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ABSTRACT. Transform methods are used to establish algebra homomorphisms related to
convoluted semigroups and convoluted cosine functions. Such families are now basic in
the study of the abstract Cauchy problem. The framework they provide is flexible enough
to encompass most of the concepts used up to now to treat Cauchy problems of the first
and second order in general Banach spaces. Starting with the study of the classical Laplace
convolution and a cosine convolution, along with associated dual transforms, natural algebra
homomorphisms are introduced which capture the convoluted semigroup and cosine function
properties. These correspond to extensions of the Cauchy functional equation for semigroups
and the abstract d’Alembert equation for the case of cosine operator functions. The algebra
homomorphisms obtained provide a way to prove Hille-Yosida type generation theorems for
the operator families under consideration.

1. INTRODUCTION

Abstract Cauchy problems not well posed in classical sense (that is, those that cannot
be handled by the Hille-Yosida-Phillips-Feller-Miyadera theorem) and their applications to
partial differential equations, notably equations of mathematical physics, have received much
attention lately. Historically, J.L. Lions ([21]) was the first to introduce a concept, namely dis-
tribution semigroups to deal with such problems. Subsequently, Da Prato [10] introduced the
notion of regularized semigroup, now known as C'—semigroup. Ultradistribution semigroups
were studied by Chazarain ([5]). The results of Chazarain are recorded in the monograph
[22] by Lions and Magenes (the French edition appeared in 1970). Hyperfunction solutions
have been treated by Ouchi in [29].

More recently, the notion of integrated semigroup appeared as a very flexible tool for solving
Cauchy problems. They are in correspondence with exponential distribution semigroups in
the sense of Lions (see [1]). Convoluted semigroups were introduced by Cioranescu [8] to
include the correspondence between the theory of ultradistribution semigroups and Beal’s
constructive approach to the abstract Cauchy problem of first order. The monographs [2] and
[23] contain the theories of these families and their inter-relationships as well as applications
to partial differential equations.
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In the present paper we establish algebra homomorphism on certain convolution algebras
denoted (7;(7),*) and (7x(7), *.) using convoluted semigroups and convoluted cosine func-
tions. We note that these algebra homomorphisms include the Laplace transform and the
cosine Fourier transform. Such homomorphism shed a new light on the fundamental equations
governing the families under consideration. Previous results in this direction were obtained
by Galé and Miana in [12] and Miana [27] for integrated semigroups and integrated cosine
families respectively. See also [24] and [25]. As direct consequences they defined fractional
powers for the generator of temperated integrated semigroups [24, Section 5] and subor-
dinated holomorphic semigroups with respect to integrated groups, cf. [12, Theorem 4.5].
Previous work on concrete integrated semigroups have been studied in [14], [15], [28]. See
also [2] and references therein.

In this setting, algebra homomorphisms from L!(RT) into B(X) is equivalent to the Hille-
Yosida theorem on the generation of uniformly bounded Cp- semigroups, see [6] and [7]. Our
results have as a consequence Hille-Yosida type theorems (see Theorem 5.8 and Theorem 6.8)
which includes the cases of integrated semigroups and integrated cosine functions.

We begin with a detailed study of two convolution products and the dual operations. The
first is the Laplace convolution:

t
(f *g)(t) = /O f(t = $)g(s)ds, t > 0

where f, g are locally integrable functions on Ry . For the second transform, we first consider
the following:

(fog)(t) = / " f(s — Hyg(s)ds, £ > 0.

The cosine convolution product is then given by:

f*cgzé(f*ngfonggOf)-

A striking fact is that one can immediately relate the two convolution products (Laplace con-
volution and cosine convolution) with the fundamental equations defining convoluted semi-
groups and convoluted cosine functions. In fact, one of the main consequences of our results
in this paper indicates that given a densely defined closed operator A : D(4) € X — X
and k € Lj (RT) with 0 € supp(k), abs(|k|) < oo and 3 > max{abs(|k|),0} , the following
assertions are equivalent:

(i) The integral equation

u(t) = A/Otu(s)ds + /Otk(s)a:ds, £>0,

has a unique exponentially bounded solution u, for all x € X.

(ii)) {z € C: Rz > B} C p(A) and there exists a bounded algebra homomorphism Oy :
(Tr(e—p), *) — B(X) such that O(ey) = (A — A)~L, where e (t) = e .

