and the estimate (i)-(2) holds.
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Concerning the proof of (ii) we obtain, by using (23),

o0

Zk
e=#(=20)7 () :§ (—=1)k k'( Aq)k7p(n)
k=0

O P . I'(2ko +1)
=2 (D 2 () T+ ho +m)D(1+ ko —m) " =™

k=0 " mez
= 3 ol mi-1)” §;<—1>’“2'?r<1 ey
= mezs@(n —m)(=1)" gl(— )k% T(1+ kai(?:;rzll ko —m)
+ 2 el =m g m)lr(l —m)
- mze:z(p(n S gf‘”kim + kai(i]j;;(ﬂ Fo —m) TP

Let us prove the second equality in part (i), and we start with the integral
expression. With the change of variable §/2 = 7/2 — w, it follows

i e—z(4 sin? g)ae—me do = l / e—z(llsin2 g)” COS(TLQ) de
2 J_, T Jo
2 w/2 . . o
=— / 6_2(45”12(7_7”) cos (2n(m/2 — u)) du
T Jo
2 w/2 . ] .
= (71)"7/ 247 (cosw)? cos(2nu) du.
T Jo

Expand the exponential function and use the formula in [38, p. 402, 2.5.12 (22)]

L'(v)
P(H5H)0(H5=2)

/2
/ (cos )"~ cos(bx)dx =27 "7 Rev >0, |argh| <,
0

with v = 2ko + 1, b = 2n, to get the desired result. Indeed,

/2 . - T X 4° 20\
/ e—z4 (cosu)? COS(2’I’LU) du = / Z(_l)k% COS(2TLU) du
0 0 '

0 40 m/2
= Z (2 ) / (cosu)?7* cos(2nu) du
0

k=0
T I'(2ko +1)
5; k'F1+ka+n) (14+ ko —n)
/2
—l—/o cos(2nu) du
T 2k I'(2ko +1)
2 Z(_Dkﬁ T(1+4 ko +n)T(1 + ko —n) +do.n-
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Let us prove now part (iv)-(1). Since the operator (—Aq4)? is bounded on ¢7, a
computation using the representation in series of e *(=24)” yields

le™*20" o)l < el KN Bez ||l for all o € £7.

We choose {p(n)}nez = {don}tnez € ¢P. Then, by part (ii) we obtain
e #(=8a)75, . = L7 (n) for each n and consequently by Lemma 3.2 we obtain the
desired estimate.

In order to prove part (iv)-(2) we observe that, for any § € R, the sequence
{cos 2mnb},cz is almost periodic. Then, in view of the integral expression for LI
in part (ii), by the definition of discrete almost periodic function, and Dominated
Convergence Theorem, we have that LJ is discrete almost periodic in n € Z for
each z € Y.

Proof of part (v)-(1). We recall the following representation describing a stable
Levy process, see [50, Ch. IX.11, Propositionl],

o

et :/ e fy o (M) dA, t>0, a>0 (28)
0

where f; () is a transition probability density that satisfies, see [50, Ch. IX.11,
Propositions 2 and 3],

(oo}
fro(A) >0 forall A >0, / fro(A)dr = 1.
0
Take any ¢ > 0. Then by the representation (28) we have that

B () = [ M) fea(N) A 20,
0
Let us choose ¢(n) = dp . It follows immediately that

0< / 480 1 fro(A) dX = e (72750 = L7 (n),
0
where the second equality is implied by part (ii).
Finally, for the proof of part (v)-(2), we use the representation (28) applied to
the sequence constantly equal to 1 (which we denote 1(n)). Therefore we have

L£I1(n) :/ era1(n) fr o (N) d\ = l(n)/ fro(N) dX = 1(n),
0 0
because e*d = T, is Markovian. Moreover, the representation of £J as a convolu-

tion in part (ii) shows that
L71(n) =Y L{(k)1(n—k) =Y L7 (k).
kEZ kEZ
This yields » ., L7 (k) = 1.
The proof of the theorem is complete. O

Remark 5. From the fact that e=*(=2a)° 5y, = LI (n) we deduce, for z,w € S
and each n € Z, that

(LZ = L7,)(n) = L7y, (n). (29)
Remark 6. Note that, for o = 1, we recover the modified Bessel function, i.e.,

Ll(n) = e ?*1,(2z). We could say that L7 is some sort of generalized modified
Bessel function.
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For z =it,t € R, let us define U/ as
Ugp(n) =y L (n—m)i(m), (30)
meEZ
where ¢ € (P.

Theorem 3.3. The family {U7 }ier forms a group of bounded and linear opera-
tors on {7 with bounded generator —i(—Aq)?. Moreover, the spectrum is o(U]) =

{e—it(4 sin? 0/2)° }6’6(777,7@ ]

Proof. The group property follows from identity (29) applied to z = it, w = is,
with t,s € R. Since L% € ¢, then U7 is a well-defined operator from (P into
itself. In addition, [|Uf|gr) < [[L§ller. The spectrum is a particular case of
Theorem 1.3. O

3.3. The fractional discrete cosine function.

Proof of Theorem 1.4. Let us begin with part (i). Theorem 1.3, part (i), shows
that {C }ter C B(¢P) and it is an uniformly continuous family of operators. The

D’Alembert functional equation follows from the fact that U, s a group. From
(21) and discrete Fourier transform, it follows that K°/2 x K?/2 = K°. Therefore,
formula (23) gives

(—Aa)72(=A4q)/% = (=Aq)°.

The latter identity shows that Cy is an uniformly continuous operator cosine func-
tion with generator —(—Aq4)?. Indeed, we have

2C7) = —i(~Aa)7"2U7? +i(~ D) PU L
and hence
2067)" = ~(~A0)* (- A0 U — (=) (= Aa) U7
= —(~8)7U — (~A)7UT? = ~(=Da) T+ U7,
This implies
[€7]" = —(=Aa)7CY,
and, after evaluating in ¢t = 0, the conclusion follows.

For the proof of (ii) it is enough to note, from Theorem 1.3 part (ii), that we
have the identity

L) + 172 ()

2
Part (iii) follows from (15). From identity (31) above one can conclude part (iv)-(1),
by taking into account Theorem 1.3 part (iv)-(1). Finally, part (iv)-(2) is true by
(15). O

= C7 (n). (31)

Remark 7. Observe that in the limit case o = 1 we obtain
Egt/QQO + 517/5590
2 b
with generator —(—Aqg)' = Aq. We will check that
Ctl = Ct

Cio= teR.
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where Cy was defined in (11). Indeed, it is enough to prove that

Li/*(n) + L3 (n)

Ci(n) = 5 )

but this follows from formula (20) and the integral expression for LI(n) in Theo-
rem 1.3, part (ii). This fact also justifies the definition of discrete cosine function
given in Subsection 2.2.

Remark 8. From Theorem 1.3 in case o = 1/2 we obtain ||(—Aq)'/?|| < %. Since

cosh [(=Aq)Y/?t] is a cosine operator function with generator Aq it follows from
uniqueness that C; = cosh[(—Ad)lﬂt} for all t € R, where C; is the semidiscrete
wave cosine family defined in the previous section. In particular, we obtain

¢
[Cell < e,
which complements Theorem 1.2 and provides the estimate
4
ICs]ler < €77,

for the corresponding kernel. Compare this estimate with the one in Theorem 1.2,

part (ii)-(1).

