THE SEMIDISCRETE DAMPED WAVE EQUATION WITH A
FRACTIONAL LAPLACIAN

CARLOS LIZAMA AND MARINA MURILLO-ARCILA

ABSTRACT. In this paper we completely solve the open problem of finding the fundamental
solution of the semidiscrete fractional-spatial damped wave equation. We combine operator
theory and Laplace transform methods with properties of Bessel functions to show an explicit
representation of the solution when initial conditions are given. Our findings extend known
results from the literature and also provide new insights into the qualitative behavior of the
solutions for the studied model. As an example, we show the existence of almost periodic
solutions as well as their profile in the homogeneous case.

1. INTRODUCTION

In this article, we are concerned with the Cauchy problem for the semidiscrete strongly
damped wave equation given by:
0%u ou

1) pmt) = —a(=8a)" 2 (n,t) = e(=8a)u(n,t) + f(n,t), 20, neZ

where (—A,)® denotes the unidimensional discrete fractional Laplacian defined by

1 o dt
2 (80" 0) = g | @) = ). ne,
see [18] and references therein. We note that the unidimensional discrete fractional Laplacian
has been widely examined in [4, 5, 18] and can be used, for example, to model the non-local
motion of an electron in a one-dimensional chain with atoms [19]. The N-dimensional case
has been treated in [28].

The study of semidiscrete equations is an old topic that can be already found in the works
of H. Bateman [2]. In recent years, the investigation of this type of equations incorporating
the discrete fractional Laplacian has experienced a growing interest because, on the one hand,
they are capable of better describing the dynamics of physical and probabilistic processes
behind them [11, 13, 24] and, on the other hand, because they give a better understanding
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2 LIZAMA AND MURILLO-ARCILA

of the dynamics beyond the continuous case [23]. For recent developments, we refer to
[17, 14, 15] and references therein.

It is well-known that, in general, initial value problems for semidiscrete equations like (1)
do not have unique solutions, see e.g. [25, 26] and its references. However, for well-behaved
initial data, there exists a unique solution. The explicit representation of these solutions is
also known in some cases. For example, for the semidiscrete diffusion equation

ou

dt '
satisfying u(n,0) = ¢(n), where ¢(n) is a bounded sequence, it is well-known that the unique
solution is given by the superposition formula

u(n,t) = e I, (2at)p(k), t>0, neZ,
kEZ

n,t) = aAgu(n,t), t>0, neZ,

where I, is the modified Bessel function of the first kind of order av. See e.g. [1] and references
therein.

The fundamental solution for the equation (1) in case @ = 0 and a = 1, i.e. the semidiscrete
wave equation, appears in the works by H. Bateman and C. E. Pearson [2, 20]. More recently,
in the reference [18] combining operator theory techniques with the properties of the Bessel
functions it is proven that the second order equation

0*u
(3) ﬁ("’%t) = Adu(nv t)7 t>0, ne Z)

with initial conditions u(n,0) = ¢(n), 24(n,0) = ¢(n), has a unique solution given by [18,
p.1386]

)= Jou-r)(2)p(n) + > (/ Ja(nt) 25)ds) W(n), t>0, nez,

keZ keZ
where Jj, is the Bessel function of the first kind.

When the discrete Laplacian in (3) is replaced by the discrete fractional Laplacian —(—Ay)?,
0 < a < 1, it was found in [18, Theorem 1.4, Formulae (14) and (15)] that the Bessel function
must be replaced by the fundamental solution

™

/2
(4) CY(n) == g/ cos(t(4sin’ 0)/%) cos(2n8)df, t >0, n € Z,
0

where it is worth mentioning that in the case o = 1, by [16, Formula 8.411(2)], the above
expression coincides with Jox(2t).

However, an explicit representation of the solution of the damped wave equation (1), even
in case a = 1, remains as an open problem.

In general, this is a difficult problem. Until now, there is no known representations even
for the prototypical case o = 1 that corresponds to the so called strongly damped wave
equation without mass term [21], or @ = 2 that corresponds to the damped extensible beam
equation [12] which is called the Kelvin-Voigt model [29]. We note that the importance of
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considering the fractional Laplacian in (1) for a continuous spatial domain has been recently
pointed out in the references [7, §].