(iii) A generates a k-convoluted semigroup (Sk(t))i>0 of bounded linear operators such
that ||Sk(t)|| < MePt,

(iv) There exists an exponentially bounded and strongly continuous family (S(t)):>0 such
that Sx(0) =0 and

Si(t)Sk(s) = /fs F(t+ 5 — ) Sh () du — /0 B(t+ 5 — ) S (u)du,
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for t,s > 0. Moreover Az = lim M for all x € D(A).
=0t [ k(s)ds
Under similar hypothesis, the following assertions are equivalent in the case of convoluted
cosine functions.
(i) The integral equation

v(t) = A/O (t —s)v(s)ds + /0 k(s)xds, t>0,

has a unique exponentially bounded solution v, for all x € X.

(ii) {22 € C: Rz > B} C p(A) and there exists a bounded algebra homomorphism
Wy o (Te(e—p), *c) — B(X) such that Wg(ey) = A(\? — A)~L.

(iii) A generates a convoluted cosine family (C(t))t>0 of bounded linear operators such
that ||Cy(t)]| < MeP,

(iv) There exists an exponentially bounded and strongly continuous family (C(t)):>0 such
that Ci(0) = 0 and

t+s S
Qr(t)Ci(5) + Ch(H)Qn(s) :/t k(t+ s —u)Ck(u)du—/O k(4 5 — u)Cy (u)du,

for all z € D(A).

for t, s > 0, where Qg (t) = f(f Ck(s)ds. Moreover Az = lim tCk(t)x v
t—=0* [ (t — s)k(s)ds
This paper is organized as follows: In sections 2 and 3, by means of the dual map of the
Tichmarsh-Foiag convolution operator, we define an space D with norms associated to the
convolution transforms % and *., and a map W from D; to the set of test functions on
[0,00) such that Wi(k o f) = f for all f € Dy (Definition 2.7). In the particular case of

tozfl

k(t) = m(a > 0,t > 0) the map W, is the Weyl fractional derivative of order ce. We next
show that the space Dy, is closed under the convolution products x, o, *. (Theorem 2.10). In
section 4, we use Laplace transform to establish an equivalence between pseudo resolvents
and functional equations (Theorem 4.2) which facilitates the comprehension of the striking
functional equations defining k-convoluted semigroups and cosine functions. In section 5
we give a new characterization of k-convoluted semigroups in terms of a bounded algebra
homomorphism ©j, defined by means of the map W, introduced in section 2 (Theorem 5.7).
In the limit (semigroup) case k(t) = dp (the Dirac measure), we get the Laplace transform
associated to the Cp-semigroup (S(t))¢>0, given by O;,(f) = fooo f@)S(t)dt. In case k(t) =
ty;_!l we obtain Oy (f) = (—1)" [;° f(V)(t)S,(t)dt where (S, (t))i0 is the n-times integrated
semigroup, studied in [2, p.235], [3, Theorem 4.4] and [32, Theorem 4.13]. The case of a-
times integrated semigroups (Su(t))e>0, i.e. k(t) = %, gives O (f) = [~ Waf(t)Sa(t)dt
and was considered in [24, Theorem 3.1]. In section 6 we present analogous results for the
k-convoluted cosine functions, taking in account that we must consider the convolution .
instead of the convolution *. For a-times integrated cosine functions, similar results have
been proved in [25] and [27].
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2. INVERSION OF CONVOLUTION TRANSFORMS

Throughout this paper we denote by X a complex Banach space, and B(X) the Banach
algebra of bounded linear operators on X. For a closed linear operator A on X, we denote
by D(A), Ker(A), p(A), R(A) its domain, kernel, range and resolvent set, respectively.

Let k € L}OC(RQ. The objective of this section is to define a space Dy, which will be closed
under different convolution products, and then to define associated maps Wy related to the
inversion of convolution transforms.

Let D, be the set of C* functions of compact support on [0,00). We denote by L!(R")
the set of Lebesgue integrable functions, i.e., f is a measurable function and

1]l = /O F(B)]dt < oo,

and L1(R") the set of functions f such that fr € L'(R") where 7 : Rt — R is a measurable
function, and the norm || f|| := || f7||1. The space L'[0, a] is given by the integrable functions
on the interval [0, a].

Analogously we denote by Li (RT) the set of locally integrable functions. Given k,g €
LY(RT) the (finite or Laplace) convolution product is defined by

(k*g)(t /k‘t—s t > 0.