4. Existence and uniqueness of almost periodic solutions: proofs of The-
orems 1.5 and 1.6. We devote this section to the proofs of Theorems 1.5 and
1.6 concerning the existence and uniqueness of almost periodic solutions to non-
homogeneous heat, Schrodinger, and wave equations involving a discrete Laplacian,
and some of their properties. The research carried out in the previous Theorems 1.1,
1.2, 1.3 and 1.4 and in the corresponding proofs in Sections 2 and 3 will be the key
to prove the results concerning these solutions. In order to unify the presentation,
we will show the problems in a general form. Therefore, recall from Subsection 1.1
that we will study the following equations:

w = Lu(t,n) + G(t,n),  u(0,n) = @(n), (32)
% = iLw<tv n) + G(tv n)7 w(O, Tl) = ’L/)(n)’ (33)
and
0?v(t,n)

—op = Lu(tn) + G(tn), v(0,n) =£(n), vi(0,n) =n(n), (34)

where n € Z, L means either the discrete Laplacian Aq or the fractional powers
—(—=Aq)?, the sequences @,1,€ and n are the initial data at ¢ = 0 and G is a
function either of the form g(t,n), ¢ > 0, or of the form g(u(t,n),n), g(w(t,n),n),
or g(v(t,n),n), with t € J:=[0,7] and 0 < T < oo is given.

For easy reading, we will also collect some ingredients that have been already
presented in the previous sections. When L = Agq, the solution to the homogeneous
version of the equation (32) is represented by the series

72@(”) = Z 672tIn—m(2t)§0(m)a t Z Oa ne Z

mEZ
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Then, from Theorem 2.1 and semigroup theory we have that the solution to the
homogeneous version of (33) is given by

w(t,n) =Upp(n) =Y e "I, (2it)ih(m).

meZ
Recall that U; := Ty, where T, is the one in (8). It is clear that

w(t,n) = (U x ) (n).

In its turn, let us define S, the one parameter family of operators in /P by

t
Stf:/CSfds, fer, t>0,
0

where C; is the given in (11). From Theorem 1.2 and cosine operator theory, we
have that
v(t,n) = Ci&(n) + Sin(n)

is the solution to the homogenous version of (34) and it is explicitly given by

n) = Jotnom)(2)EmM) + > (/ Ta(n—m)(25) dS) (m).

meZ meZ
Let us define &7 by

t
sgf:/cgfds, fer t>0.
0

It happens that, from semigroup and cosine operator theory, the functions £ p(n),
Ugp(n), and C7&(n) + S7n(n), where LY, U7, and CY are defined, respectively, in
Theorem 1.3, (30), and (14), are the solutions to the homogenous versions of (32),
(33) and (34) when L = —(—A4)?. See e.g. [5, Proposition 3.1.16 and Corollary
3.14.8].

4.1. The linear cases: proof of Theorem 1.5. It follows directly from semi-
group theory (see e.g. [30]) that u(t,n) is indeed the solution to (32). The proof for
the solution w(t,n) follows from Theorem 1.1, and concerning the function v(¢,n)
the statement follows immediately from cosine operator theory shown in Theo-
rem 1.2. The proof for u,(t,n), wy(t,n) and v, (¢, n) is immediate from the results
contained in Theorem 1.3, Theorem 3.3, and Theorem 1.4.

Now let us prove (1). By Theorem 1.1, we know that T;(n) is a discrete almost
periodic function in the variable n and Ty € £, for each t € (0,00). Then, under the
hypothesis that ¢ € ¢', by Theorem C.6 we have that Y, ., Ti(n — k)p(k) is also
discrete almost periodic. On the other hand, again by Theorem C.6, the function
F(t,s,n) defined by

F(t,s,n):= ZTtsn— g(s, k)
kEZ
is discrete almost periodic. Let

U(t,n) ::/0 F(t,s,n)ds.

Given ¢ > 0, there exists a positive integer M (g) such that any set consisting of
M () consecutive integers contains at least an integer p for which |F(t,s,n + p) —
F(t,s,n)| < ¢, for each n € Z and each t,s € (0,00). Then we obtain immediately
|W(t,n+p)— P(t,n)| <e. This completes the proof of (1) for u(¢,-). The proof for
w(t, ), v(t, ), us(t,-), we(t,-), and v, (t,-) is exactly the same.
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Following analogous arguments as the ones in part (1) we can conclude that
w(-,n), v(-,n), wy(-,n), and v, (-, n) are also almost periodic in the first variable, for
each n € Z. One just has to consider, respectively, the expression in (19) for T;;(n),
the expression (20) for C;(n), Theorem 1.3 part (ii) for L, and Theorem 1.4, (15),
for C7. Then the result in (2) follows immediately from Dominated Convergence
Theorem.

Finally, let us prove part (3). On one hand, it follows that

Y 1Ti(n —m)p(m)] < sup [T (n)] > le(m)].

meZ mEZ

Then, in virtue of the representation (19) and since ¢ € ¢!, we easily deduce that
the quantity above vanishes as ¢ — oco. On the other hand we have, again from
(19), that

ST st = migtsml s < [ sup T )] Y fats,m)| ds

meEZ meZ

t /2
%/0 (/0 e—4(t—s)sin29d9) Z ‘g(s7m)| ds

meZ

2 /2 —4t sin® ! ssin?
;/O e 4 9(/0 ehssin”0 Z ’g(s,m)‘ds) db.

meZ

IN

Then, under the assumption on g, we readily conclude the proof of part (3) for
u(t,n). The analogous statement for u,(t,n) also follows, taking into account the
integral representation in Theorem 1.3 part (ii). Theorem 1.5 is proved.

Remark 9. Observe that, under the assumption that @,1,&,n1 € APq(Z), we can
also prove that u(t,-), w(t,-), v(t,-), us(t, ), wy(t, ), and vy (t,-) are discrete almost
periodic in the first variable, for t > 0. The reasoning is the same as the one in
Theorem 1.5 part (3), taking into account that T,,Cy, LS, C7 € (1.

Remark 10. In the particular case g =0, if we assume that k — Ty(n — k)p(k) is
summoable for each n € Z, the solutions u,w, v, u, in Theorem 1.5 are automatically
almost periodic independently of the reqularity of the initial conditions ¢,,&,n.

4.2. The nonlinear cases: proof of Theorem 1.6. We will show in detail the
proof concerning the semidiscrete nonlinear heat equation. For the rest of the cases
we will give the appropriate hints to complete the proofs.