In this article, we completely solve this problem. We find that whenever 4* 'a? < ¢ the
fundamental solution of (1) is given by

1 [ int dc — a?
D3, (2k) = —/ e~ 020t (COSt\/a29(4C — a%agy) — aaz sinty/ax(le —a a29)> cos(2k0)do,

T J /2 \/a29(4c — a’agy)

where ag = (4sin?(6/2))®. It is notable that this expression is comparable to recent results
stated in [9, Theorem 1.1] for the continuous Laplacian, therefore providing new insights.
We observe that D$,(2k) reduces to (4) when a = 0 and ¢ = 1. Then, we have succeeded in
showing that the unique solution for (1), bounded on Z x [0, 7] for each 7' > 0, with initial

conditions u(n, 0) = ¢(n), 2%(n,0) = 1 (n), can be expressed as follows:

u(n,t) =Y Di(n—=k)p(n) + ) Si(n—k)(n) + a(=Aq)"p(n)]

kEZ kEZ

t
+Z/ Sp(n—k)f(k,s)ds, t>0, nelZ,
0

kEZ

where S} := f(f D%ds. In particular, this result generalizes [18, Theorem 1.5].

Our main result could be used to provide new insights on the behavior and properties of
the solutions, even in the multidimensional case, generalizing results of Slavik [26, 27|, or to
search for additional qualitative behavior, as done e.g., in the reference [18]. As an example,
we show in Remark 3.5 the profile of the solutions of the homogeneous equation (1), and in
Theorem 3.6 we prove the existence of almost periodic solutions to the equation (1) under
appropriate conditions on the forcing term. We note that such qualitative behavior is not
present in the continuous case.

2. PRELIMINARIES
We recall the following definition.

Definition 2.1. Let X be a compler Banach space. The Laplace transform of a function
feL,. Ry, X) will be denoted by

~

f) = / TeNpnd, RO > w,

0
whenever the integral is absolutely convergent for R(\) > w.

An equivalent formulation to the definition given in (2), but valid for any a > 0, is the
following [18, Section 3.1].

Theorem 2.2. Let 1 < p < oco. The discrete fractional Laplacian of order a > 0 of a given
sequence f € (,(Z) can be written as

(5) (A f(n) =Y K*n—j)f(G), nez

JEZ
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where

(6) K%n)= % /Tr (4sin®(6/2))e " dp = % /_7T (4sin*(0/2))* cos(nf)df, n € Z.

From [18, Theorem 1.3 (ii)] we know that
(7) e A Mon) =Y LY (n—k)e(k), t>0, n€Z, @€ L(Z)

kEZ

is an analytic semigroup, where

]_ T in2 [e ;
(8) L¥(n) = 2—/ e tAsin? )% =inf gt > 0 neZ.
T

We will also need the following formula, which can be obtained from [10, Chapter IV, Section
4.1, Formula (36)] with v = 0.

Lemma 2.3. Let f € L} (R, X) and C > 0 be given. The Laplace transform of

loc

F(t):/OtJO[Q\/E\/(t—s)s]f(s)ds, t>0,

1 -
s given by —f | A+ ¢ where Jy(t) denotes the Bessel function.
A A

We now recall the notion of discrete almost periodic functions. For more information
about almost periodic functions see [6].

Definition 2.4. Let (X, || - ||) be a Banach space. A function f : 7Z x X — C is discrete
almost periodic in n € Z if for every x € X and every € > 0, there exists a positive integer
N(e) such that any set consisting of N(€) consecutive integers contains at least one integer
p with the property

|f(n+p,x)—f(n,x)\<€, n € 7.

The following result stated in [18] shows discrete almost periodicity for the convolution of
discrete almost periodic functions with functions v : X x Z — C which are summable in the
first variable.

Theorem 2.5. Let v : Z x X — C be a summable function in the first variable. If u :
Zx X — C is a discrete almost periodic function inn € Z, then for each x € X the function

w(n,x) == Zv(l{,x)u(n —k,x), nelk

kEZ

1$ also discrete almost periodic in n € Z.
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3. MAIN RESULTS

Let ¢ > 0 and a € R. We consider the second order damped wave equation given by:

( 0%u ou

T t) = —a(=A" T 01) — e(~A) u(n,t) + f(n,), £20, nez

(9) \ u(n,0) =¢(n), néeZ,

L ¥/(n,0) =1(n), nez,
where a > 0. Suppose that a # 0 and we define the operator

(10) Slp(n) :=e —(¢/a)t /0 0[2(c/a)/(t — 3)3]62(6/“)86_“5(_Ad)ago(n)ds, o € L,(Z).