It is well known that the convolution product * is commutative and associative and satisfies
If *gllh < [Ifll1]lglli. We will consider a dual convolution product on L'(R*) defined as
follows: Given k,g € L'(R"), we define

(2.1) (Fog)t)i= [ 7ls—tgls)ds, £>0,
t
Moreover, the cosine convolution product f *. g is defined by
1
(2:2) freg:=5(frg+fogtgof),  fgel(RY)

(see [26] and [27]).
It is easy to check that ||f o g|l1 < ||fll1|lg]l1 and hence ko g € L'(RT). Notice that in
general the convolution product o is non commutative,

ereu:meM;éeMoe,\, A\pect
where ey (t) := e M for A € Ct,t € R+ and non associative ey 0 (6u 069) # (exoe,)oep, with
A 1,0 € CT. Observe that (ko g)(t) = [ k(s —t)g(s)ds = [;° k(s)g(s + t)dt. From this,
it follows that if supp(g) C [ al, then supp(kog) C [ al. We erte by supp(h) the usual

support of a function h defined in R*. More generally, we have the following result which
can be proved easily using Fubini’s theorem, see [26, Proposition 2.1, Theorem 3.1. (iii)]

Proposition 2.1. Given f,g € D4 and k € L, (RY), then fog,kog, € Dy and
ko(fog)=fo(kog).
In the case that k, f,g € L'(R"), we have that
ko(fog)=(kxflog=(f*k)og=fo(kog).
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In what follows we consider Dirac measures (0;);>0 defined by (d;, f) := f(¢t) for f € Dy
and ¢t > 0. Given f € L] (RT), we write d; o f(s) = X[t,00)(8) (s —1), 00 f(s) = f(s+1) and
fodi(s) = Xjo,(s)f(t — s) for t,s > 0, see more details in [26].

Proposition 2.2. Take f,k € L}, .(R") and we define fi,k; by fi(s) = X(0,(8) f(t = 5) for
t,s > 0. Then (fi)iz0 C L'®Y), [Ifilli = [y 1/(5)lds,

t+s s
(2.3) frxks = / k(t—i—s—u)fudu—/ E(t + s —u) fudu, t,s > 0;
t 0
(2.4) froks :/ f(t — s+ u)kydu, t>s5>0;
0
t
(2.5) fsoks = flu—t+ s)kydu, t>s5>0.

t—s

Proof. Since f € L}
fi = fod; and

Jixks=(fods) xks=fo(dxks)— (0s0f)oks, t,s >0,

see a similar proof in [26, Theorem 4.1]. Since d; * ks = X[t7oo)k5+t we have that

(R*), then f; € L'(R") and ||fill1 = [y |f(s)|ds for t > 0. Note that

loc

t+s

t+s
(Fo (k) @) = [ Fu—2)xpo0) (wk(t + 5 — u)du = / K(t+ s — w) fu(z)du

T

when x <t + s. On the other hand,
040 Ok: t k d—sk:tf fd:sk‘tf w(x)d
(5:0) /f Fu— )k (s—u)du / (t+5—y)f(y—a)dy /0 (4 5—) fu () du

when x < s. Then we conclude the equality (2.3).
Now we take t > s > 0. Then we have that

Jroks = (fod)oks =00 (fxks)— (00 f)xks
see again [26, Theorem 4.1]. Take z > 0, and

t+x

froks(z) = F(t+ @ — y)ks(y)dy — / k(s — a4 y)fly + D)dy
0 0

stz stz
= / f(t+r—s)k(r—:v)dr—/ k(r—z)f(r—s+t)dr

S

= /S ft+r—s)k(r—x)dr = / flt — s+ u)ky(x)du.

0

The equality (2.4) is proven.
We consider ¢t > s > 0 and x > 0. We get that

fookile) = (3,0 (f +k)(@) = (B0 ) <) (z)
- /0 f(s+ 2 — y)k(t — y)dy - /0 f(s+ 2 — y)k(t — y)dy

s+x t
-/ f(s+xy)k(ty)dy=/t_ [+ 5 — Ok(r — z)dr
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= flu—1t+s)ky(z)du.

t—s

The proof of equality (2.5) is finished. O

Given a > 0 and k € L}, .(RT) the convolution operator T}, : L'[0,a] — L'[0, a] defined by
Ti(f) := k = f was considered by E. C. Titchmarsh [30] and C. Foiag [11].

Theorem 2.3. (Titchmarsh-Foiag theorem) Let a > 0 and k € L} (RT). Consider the
convolution operator Ty, : f — k% f as an operator from L'[0,a] into L'[0,a]. Then the
following statements are equivalent.
(i) Ty has dense range;
(ii) Ty is injective;
(iii) 0 € supp(k).
For a proof see [4, Theorem 2.1]. Given a > 0 and k € L} (RT), we define the operator
T} : L'0,a] — L0, a] by

(2.8) Ti(f)=kof,  feL'[0,a)
Note that T} and T,é are dual in the sense that
(2.9) | swminma = [ romi@

for f,g € C0,al, the set of continuous functions on the interval [0,a]. Our next result is a
dual of the Titchmarsh-Foiag theorem.