We define a map F': APq(J x Z) — APq(J x Z) by

F(u)(t,n) := Teo(n) —I—/O Ti—sg(u(s,n),n)ds, te€.J. (35)

Note that, by Theorem 1.5, F' is well defined under the hypotheses for ¢ and g.
In order to prove the existence and uniqueness, we will apply a well known
extension of the contraction principle. Recall that

[F(u) = F()llaparxzy = sup [F(u)(t,n) = F(v)(t,n)].
(n,t)EJXZ
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Let us analyze |F(u)(t,n) — F(v)(t,n)|. In view of (16), we have

[F'(u)(t,n) — F(v)(t,n)]| <Z/ Tis(n —k)|g(u(s, k), k) — g(v(s, k), k)| ds

kEZ

<CLZ/ Ty—s(n — k)|u(s, k) — v(s, k)| ds

kEZ

<CLZ/ Ti_s(n—k) sup |u(s, k) —v(s, k)|ds

kez (s k)eJXZ
_CLHU*UHAPA(JXZ)/ ZT
keZ

<tCpllu — vllapy(rxz)-
Using the last inequality, (35) and induction on m it follows easily that

tmoL™

[E () (t,n) = F™(v) (¢, n)| < I = vl[apqa(sx2),

whence
(TCL)™
1E™ () = F™ ()| apgrxzy <
For m large enough we have that (Tfn#
unique fixed point in APq4(J x Z).
In order to prove the theorem for the case of the Schrodinger equation, we proceed
exactly as in the proof in the latter case. Observe that, by Remark 2, we have that

/st |ds</ (2¢° —1)ds < (2" — 1)t, teJ

kEZ

|u —vl|apy(sxz)-

< 1, and we can conclude that F' has a

This yields
|F(u)(t,n) — F(v)(t,n)| < t(2e" = 1)Cr|lu — v||apy(rxz), tEJ,

and we can conclude analogously as in the case of the semidiscrete heat equation.
Finally, for the case of the wave equation, proceeding as in the previous cases,
by Theorem 1.2, we arrive at

/ ‘/ Cu( du‘ds<// (2coshu — 1) duds
0

—/(lenhs—s)dsg(2sinhT—T)t, ted,
0

keZ

since (2sinh s — ) is an increasing function of s. This yields
|F(u)(t,n) — F(v)(t,n)| <t(2sinh T — T)CL||u — v||ap,(sxz), t € J,

and we proceed as in the previous cases.

In the case of u,(t,n), we obtain an analogous result to the one for u(t,n), due
o142
to Theorem 1.3 part (v)-(2). Concerning w, (t,n), recall that ||[LI]|e < e 2rtat 2 l

again by Theorem 1.3. Then we conclude the result with the constant
2 -
LA +0)"  arae2m
2I(1 + 20)

—1)Cy.
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r(1+o)
Analogously, for the solution v, (t,n), we have ||C7 |l < €2F(1+"/2)2‘t|7 by Theo-
rem 1.4. Therefore, the result for v, (¢,n) holds with the constant

I(1+0/2)? /T(1+0/2)?, g L0t
2<r(1 +/a§ < 2(r(1 +/a§ et -1 _T)CL'
Indeed, we just have to observe that # is an increasing function of ¢, for

A > 0. Theorem 1.6 is proved.

5. C* — /P maximal regularity: proof of Theorems 1.7 and 1.8. In order
to prove Theorem 1.7, we will use a result by W. Arendt, C. Batty, and S. Bu
[4], established in a more general context. Let X be a Banach space. We denote
by Cher([0,27]; X) the space of all continuous functions F' : [0,27] — X such that
F(0) = F(2m). Let 0 < a < 1, and

I1F'(t) — F(s)]l
|F]la ;= sup —.
t#s |t — 3|
t,s€(0,27]
Define the space of a-Holder continuous periodic functions taking values on X as

C5e:([0,27]; X) :={F € Cper([0,27]; X) : || F||a < 00},

per

and

cla([o,2n]; X) := {F € C*([0,2n]; X) : F(0) = F(27), F' € C%([0,27]; X)}.

per per

Let A be a closed operator on X. For f € C([0,27]; X) we consider the problem

u'(t) = Au(t) + f(t), te€]0,2n],

P er
(Paper(f)) {u(O) = u(2n).

The problem (P4 per) is said to be well-posed in C%,.([0,27]; X) if for each f €

per

C2,.([0,27]; X) there exists a unique classical solution u € CL2([0,27]; X) of

per per

(Paper(f)). In the sequel, p(A) denotes the resolvent set of an operator A.

Theorem 5.1 (See [1, Theorem 4.2]). Let 0 < a < 1. The following assertions are
equivalent:

(i) the problem (Pa per) is well-posed in C'%.([0,27]; X);

per

(ii) {ik}rez C p(A) and supyey ||k(ik — A) 7| < oo.

We take X =P, 1 < p <oo,and A := Aq+rl, where I is the identity operator.
The corresponding definitions were already introduced in Subsection 1.2.

Proof of Theorem 1.7. Let us first assume that the problem (17) is well-posed in
the Holder space C%,.([0,27];7(Z)). By Theorem 5.1 we have that {ik}rez €

per

p(Aq + rI). This implies that —r € p(Aq). By Theorem 1.1,
U(Ad) = {_4Sin2 6/2}96(—77,71'] = [_470]

From here, we easily deduce that —r < —4, proving one implication.

For the converse, we again observe that o(Ag) = [—4,0]. From r > 4 we nec-
essarily deduce {—r + ik}rez C p(Aq) or, equivalently, {ik}rez C p(Aq + 1), so
the first condition in part (ii) of Theorem 5.1 is satisfied. Now, observe that the
identity ik(ik — A)~' = I + A(ik — A)~! implies

Ik(ik — A)TH < 1+ Al Ik = A7, ke Z.
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Since A is bounded, then both A and —A generate semigroups or, equivalently, A
generates a group. Therefore, it is enough to show that

sup ||(ik + A) 7| < oo.
keZ
Indeed, we have
(ik+A) " = ((k+7)+Ad) " = / e (hFr)sgmsla g
0

so that, by Theorem 1.1, part (i)-(2),

H/ e—(zk+r)se—sAdd8H < / e~ TseslAall gg < / e TSt ds = —
0 0 0 r—4

valid for all » > 4. This implies the claim and finishes the proof of the theorem. O

As a corollary of Theorem 1.7, we obtain the following result on estimates of
maximal regularity in the Hélder space CS.. ([0, 27]; 7(Z)).

per

Corollary 1. Let 0 < a < 1 and A = Aq+rl. Let 1 < p < oco. Ifr > 4
then v, Au € C%..([0,2n];€P(Z)) and there exists a constant C > 0 independent of

per

f € Co..([0,2m]; 47 (Z)) such that the following estimate holds:
[ullce + | Aullon < Cllfllce-

Proof of Theorem 1.8. By Theorem 1.3, part (iii), we have that o(—(—A4)%) =

[-47,0]. Under the assumption, r > 2?81{2,‘)72 > 47, so we obtain {ik}rez C
p(—(—=Aq)? + rI), which is the first condition in part (ii) of Theorem 5.1. On
the other hand, following an analogous reasoning as in Theorem 1.7, and by Theo-

rem 1.3, part (i)-(2), we end up with

H/oo e_(ik+r)565(—Ad)f’dSH S/OO e~ 5es(=2a)7l gg
0 0

oo T(1+420) 1
_ 2
< TS 59T (140)2 - -
/ e e ds EPEETR
0 L N

T'(1+20) 0

which is valid under the restriction r > 2r(1 o

In view of Theorem 1.8, we also obtain a result of maximal regularity involving
the operator —(—Aq4)? + 1.

Corollary 2. Let 0 < o <1 and A = —(—Aq)° +rl. Ifr > 2?81(2;)’2) then the
same conclusion of Corollary 1 remains true.