We will show that the above family of operators have several qualitative properties, together
with the associated kernel

t
(11) 5e(n) = e~ (/D) / o[2(c/a)\/(t — 5)s]e* /DL (n)ds, t>0, neEZ,
0
where L¢, is defined in (8).
In what follows, we denote ag := (4sin?(6/2))%.

Theorem 3.1. Let {S;}i>0 be the operators defined in (10).
(i) We have {S§}i>0 C B({p(Z)) for each 1 < p < o0

g « c/ataaq . 2T Q).
(i1) || Seplle, < ele/ataaalt|ip],  for all p € L,(Z), where aq = QF((fij)’

(1ii) If 427 1a® < ¢ then we have the following representation for S as a convolution
operator with a kernel:
(12) Sfp(n) = (S xp)(n) =Y St(n—m)p(m), t>0, neZ,
meZ

where

CIR T . MU T)]
o(n) =

T™J) ag(4c — a’ayp)

In particular, S§(n) =0, n € Z.

cos(nf)df, t>0, neZ.

w) ||5%,, < eld/ataaalt for 1 < p < 0.
t ) p

Proof. Since by [18, Theorem 1.3 (i)] we have L3y 1= e~"=24)%0 € (,(Z) for all ¢ € (,(7Z)
we deduce (i). Moreover, the following inequality [18, Theorem 1 3 (i)-1]

20(1+2a)
1eeell, < e T gy, ¢
and the property |Jo(z)| < 1 for all z > 0 shows (ii).

>0,
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Next, suppose that 47 'a? < ¢. Inserting (7) in (10), we obtain

Sp(n) = e/t /JO (c/a)\/(t — s)s] C/“ZL o(k)ds

keZ
=SSt k)elk), 120, nel,

kEZ

where

<M>S%>—eda/Jocmw@TETHWﬁ(l/'amwﬂm —Mw)%

2

_ e/ {% / 7; ( /O ' o2(c/a) /T S)slele/a-attsinto/2)° Sds) "”"d@}
_ (e {% / ( /O ' h2e/a) (t—s)s]g(s)ds) e‘med@}

with g(s) = e(®(c/@)=al4sin*©/2)%)s - Applying Lemma 2.3 we get that

t
(15) / Jo[2(c/a)\/(t — s)s]g(s)ds, t >0,
0
corresponds to the inverse Laplace transform of
c? 1 1
(16) ()\ + —) = - -
I Aa? AN+ /\GQ — (2(¢/a) — a(4sin?(0/2))*)
a2
T X202 4+ 2 — 2cha + aB\(4sin?(0)2))e
2
a

(\a — )2 + aPA\(4sin2(0/2))

Since ap = (4sin?(0/2))*, we have (a\ — ¢)? + a3agh = a®>(A — r1(0)(\ — ro(0)) where

c aay 1 5 c aayp 1
r1(0) P + 5 ag(a?ap — 4c) and 1ro(6) " 5 ag(a?ag — 4c)

Using [10, Chapter V, 5.2 (5)] to calculate the inverse Laplace transform of (16), we obtain

(17) /0 Jo[2(c/a)\/(t — s)s]g(s)ds = m(e”w)t — e >0,
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Substituting (17) into (14), and since by hypothesis % < 1 implies a’ap — 4c < 0, we
obtain:

- 6—#15 (e%it\/a9(4cfa2a9) _ eféit\/a9(4cfa2a9))

1
o st
(18) P(n) =g B oo —aay)
1 /’T e 5t sin($+/ag(4c — a?ay))

efinede

= — e~ 040

T J_x ag(4c — a’ap)

™

= —/ s(0,t) cos(nd)dd, t>0, neZ,

—T

Zaagt o o
where we have used that the function § — s(6,t) := = - \S}n("@ a0£46)a %)) is even. This
ag(4c—a’ag

proves (iii).
For (iv), we choose {¢(n) }nez = {001 }nez € €p(Z). Then, by (12) we obtain Sidg, = S{*(n)
for each n and the conclusion follows from part (ii).