Remark 11. For the case of p = 2 the condition r > 25813‘)72)

r > 4°. This is a consequence of the fact that in such case the spectral radius of the
fractional discrete Laplacian (—Aq)°, which is clearly a bounded and normal oper-
ator on the Hilbert space (2, coincides with its norm. Moreover, this last condition
on r turns out to be a characterization in such case. The proof of this assertion is
similar to that of Theorem 1.7. The problem of the extension of this characteriza-
tion to the general case of £ spaces seems to be a difficult task that relies on sharp
estimates of the fractional discrete Laplacian, and therefore is left open.

can be replaced by
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6. Extension to higher dimensions. Our aim in this section is to extend to
higher dimensions the results contained in Theorems 1.1, 1.2, 1.3 and 1.4.

Let n = (ng,...,ny) € ZN. We are going to consider the multidimensional
discrete Laplacian Ag y, defined as

N
Aqnem) =Y (p(n+e;) = 20(n) + p(n —e;)), (36)

j=1

where e; denotes the unit vector in the positive direction of the j-th coordinate.
It is easy to see that the operator Aq x maps (P(ZY) into itself boundedly for all
1<p< oo

The discrete and inverse discrete Fourier transforms in the multidimensional
setting are, respectively,

Fon (£)(0) = Y f(m)e™?, 6TV, (37)
neZN
where 6 = (01,...,0N), and
1 )
Fou(p)(n :7/ 0(0)e"™0d9, nezZV.
o (@) (n) @V s (0)

Lemma 6.1. Let 0 = (04,...,0y). We have

L Fp ((~Ban)e)(0) = X7, 4sin®(0;/2) Fv (2)(6).

2. Fun (T.9)(0) =€ * Zéy:l(“i“z(ej/m)fzw(cp)(@), for each z € ¥
Proof. The proof is an exercise. For the first one, apply the discrete Fourier trans-
form (37) to Agne(n) in (36). A direct computation yields the result. With

a similar computation, by taking into account (38) and (19), we get the second
one. O

Let us define, for each z € X,
T.pn):= Y T.(n—Kk)p(k) = (T.xp)(n) e rZ),

kezZN
where
N N
T.(n) := [[ T:(n;) = [[ e %1, (22). (38)
j=1 j=1
We denote the multidimensional Kronecker delta by don = don, - - - - - Sony-

Theorem 6.2. Let z € X,. Then, {T.}.esn C BP(ZYN)) and it is an uniformly
continuous analytic semigroup in X, with bounded generator Aq n on (P(ZN), 1 <
p < 0co. Moreover, the spectrum of the operators Aq n and T, is, respectively,

N
o(Aqn) = { - Z4sin2(ej/2)}ee(_m]N = [-4N, 0],

o(T.) = {e * Zm s /2y

Proof. First, it is clear that the kernel T, in (38) is in ¢?(Z"), by Theorem 1.1.
Moreover, given z,w € ¥ and n € Z% | it holds

(Tz * Tw)(n) =T. 1w (n)
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Indeed, from (29),

N N
(T: % Ty)(n) = Z T.(n - k)Ty(n) = Z H T.(n; — kj) HTw(ki)
KezN KezN j=1 i=1
N
= Z HTZ(”j = kj)Tw (k;)
KezZN j=1

N
Z Z Z HTZ(nlj—klj)Tw(kj)
k1E€Z ko €Z kN€EZ j=1
N

J

N
Z Tz(nj - kj)Tw(kj) = H(Tz * Tw)(nj)
1k;€Z

j=1

.

Tevw(ng) = Topw(n).

.
Il
N

Now we compute the generator. We derive T, with respect to z and evaluate in
z =0, so that

T.o(n)|,_, = (T% * )(n)| _, = Aa 0o,

where the last equality follows from the fact that Ty(n;) = don,, for each n; € Z.
The statement concerning the spectra of the operators follows immediately from
Lemma 6.1. O

Remark 12. If we take z =t € (0,00) in (38), we have that

N N
Ty = Y, [ITm) = > [Ie 5,20

neZN j=1 nezZN j=1

YD DD Bl | Car %

ni1€ELno€Z ny€Zj=1

N
=[] D] e 5,2t =1.

j=1n;€Z

For z € C, with a similar computation as in the proof of Theorem 1.1 (see also
Remark 2) adapted to the multidimensional setting, we get

||Tz||€1(ZN) < e—2NRezeN\Im2iz|(26\z| _ 1)N.

Remark 13. Observe that, since Aq N is bounded on (P(ZN), the expression e* 4N
has sense, and by uniqueness we conclude that

e#AaN =T, (39)

A multidimensional result analogous to Theorem 2.1 follows immediately. Let
Uirip := e H=Ban)

Theorem 6.3. The family {U;}ier C B(CP(ZY)) and it forms an uniformly con-
tinuous group with bounded generator iAgq n, 1 < p < oo.
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On the other hand, we define

U1/2 +U1/2
C, = f—” = cos (t(—Aq,n)"?),

where the second identity follows from (39), and we have the multidimensional result
analogous to Theorem 1.2.

Theorem 6.4. Let 0 < 0 < 1. We have {Ci}ier C B(€P) and it is an uniformly
continuous cosine family, with bounded generator Agqn on P(ZN), 1 < p < oo.

Moreover, the spectrum of Cy is o(Cy) = { cos [2t( Zjvzl sin2(9j/2))1/2] }0€(7ﬂ v

Let us define

(=80l = s [ (ol = o) -

We can prove the following.

Lemma 6.5. Let 0 = (61,...,0n) and 0 < 0 < 1. Then
Fon ((Dan)° (Z451n 9/2) Foun (0)(8).

Proof. We use the representation (24) and Lemma 6.1, part (2) with 2 = ¢ > 0,
then

o 1 = dt
Far (~8a)"9) 0) = 5 | (P (1) (0) = o () O) 757
1

> — N sin?(0; dt
:r<—a>/0 (e7" 2m GO I2) —1) T Fan (9)(6)

:(Z4sm 9/2) Fon (0)(6),

so we get the conclusion. O

Observe that, by the spectral mapping theorem, (—Aq y)° is bounded on ¢P(ZY)
and the spectrum is o ((—Ag,n)?) = (0(—Ad,n))”, being the latter bounded. Then,
the expression

LIp:=e *(-8an)"g 53, (40)
has sense.

From the considerations above, we conclude the following.

Theorem 6.6. Let 0 < 0 < 1. Given z € X, let LI be the operators defined
n (40). We have {LZ}.cx, C B(P(ZN)) and it is an uniformly continuous and

analytic semigroup in X, with bounded generator (—Aq n)° on fP(ZN), 1 < p < c0.
Moreover, the spectrum of the opemtors (—Aq,n)7 and LS is, respectively,

o((—Aan)° :{ Z4sm (0, /2 }96(77T,TF]N

N 2
(LO’) _ {6 Z(Z 1 4sin®(6;/2)) }96( N

Taking into account Theorem 6.6, we can write an integral representation for the
semigroup e~ *(=24.¥)” by using the identity in (28).
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Theorem 6.7. Let 0 < o < 1. We have, for ¢ € (P(ZN) and n € ZV,
A pfm) = [ 3 T[Ty~ ketki) a0

From the latter result, we obtain the following corollary.

Corollary 3. Let0 <o <1 andt > 0. Then LYy := e H=2aN)" s an uniformly
continuous and Markovian semigroup.

We observe easily that U7, = e~ (=Aa,n)7 ig a group with generator —i(—Aq,nN)7.

Theorem 6.8. Let 0 < o < 1. The family {U%}er C B(P(ZY)), and it forms a
uniformly continuous group with bounded generator —i(—Aq n)7, 1 < p < oco.

Finally, we define

U/ + U2
_ it 5 —it = cos (t(*A(LN)U/Z),

where the second identity follows from (40). We have the corresponding multidi-
mensional result.

Cy :

Theorem 6.9. Let 0 < o < 1. We have {C{ }4er C B(fP) and it is an uniformly

continuous cosine family, with bounded generator (—Aq ) on P(ZN), 1 < p < .

Moreover o(C¢) = { cos [t(4 Zévzl sin2(9j/2))0/2] .
96(_71—777]1\7

Proof. The first assertion is clear. For the identity concerning the spectrum is

enough to observe that the uniform continuity of C7 implies, by Theorem 6.6 and

the spectral mapping theorem, that

oc(—m,mN ’

o(CY) = cosh (t U((—Ad,N)”)) = {COS [t(4isin2(9j/2))g/2]}
j=1

O

Remark 14. From the theory developed in the present section, some of the results
concerning existence and uniqueness of solutions to linear and nonlinear semidis-
crete equations can be also stated on ZN . Nevertheless, since we do not have infor-
mation on the norm of the multidimensional cosine operator or of the multidimen-
stonal fractional operators (in particular we cannot give quantitative information
about their (1(ZN) norm), some of the statements are left open. Namely, Theo-
rem 1.5 remains completely valid except for part (3), which can be proved, with the
tools in the present section, for the case of semidiscrete heat and Schrodinger equa-
tions when L = Aq n. Also, with the multidimensional theory in this section, one
can prove Theorem 1.6 on ZN for the semidiscrete heat and Schrédinger equations
when L = Ad,N-

Remark 15. In the special case of £2(ZN), in view of the given characterizations
of the spectrum, we obtain the following identities

1. |AgqN|| =4N

2. ||TzH — e4NRe(z)

3. |ICefl =1

4 I(=Ban)°|| = (4N)7
5. [Tz = 47 hecs
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6. |CY] = 1.
Assertions (1), (2), (4) and (5) follow from Theorem 6.6 and the fact that on
a Hilbert space, the spectral radius of the fractional discrete Laplacian coincides
with its norm (because this is a bounded and normal operator) and the spectral
mapping theorem holds. Assertions (3) and (6) follow from Theorem 6.9 by the
same reasoning.

7. Applications to Nagumo and Fisher— KPP equations. In this section we
will apply the results obtained in the previous sections to Nagumo and Fisher—
KPP models involving a discrete Laplacian, or the fractional powers of a discrete
Laplacian. More precisely, we consider the following problems

% = Lu(t,n) + ult, n)(u(t,n) — a)(1 — u(t,n)), in (0,00) x Z,

u(0,n) = f(n), onZ,
where 0 < a < 1, and

ou(t,n) .
5 = Lu(t,n) + ru(t,n)(1 — u(t,n)), in (0,00) X Z,

u(0,n) = f(n), onZ,
where r > 0 and the operators L above are any of the following: Ag, iAgq, —(—Aq)?,
or —i(—Ag)°.

Our main results in this section are theorems on local existence of solutions for
the discrete Nagumo and Fisher equations. We highlight again that the qualitative
behavior concerning almost periodicity in the discrete variable is a remarkable prop-
erty that is not present in the continuous setting. It is also interesting to observe
that the same conclusion is valid also for the fractional case, i.e. when the discrete
Laplacian is replaced by the fractional discrete Laplacian.

Theorem 7.1. Let 0 < 0 <1 and f € {* be given. For each T > 0 there exists a
unique solution u : [0,T] x Z — C to the fractional discrete Fisher equation

w — —(=Aa)ult,n) + rult,n)(1 — u(t,n)), in (0,T] x Z,

u(0,n) = f(n), onZ.
Moreover, u(t,n) is discrete almost periodic in the second variable.

Proof. Define g(s,n) = rs(1 — s) and observe that g(s,-) € £°° and that it is ob-
viously almost periodic in the discrete variable. It is easy to check that g satisfy
condition (16) with Lipchitz constant C, = (1 + 2T'). Then, according to Theo-
rem 1.6 we can conclude that there exists a unique solution which is discrete almost
periodic in the second variable. O

With a similar proof, we can prove the following result.

Theorem 7.2. Let 0 < 0 <1 and f € £ be given. For each T > 0 there exists a
unique solution u : [0,T] x Z — C to the fractional discrete Nagumo equation

% = —(—Aq)%u(t,n) +u(t,n)(u(t,n) —a)(1 —u(t,n)), n (0,T] X Z,

u(0,n) = f(n), onZ.

Moreover, u(t,n) is discrete almost periodic in the second variable.
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It is worthwhile to notice that similar results holds in the case that (—Aq)? is
replaced by i(—Aq)?, 0 < o < 1.

We finish this paper with a general result on non linear equations, which includes
as a particular case a non homogeneous version of the fractional discrete Fisher
equation. It corresponds to an application of Theorem 1.8 and gives information
about the C'* — ¢4 regularity of solutions.

Theorem 7.3. Let0<a<1,1<p< o0 andr > 2% for0 <o <1 (respec-

tively v > 4 for o = 1). Suppose that G : C%,.([0,27]; 7(Z)) — CS.,. ([0, 27); 47 (Z))

satisfies G(0) = 0 is continuously Fréchet differentiable at v = 0 and G'(0) = 0.
Then there exists p* > 0 such that the equation
du(t,n)
ot
is solvable for each p € [0, p*), with solution u = u, € C%,,([0,2x]; (Z)).

= (—(—Aq)7 + r)u(t,n) + Gu)(t,n) + pf(t,n), n[0,27] X Z, (41)

Proof. We first prove the result for 0 < ¢ < 1. Define
Z .= Cger([O, 27); P (2)) N CLe ([0, 27); 2 (Z)).

per

Observe that the space Z becomes a Banach space under the norm [|jw]|| :=
[[(=A)w+rw| 4 ||w’||. Define the operator Au(t,n) = dyu(t,n)+ (—Aq)7u(t,n) —
ru(t,n) with D(A) = C%,, ([0, 2n]; ¢°(Z)). Then A is an isomorphism onto. Indeed,
by Corollary 2 we have [||ul|| < C||Au||. On the other hand, by definition of the
operator A we have || Au|| < |||u]||. Therefore A is an isomorphism. By Theorem 1.8
we obtain that A is onto, proving the claim.

Let p € (0,1) and let us define the one parameter family of problems:
Hlu,p| = —Au+ G(u) + pf.