U
Remark 3.2. We note that formula (13) shows that S{(n) corresponds to the Fourier coef-

e sin(L+/ag(4c—a2
3V a9(4c—aay))

\/ag (4c—a2ay)

. . . . . e
ficients, or inverse discrete-time Fourier transform, of the term

For all t > 0,n € Z, we define
(19)

™ —aagt ] E 4 — a2
Di(n) : ! / ez (COS(%\/G9<4C—CL26L9)) _ Bagsin(3 vag(de —a (Ig))) cos(nf)de.

T or o ag(4e — a’aq)

Note that Dy (n) := 95t “and in particular, D§(n) = dpn, n € Z. We also have

ot
(20)
aDta<n) — _i @e%ﬂet X
ot 2r ). 2
t in(t de — a2
X | cos(=+/ag(4c — a’ag)) — adosin(; v/ ag(de — aay)) cos(nf)do
2 ag(4c — a?ay)
1 ™ —aagt
—— | ez X
2 J_.
.t 1 aag t
X s1n(§ Vag(4c — a2a9))§\/a9(4c — a?ag) + 53 cos(§ ag(4c — a’ay)) | cos(nd)db,
and from here we deduce using formula (6) from Theorem 2.2 that 8’%}") = —aK%(n) at
t=0.

Our main result is stated as follows:
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Theorem 3.3. Let p, 1) € (1(Z) and f : Z x Ry — C be continuous in the second variable
and such that sup || f(-, )|, < 0o. Suppose that for ¢ > 0 and a > 0 we have
>0

497102 < ¢.

Then, the unique solution bounded on Z x [0,T] for each T' > 0 of (9) is given by
(21) u(n,t) = D xp(n) + S5 * (Y +a(—A /Sf‘s (n,s)ds, t>0, nez,

Proof. The case a = 0 is well-known and, as we said in the introduction, the formula (21)
coincides in such case. Suppose a # 0. Denote by A := —(—A,)®. By [18, Theorem 1.3]
the operator A is bounded in ¢,(Z) for all 1 < p < oo and o(A4) = [—4*,0]. We can apply
Laplace transform to (9) obtaining
(22)  Xi(n, ) — Ap(n) — 6(n) — aA(NI(n, \) — p(n)) — cAG(n, ) = f(n, ), nEZ.
We then have:

(X* = aAX = cA)i(n, N) = Ap(n) + (& (n) — adp(n)) + f(n,A), n€Z.
Observe that for any z € C we have the identity Re(az+ ) = Re( B (a+c)+1Im(z)? (aRez c).

Therefore for any A € C with Re(\) > £ we have that Re(=3— ) > (0 and hence /\—+ € p(A),
the resolvent set of A. If we denote

1 A2 - c
— (A2 —qA)—cA —A ¢
R(\) = (A\* —aAX —cA)™! (aA—i—c) (aA—i—c ) . Re(\) > o
we get:
(23) a(n, A) = AR(A)p(n) + R(A) (¢ (n) — adp(n)) + RN f(n,A), n € Z.
Let now prove that P(t) = S* defined in (10) satisfies P(\) = R()). Indeed,
o) t
(24) POV = / ¢~ Ot e/t / Jol2(c/a) /[ = s)s|eXelnscosA gy
0 0
= / e~ M/t / o[2(c/a)/(t — 5)s]G(s)dsdt,
0 0
where G(s) := e(/)+ad)s ¢ B(¢ (7)) for all 1 < p < co. From Lemma 2.3, expression (24)
equals to
1 A (c/a)? )
25 —F—G | A — .
) e (0 T )
Since G(p) = (u—2(c/a) —aA)~" exists for all 1 € C with Re(p) > 2, a computation shows
that:

1 A (c/a)? 1 A2 - B
(26) A+ (c/a)G (/\ +(c/a) + A+ (c/a))> Cal+ec (a)\ +e A> = RV,
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for all A € C with Re(\) sufficiently large, and the claim is proved.
Since clearly ¢ — P(t)y is differentiable for each ¢ € (,(Z), 1 < p < 00, and P(0) = 0,
applying now inverse Laplace transform to (23) we obtain:

(27)  wu(n,t) = P'(t)p(n) + P(t)(v — aAp)(n) +/O P(t—s)f(n,s)ds, t>0, n¢€Z,

is a solution of the equation in (9).
Note that a computation using the property D§(n) = dy,, n € Z together with Theorem
3.1 part (iii), shows that P’(0) = I and then:

(28) u(n,0) = P'(0)p(n) + P(0)(¢(n) — aAp(n)) = ¢(n), n€Z.
On the other hand, differentiating in (27) and evaluating in ¢t = 0 we get:
(29)

au(”? O) i / /!

5 — 1 0p(n)+P(0)(#(n) —adp(n)) + P(0)f(n,t) = PH0)e(n) +¥(n) —adp(n).
where, using the fact that 8%5") = —aK(n) at t = 0, we obtain from Theorem 2.2 that
(30) P'(0)p(n) = —a(=Aq)%p(n) = aAp(n), n e
Finally, replacing in (29) we arrive to augi,o) = 1(n). This proves that u(n,t) is a solution of

the initial value problem (9). In order to see that such solution is bounded on Z x [0, 7] for
each T" > 0 we first note that the estimate |sin(z)/z| < 1, x € R, applied to formula (13)
shows that |Sf(n)] < L [T 1df =t for each t > 0, and analogously from the formula (19) we
obtain the estimate |D(n)| < 5= [7 (1 + |al|ag|5)d0 < 5= [T (1 + |a4°L)d = 1 + |a|2°7 't
for all ¢t > 0. Then, Young’s convolution inequality implies

Sgl(D? * o)) = 1D * ol < [1DF e llipller = SEIZ)|D?(H>|||90H€1 < (L+ a2 )l

Therefore, we conclude that sup sup |[(D® * )(n)| < (1 + |a|22*7*T)||¢||¢, for each T > 0.
te[0,T] n€Z

Analogously, since (—A,)® is well defined as a bounded operator in ¢;(Z) we obtain the
estimate

sup sup (S5 * (¢ — adp))(n)] < T([[¢lle, + lall(=2a)*[lelle),

t€[0,T] n€Z
for each T > 0. We also have

¢ ¢ ¢
/ Sy * f(n,s)ds S/ sup |S; * f(n,s)|ds < / (t — s)sup || f(-,7)]|e,ds
0 0 0 >0

ne”L

sup
neEL

t t2
= sup £,y [ sds = sup 7 7)o
7>0 0 7>0

2

t
T
Hence, by hypothesis, sup sup / Sy ok f(n,s)ds| <sup||f(-,7)]|¢ = < oo for each T' >
tef0,7] neZ |Jo >0 2

0. It proves that the solution u(n,t) is bounded in Z x [0, T for each T' > 0.
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Finally, assume that (9) has two bounded solutions u; and us with the same initial data
©,1, and set v := u; — uy. Then v is a solution of the following initial value problem
(0% ,Ov

—(n,t) = —a(—Ay) g

A2 (nvt) o C(_Ad)av(n7t)7 t>0, ne Za

v(n,0) =0, nezZ,

(. Y (n,0) =0, neZ.

Integrating two times we obtain the equivalent abstract Volterra equation
t
w(t) = / k(t— ) Aw(s)ds, w(t) € Lu(Z), ¢ 30,
0

where w(t)(n) := v(n,t) and k(t) := a + ct. Since k(t) is a creep function [22, Chapter I,
Definition 4.4] and A generates a cosine family on £, (Z) because A is bounded in such space,
we deduce that the above abstract Volterra equation admits a unique resolvent [22, Theorem
4.3 and Corollary 1.1] and hence has zero as its unique solution. Therefore, we have that
v = 0 and hence u; = us. It proves the uniqueness and the theorem.

U

Remark 3.4. Looking at the formula (19), we note that the solutions exhibit oscillations
due to the trigonometric functions, but we see that the amplitude may decay in time due to
the factor e—2 . This behavior is consistent in the case a = 0 because in such case, this
factor disappears and the integrand in formula (19) entirely coincides with formula (4).