By hypothesis it is clear that H[0,0] = 0, H is continuously differentiable at (0,0)
and the partial Fréchet derivative is H (1070) = —A, which is invertible by the pre-
ceding argument. We now apply the implicit function theorem (see e.g. [24, The-
orem 17.6]) and then, we can find p* such that for all p € [0, p*) there exists
u = u, € C%,([0,27];7(Z)) which satisfies (41). The proof of the case o = 1 is
analogous with the obvious modifications. O

Remark 16. From the theory developed in Section 6, and with obvious modifica-
tions, the results provided in this section can be extended to the multidimensional
case.

Appendix A. Analytic semigroups and cosine operators. Let us define the
sector

Yr,:={z€C:|argz| <7}

Definition A.1. Let X be a Banach space. A family {W.}.cx._ C B(X) is said to
be an analytic semigroup in B, (see [30, Ch. 2, 2.5]) if

(i) z— W,x is analytic in X for each x € X.
(ii) Wo = I and lim 230 W.x = x for every z € X.
2€2n
(115) Wiy 42,8 = Wy W, for 21,20 € £ and z € X.
The semigroup W, so defined will be just called analytic. The restriction of an
analytic semigroup to the real axis is a Cy-semigroup.
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More information about the well established theory of semigroups of operators
can be found in the extensively bibliography on this topic. We refer the reader, for
instance, to the monograph [5, Section 3].

Definition A.2. A family of operators {Ci}rer C B(X) is called a cosine operator
function (see [20, Ch. IL.3]) if

(i) Co=1.

(ii) Csyix + Cs_yx = 2CsxCyx, for all s,t € R and x € X.
(iii) t — Cix is continuous in R for each v € X.

About the theory of cosine operator functions the reader can see the classical
monograph [20], or the recent reference [5, Sections 3.14 and 3.15].

Appendix B. Properties of the Bessel functions J;, and I;. In this subsection
we list some definitions and properties related to Bessel functions. We provide
references of many of them and refer the reader to [31, Chapter 5], [35] and [19] for
further issues concerning these functions.

The Bessel function of the first kind and order k € Z, J(z), can be defined by

> (_]_)m 2\ 2m+k
W)=Y e rrn ) e
m=0

Since k is an integer (and 1/T'(n) is taken to be equal zero if n =0, —1,—2,...), the
function Jj is defined in the whole real line, and even in the whole complex plane,
where Ji is an entire function. Therefore, if not otherwise indicated, from now on
we will consider z € C. The Bessel function Ji(z) satisfies (see [19, Ch. II, 2.1, p.
15])

J_k(2) = (=1)FJi(2) (42)
for each k € Z. It is also clear that
Jo(0)=1 and Jg(0)=0 for k#DO. (43)

The following upper bound, for v real and greater than —1/2, will be useful, see
[19, Ch. III, 3.31, p. 49] or [35, Formula 10.14.4]
‘ %Z|D€‘ Im z|
F(v+1)
Observe that (44) remains valid for all n € Z, due to (42).
In [19, Ch. II. 2.4, p. 30] we find the following addition formula for Bessel
functions, also known as Neumann’s identity

Jk(Z1 + 22) = Z Jm(zl)Jk,m(ZQ)7 21,22 € (C7 (45)
meZ

where k € Z but this formula is still valid for k& unrestricted (see [19, Ch. V. 5.3, p.
143]). Analogously, see [19, Ch. V, 5.3, p. 145] it can be proved that

Jk(zl — Zg) = Z Jm(zl)Jk_;,_m(Zg), 21,22 € C. (46)
meZ

[ (2)] < (44)

The addition formulae above are consequences of the generating function (see [19,
Ch. II, 2.1, p. 14] and also [35, formula 10.12.1])

2w =Nk J(z), zeC, ueC\ {0},

kEZ
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that serves also as a definition for Jj.

Now we pass to several properties and identities concerning the Bessel functions
I;(z). The modified Bessel function of the first kind and order k& € Z, or Bessel
function of imaginary argument, Ix(z), is defined by

i 1 2\ 2m+k
ARSI N L i
k() mz::()mll“(m—l-k—i-l) 2 (47)
From the very definition of I we deduce that
Ik (t) 2 07

for every k € Z and ¢ > 0. Analogous observations as for the Bessel function Ji(z)
can be done. From now on we will also consider z € C unless otherwise stated. The
Bessel functions Ij(z) and Ji(z) are related by (see [35, 10.27.6])

I(22) = e *F7/2 1 (2iz). (48)
It is verified that I_x(z) = I(z) for each k € Z. From (47) it is clear that
Iy(0)=1 and I;(0)=0 for k#DO. (49)

The following identity, which is the addition formula analogous to the one for Jg,
follows from Neumann'’s identity (45) and the relationship between the Bessel func-
tions I, and Jy in (48)

Ii(z1 + 22) = Z I (z))Ik—m(z2) for k€Z, 2,2 €C; (50)
meZ

this formula is also an easy consequence of the generating function, which is valid
for z € C and uw € C\ {0},

R I (16)
kEZ

see, for instance, [35, formula 10.35.1]. By taking v = 1 in the generating function
and changing z into 2z, we obtain

D e FL(22) = 1. (51)

kEZ

Appendix C. Discrete almost periodic functions. Let X be a (real or com-
plex) Banach space equipped with a norm || - ||. First we recall the definition of
almost periodic sequences (see e.g. [15, Ch. L. 6.]).

Definition C.1. A sequence F : Z — X is called almost periodic if for every e > 0,
there exists a positive integer M (g) such that any set consisting of M (&) consecutive
integers contains at least one integer p for which

|F(n+p)— F(n)||<e, neLZ.

We will denote by AP4(X) the set of almost periodic sequences. Observe that each
almost periodic sequence is bounded, i.e., sup, ¢y |[F(n)| = C < 0.

Remark 17. Actually, the definition of almost periodic sequence above is the anal-
ogous to the definition of almost periodic functions given by H. Bohr, see [15, Ch.
VI, 1]. Throughout the paper we also consider almost periodic functions without
further comment on their definition.
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We will deal with a more general definition of almost periodic sequences. Previ-
ously, we need the following.

Definition C.2. A function F': X x Z — C is said to be uniformly continuous on
each bounded subset of X uniformly in n € Z if for every € > 0 and every bounded
subset K C X, there exists 6(e, K) > 0 such that

|F'(z,n) — F(y,n)|| <e, foralln€Z,
and all z,y € X with ||z — y|| < (e, K).

Definition C.3. A function F': X X Z — C is said to be discrete almost periodic
inn €7 for each v € X if for every e > 0, there exists a positive integer M () such
that any set consisting of M(g) consecutive integers contains at least one integer p
for which

|F(z,n+p)— F(z,n)|| <e, neZ,
for each x € X. If K C X is a compact set, we will denote by AP4(K x Z) the

set of all discrete almost periodic functions in n € Z for each x € K. The space
AP4(K x Z) is provided with the norm

[Fllapa(xxz) == sup  [[F(n,z)|.
(n,z)eKXZ

Remark 18. The definitions above can be stated analogously for almost periodic
functions F: X x R — C.

Theorem C.4 below follows analogously to the classical result for almost periodic
functions depending on parameters contained in [15, Ch. II, Th. 2.8].

Theorem C.4. Let u : Z — X be a discrete almost periodic sequence. Let F' :
X X Z — X be a discrete almost periodic function in n € Z for each x € X,
such that F(x,n) is uniformly continuous in each bounded subset of X uniformly in
k € Z. Then, the Nemytskii operator U : Z — X defined by U(n) = F(u(n),n) is
discrete almost periodic.

As a consequence of Theorem C.4, we obtain the following composition theorem
for discrete almost periodic functions satisfying a global Lipschitz condition.

Theorem C.5. Let u : Z — X be a discrete almost periodic sequence. Let F :
X XZ — X be a discrete almost periodic function in n € Z for each x € X, such
that satisfies a global Lipschitz condition in x € X uniformly in n € Z; that is, there
is a constant L > 0 such that

|F(z,n) — F(y,n)|| < Ll|lx —y|l, foralzyeX, neZ.
Then, the Nemytskii operator U : Z — X defined by U(n) = F(u(n),n) is discrete
almost periodic.

Finally, we have the following result on convolution of discrete almost periodic
functions with functions v : X x Z — C that are summable in the first variable.

Theorem C.6. Let v: X x Z — C be summable in the first variable, that is, for
any x € X

Z |v(z,n)| < oco.

ne”z
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Then for any discrete almost periodic function u : X x Z — C the function w(z,n)
defined for each x € X by

w(z,n) = Zv(w, Bu(z,n—k), neZ,

keZ

is also discrete almost periodic.

Proof. Let us assume w.l.o.g. that ||v(z, )]s = 1 for each x € X. Given ¢ > 0
there exists M(e) > 0 such that any set consisting of M (e) consecutive integers
contains at least one p € Z with ||u(z,n+ p) —u(x,n)| < &, for each € X and for
all n € Z. Now, for all n € Z, we have that

lw(z,n +p) = w(z,n)| <D |o(@, k)ll[u(z,n + p) — u(z,n)|| <e,
k€EZ

so w is discrete almost periodic.
O

Remark 19. Observe that, although the definitions and results in this subsection
are stated for Z, they can be analogously stated for ZN without critical modifications.

Appendix D. The discrete Fourier transform. For a given sequence f € ¢!,
we define the discrete Fourier transform

Fo(£)®) =D f(n)e®, 0€T,

neZ

where T = R/(27Z) is the unidimensional torus, that we identify with the interval
(—m, w]. We describe the integration over T by means of Lebesgue integration over
(—m,m]. The operator f + Fz(f) can be extended as an isometry from ¢2 into
L?(T), where the inverse discrete Fourier transform is obtained by the formula

Fz (@) (n) ! /7r ©(0)e" 0 dh, nel.

:% .

Therefore
1 [" .
f(n) = 727.[- fZ(f)(e)eflne d9, ne Z,

and it is easily verified that

Fr(f * g)(0) = Fz(f)(0)Fz(9)(8)-

Although the definitions in this subsection are enough for our purposes, we refer
the reader to [17, 40] for details on discrete Fourier transform and an abstract theory
of discrete distributions.

—T

Acknowledgments. The authors would like to express their gratitude to the ref-
eree for helpful comments and suggestions. This research was mainly developed
when the second author visited Universidad de Santiago de Chile. She is grateful to
the Departamento de Matematica y Ciencia de la Computacion for their kind hos-
pitality. The second author also wishes to thank Oscar Ciaurri, Pablo Raul Stinga,
José Luis Torrea and Juan Luis Varona for many fruitful discussions on the discrete
setting.



38

(1]

2]
(3]

(6]
(7]
(8]
(9]
[10]
(11]
(12]
(13]

(14]

15]
[16]
(17]
(18]
(19]

20]

(21]

22]
23]

(24]

[25]

CARLOS LIZAMA AND LUZ RONCAL

REFERENCES

M. Abramowitz and I. A. Stegun, Handbook of mathematical functions with formulas, graphs,
and mathematical tables, National Bureau of Standards Applied Mathematics Series, no. 55,
U. S. Government Printing Office, Washington, DC, 1964.

L. Abadias, M. de Leén-Contreras, and J. L. Torrea, Non-local fractional derivatives. Discrete
and continuous, J. Math. Anal. Appl. 449 (2017), no. 1, 734-755.

E.C. Aifantis, Continuum nanomechanics for nanocrystalline and ultrafine grain materials,
Materials Science and Engineering 63, 6th International Conference on Nanomaterials by
Severe Plastic Deformation, 2014.

W. Arendt, C. Batty, and S. Bu, Fourier multipliers for Holder continuous functions and
maximal regularity, Studia Math. 42 (2004), 23-51.

W. Arendt, C. J. K. Batty, M. Hieber, and F. Neubrander, Vector-valued Laplace transforms
and Cauchy problems. Second edition. Monographs in Mathematics, 96. Birkh&user/Springer
Basel AG, Basel, 2011. xii+539 pp.

H. Bateman, Some simple differential difference equations and the related functions, Bull.
Amer. Math. Soc. 49 (1943), 494-512.

J. J. Betancor, A. J. Castro, J. C. Farina, and L. Rodriguez-Mesa, Discrete harmonic analysis
associated with ultraspherical expansions, preprint arXiv:1512.01379.

S. Bochner, Curvature and Betti numbers in Real and Complex Vector Bundles, Univ. e
Politec. di Torino. Rend. Sem. Mat. 15 (1955-56), 225—-253.

J. Campbell, The SMM model as a boundary value problem using the discrete diffusion
equation, Theor. Population Biol. 72 (2007), 539-546.

S-N. Chow, J. Mallet-Paret, and W. Shen, Traveling waves in lattice dynamical systems, J.
Differential Equations. 149 (1998), 248-291.

O. Ciaurri, T. A. Gillespie, L. Roncal, J. L. Torrea, and J. L. Varona, Harmonic analysis
associated with a discrete Laplacian, J. Anal. Math., 132 (2017), 109-131.

0. Ciaurri, C. Lizama, L. Roncal, and J. L. Varona, On a connection between the discrete
fractional Laplacian and superdiffusion, Appl. Math. Letters, 49 (2015), 119-125.

0. Ciaurri, L. Roncal, P. R. Stinga, J. L. Torrea, and J. L. Varona, Fractional discrete
Laplacian versus discretized fractional Laplacian, preprint arXiv:1507.04986.

0. Ciaurri, L. Roncal, P. R. Stinga, J. L. Torrea, and J. L. Varona, Nonlocal discrete dif-
fusion equations and the fractional discrete Laplacian, regularity and applications, preprint
arXiv:1608.08913.

C. Corduneanu, Almost periodic functions, Interscience Tracts in Pure and Applied Mathe-
matics, no. 22. Chelsea Publishing Company, New York, N.Y., 1989.

O. Defterli, M. D’Elia, Q. Du, M. Gunzburger, R. Lehoucq, M.M. Meerschaert, Fractional
diffusion on bounded domains. Fract. Calc. Appl. Anal. 18 (2015), no. 2, 342-360.

R. E. Edwards, Fourier series: A modern introduction, Vol. 2, Second ed., Springer-Verlag,
1982.

K. J. Engel and R. Nagel, One-Parameter Semigroups for Linear Fvolution Equations, Grad-
uate Texts in Mathematics, vol. 194, Springer, New York, 2000.