Remark 3.5. It should be noted that recently, by results from Ikehata-Todorova-Yordanov
and Ikehata-Onodera 9], we know that the asymptotic profile of the solution to the equation

(31) u(x,t) — Au(z,t) — Auy(z,t) =0, t>0, x€R,
18 the so-called diffusion wave, that is,

2 79810 (1
(32) a(€,t) ~ Pl ﬂsmf% (t — 00),

where (t, &) represents the partial Fourier transform of the solution u(t, x) with respect to the
x-variable. In contrast, Theorem 3.3 and Theorem 3.1 show that the profile of the solution
of equation (1) with f =0, ¢ =0 and Y(n) = oo,

ug(n,t) + a(—Ag)%u(n, t) + c(—Ag)“u(n,t) =0, t>0, neZ,
has the form

30.0) — o= 0 Ve —Pag)

ag(4c — a’ap)

which corresponds to the Fourier coefficients of the fundamental solution u(n,t) with respect
to the first variable. In particular, when ¢ = a =1 and a = 1 we find ag = 2 — 2cos =
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(2sin(0/2)* and hence /ag(4c — a?ap) = 2| sin(0)|. Therefore

_ (2 in(¢] sin(0)|

0.1) — t(2sm(9/2)2/281n<

W6,1) =e 2 sin(0)]

which is comparable to (32). An analogous similarity can be found in the reference [9,
Theorem 1] between the asymptotic profile of (31) with two nonzero initial conditions and
the Fourier coefficients of the fundamental solution (19).

Our next result provides qualitative properties of solutions to equation (9).

Theorem 3.6. Let v, € (1(Z) and f : Z x Ry — C be continuous in the second variable
and such that sup || f(-,t)|le, < co. Suppose that ¢ > 0, a € R and 4“7 *a® < c. If f(-,t) is
>0

discrete almost Eaem'odic in the first variable, for each t > 0, then the unique solution u(-,t)
of (9) given by (21) is also discrete almost periodic in the first variable.

Proof. In order to prove that u(n,t) (9) is discrete almost periodic, it is sufficient to show
that D x o(n), Si x(n), S5 (—Aq)%¢(n) and f[f S o f(n, s) are discrete almost periodic.
Indeed, let show that D{ x p(n) is discrete almost periodic. According to Theorem 2.5,
since ¢ € (1(Z) it is sufficient to prove that Dg(n) is an almost periodic function in n € Z.
If we denote gg(n) := cos(nf) the sequence {go(n)}nez is almost periodic in n € Z for every
0 € R as shown in [3]. Thus, for every ¢ > 0, there exists a positive integer N(€) such that
any set consisting of N (€) consecutive integers contains at least one integer p such that

sulzj lgo(n + p) — go(n)| < e.
ne

On the other hand, since by hypothesis 4% 'a? < ¢, then 4c — a®ag > 0 and the function

h:0 — Sin(j/ ?2(46_2‘12?6)) is bounded for all # € (—m, 7). Thus, there exists K > 0 such
ag(4c—a2ag
that |h(0)| < K for all § € (—m, 7). It is also clear that |ag| = |(4sin?(6/2))%| < 4 for all

0 € (—m, ). Consequently, we have

—aagt

[Df(n+p) =D (n)] <5 [ e72 (1+4%)K|go(n + p) — go(n)|df.

Hence, we obtain

sup |Dj'(n +p) — Di}(n)| < i/ eiaset(l + 4%) K db
nez 2m —r

and the conclusion holds. The discrete almost periodicity of S§* * 1(n), S * (—Aq)%¢(n)
follow similarly taking into account Theorem 3.1 formula (13).
Let now show that fot S . * f(n,s) is discrete almost periodic. Applying Theorem 2.5 it
follows that the function
F(n,t,s) =8 * f(n,s)
is discrete almost periodic. Thus, given € > 0, there exists a positive integer N (¢€) such that
any set consisting of N(€) consecutive integers contains at least one integer p such that

|F(n+p,t,s)— F(n,t,s)|<e, neZ
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for each n € Z and every t,s € RY. If we denote {(n,t) := fo (n,t,s)ds it follows
immediately that |{(n + p,t) — &(n,t)| < et,n € Z which finishes the proof.
O
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