G. Fath, Propagation failure of traveling waves in a discrete bistable medium, Phys. D 116
(1998), 176-190.

H. O. Fattorini, Second order linear differential equations in Banach spaces, North-Holland
Mathematics Studies, 108. Notas de Matemaética, 99. North-Holland Publishing Co., Amster-
dam, 1985.

A. Favini, R. Labbas, S. Maingot, H. Tanabe and A. Yagi, Necessary and sufficient conditions
for maximal regularity in the study of elliptic differential equations in Holder spaces, Discrete
Contin. Dyn. Syst. 22 (4) (2008), 973-987.

W. Feller, An introduction to probability theory and its applications. Vol. 1. Third edition.
John Wiley & Sons, Inc., New York-London-Sydney, 1968.

W. Feller, An introduction to probability theory and its applications. Vol. 2. Second edition.
John Wiley & Sons, Inc., New York-London-Sydney 1971.

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order. Sec-
ond edition, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences|, 224. Springer-Verlag, Berlin, 1983.

I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series, and Products, Seventh Edition,
Elsevier Academic Press, New York, 2007.



HOLDER-LEBESGUE REGULARITY AND ALMOST PERIODICITY 39

[26] F. A. Griinbaum, “The bispectral problem: an overview”, in Special functions 2000: current
perspective and future directions (Tempe, AZ), 129-140, NATO Sci. Ser. II Math. Phys.
Chem. 30, Kluwer Acad. Publ., Dordrecht, 2001.

[27] F. A. Grinbaum and P. Iliev, Heat kernel expansions on the integers, Math. Phys. Anal.
Geom. 5 (2002), no. 2, 183-200.

[28] J-S. Guo and C-C. Wu, The existence of traveling wave solutions for a bistable three-
component lattice dynamical system, J. Differential Equations 260 (2016), no. 2, 1445-1455.

[29] C. Hu and B. Li, Spatial dynamics for lattice differential equations with a shifting habitat,
J. Differential Equations, 259 (2015), 1967-1989.

[30] I. Lasiecka and M. Wilke, Maximal regularity and global existence of solutions to a quasilinear
thermoelastic plate system, Discrete Contin. Dyn. Syst. 33 (11/12) (2013), 5189-5202.

[31] N. N. Lebedev, Special functions and its applications, Dover, New York, 1972.

[32] J. Mallet-Paret, The global structure of traveling waves in spatially discrete dynamical sys-
tems, J. Dynam. Differential Equations 11 (1999), 49-127.

[33] J. Mallet-Paret, Traveling waves in spatially discrete dynamical systems of diffusive type,
Dynamical systems, 231-298, Lecture Notes in Math., 1822, Springer, Berlin, 2003.

[34] C. Martinez Carracedo and M. Sanz Alix, The theory of fractional powers of operators, North-
Holland Mathematics Studies, vol. 187, North-Holland Publishing Co., Amsterdam, 2001.

[35] F. W. J. Olver and L. C. Maximon, Bessel Functions, NIST handbook of mathematical func-
tions (edited by F. W. F. Olver, D. W. Lozier, R. F. Boisvert and C. W. Clark), Chapter 10,
National Institute of Standards and Technology, Washington, DC, and Cambridge University
Press, Cambridge, 2010. Available online in http://dlmf.nist.gov/10.

[36] A. Pazy, Semigroups of linear operators and applications to partial differential equations,
Applied Mathematical Sciences, 44. Springer-Verlag, New York, 1983.

[37] C. E. Pearson, Asymptotic behavior of solutions to the finite-difference wave equation, Math.
Comp. 23 (1969), 7T11-715.

[38] A.P. Prudnikov, A. Y. Brychkov, and O. I. Marichev, Integrals and series. Vol. 1. Elementary
functions, Gordon and Breach Science Publishers, New York, 1986.

[39] A. P. Prudnikov, A. Y. Brychkov, and O. I. Marichev, Integrals and Series. Vol. 2. Special
Functions, Gordon and Breach Science Publishers, New York, 1990.

[40] E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton
Univ. Press, 1971.

[41] P. R. Stinga and J. L. Torrea, Extension problem and Harnack’s inequality for some fractional
operators, Comm. Partial Differential Equations 35 (2010), 2092-2122.

[42] V. E. Tarasov and G. M. Zaslavsky, Fractional dynamics of coupled oscillators with long-range
interaction. Chaos 16 (2) (2006), 1-13.

[43] V. E. Tarasov, Large lattice fractional Fokker—Planck equation, J. Stat. Mech. 9 (2014), 1-23.

[44] V. E. Tarasov, Lattice fractional calculus, Appl. Math. Comp. 257 (2015), 12-33.

[45] V. E. Tarasov, Fractional-order difference equations for physical lattices and some applica-
tions, J. Math. Phys. 56 (2015), no. 10, 103506, 19 pp.

[46] V. E. Tarasov, Fractional Liouville equation on lattice phase-space, Phys. A 421 (2015),
330-342.

[47] E. S. Van Vleck and A. Zhang, Competing interactions and traveling wave solutions in lattice
differential equations, Commun. Pure Appl. Anal. 15 (2016), no. 2, 457-475.

[48] J. B. Walsh, Estimating the time to the most recent common ancestor for the Y chromosome
or mitochondrial DNA for a pair of individuals, Genetics 158 (2001), no. 2, 897-912.

[49] G. A. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press,
Cambridge, England; The Macmillan Company, New York, 1944.

[50] K. Yosida, Functional Analysis, reprint of the sixth (1980) edition, Classics in Mathematics,
Springer-Verlag, Berlin, 1995.

[61] L. Zhang and S. Guo, Existence and multiplicity of wave trains in 2D lattices, J. Differential
Equations 257 (2014), 759-783.

[62] L. Zhou and W. Zhang, Admissibility and roughness of nonuniform exponential dichotomies
for difference equations, J. Funct. Anal. 271 (2016), 1087-1129.

Received xxxx 20xx; revised xxxx 20xx.

E-mazil address: carlos.lizama@usach.cl
E-mail address: lroncal@bcamath.org


http://dlmf.nist.gov/10
mailto:carlos.lizama@usach.cl
mailto:lroncal@bcamath.org

	1. Introduction: background and main results
	1.1. Background
	1.2. Main results

	2. Analytic semigroups and cosine operators generated by d
	2.1. The semidiscrete heat analytic semigroup
	2.2. The semidiscrete wave cosine family

	3. Analytic semigroups and cosine operators generated by -(-d)
	3.1. The fractional discrete Laplacian
	3.2. The fractional discrete semigroup
	3.3. The fractional discrete cosine function

	4. Existence and uniqueness of almost periodic solutions: proofs of Theorems 1.5 and 1.6
	4.1. The linear cases: proof of Theorem 1.5
	4.2. The nonlinear cases: proof of Theorem 1.6

	5. C-p maximal regularity: proof of Theorems 1.7 and 1.8
	6. Extension to higher dimensions
	7. Applications to Nagumo and Fisher–KPP equations
	Appendix A. Analytic semigroups and cosine operators
	Appendix B. Properties of the Bessel functions Jk and Ik
	Appendix C. Discrete almost periodic functions
	Appendix D. The discrete Fourier transform
	Acknowledgments
	REFERENCES