Theorem 2.4. Let a >0, k € L}, (RT) and the operators Ty, T}, : L'[0,a] — L'[0,a] defined
as above. Then the following statements are equivalent.
(i) 0 € supp(k);
(ii) Tk has dense range;
(iii) Ty is injective;
(iv) T, has dense range;
(v) T} is injective.
Proof. We show that (ii) = (iv) =(iii) and (ii)= (v) = (i) and we apply the Titchmarsh-Foiag
theorem to complete the proof.

(ii) = (iv) Take (h,) C C[0,a] such that h, >0, [ hn(t)dt =1 and supp(hy) C [0, 1]. Tt
is easy to check that h, o g — g in L'[0,a] for g € L'[0,a]. Since T} has dense range, there
exists (fn) C L'[0,a] such that k * f, — h, — 0 in L'[0,a]. Take g € L'[0,a] and we apply
Proposition 2.1 to show that

ko(fnog)—g=(k*fa)og—g=((k*fn) —hn)og+hyog—g—0

in L0, a].
(iv) = (iii) Since T}, has dense range, there exist (gn) C L'[0,a] such that k o gn — X(0,0)
on L'[0,a]. Suppose that Ty(f) = 0 for some f € L'[0,a]. We apply Proposition 2.1 to get

0=(kxf)ogn=[fo(kogn) = foX0a
on L'[0,a]. Hence fta f(s—1t)ds =0 for t > 0, and we conclude that f = 0.
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(ii) = (v) Since T} has dense range, there exist (h,) C L'[0,a] such that k * h, — X(0.0)
on L'[0,a]. Suppose that T}(f) = 0 for some f € L'[0,a]. We apply Proposition 2.1 to get
O=gno(kof)=(k*gn)of— Xoa©°f

on L'[0,a]. Hence [ f(s)ds = 0 for ¢ > 0, and we conclude that f = 0.

(v) = (i) Suppose that 0 ¢ supp(k). Then there exists € > 0 such that £ = 0 on [0,¢].
Take 0 # ¢ € D4 with supp(¢) C [0,e]. Note that T}(¢) = 0 due to

&€
KTL(O)(0) = ko o(t) = [ k(s — )o(s)ds =0,
t
for t < e. Since T}, is injective we conclude that ¢ = 0 and obtain a contradiction. 0
Some properties of the operator T} are given in the next Theorem.
Theorem 2.5. Let k € L} _(RT) be such that 0 € supp(k).
(i) Then T} : Dy — D is a injective, linear and continuous homomorphism such that
Tk/:(fog):foTl::(g)7 f?g€D+'
(ii) Take T : RT — RT a continuous function and C > 0 such that fg |k(s)|ds < CT(t)

fort > 0. Then the map T}, extends to a linear and continuous map from LL(RT) to
LY(RT), which we denote again by T}, : LL(RT) — LY (RT) such that |T}|| < C.

Proof. Part (i) is an easy consequence from Proposition 2.1 and Theorem 2.4. To show (ii),
take f € LL(RT) and apply Fubini theorem to obtain that

\TL(f !!1—/ r/ (s—)f dsrdt</0 /0!k(s—t)\dt!f(é‘)ldséHfTHl,

and we conclude the proof. O

Remark 2.6. Notice that, in general Ty(Dy) ¢ Dy for k € L} (R'). An easy example is
provided by k£ = X(0,00)-

With the above ingredients, we are able to present the following definition.
Definition 2.7. Take k € L} (RT) such that 0 € supp(k). We define the space Dy by
Dy, := T{(D+) and the map Wy, : Dy, — D4, by
(210) O = TUNAO = [ ks - OWf)ds, feDy,
¢
fort>0.

Note that Dy is a subspace and Wy, is a right-inverse of T,:; on D;.. Also, observe that the
functions Wy f may be defined in a larger space than Dy.

In some cases, it is possible to calculate explicitly Wy f. The following example will be
very useful in the forthcoming sections: Take k € L}, (R™") such that abs(k) < oo, where

abs(k) := inf{R\ ; exists lim e Mk(s)ds =: k(\)},

T—00 0

see definition and properties in [2, Section 1.4]. If k(z) # 0, for Rz > abs(k) then we have

(2.11) Wi(e,) = %62.
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where e, (t) := e " for t > 0. Observe that we use the fact that T} is injective.
The following Lemma and Proposition, provide more information about the map Wy and
the space Dy.

Lemma 2.8. Take k,l € L} _(R") such that 0 € supp(k) N supp(l).

loc
(i) Take f € Dy. Then f™ € Dy and Wi(f™) = (Wi f)™ forn > 1.
(ii) Then 0 € supp(k 1), Dy C Dx N'D; and

Wif =1oWiaf, [ € Dpu-
Proof. It is enough to show the equality (i) for n = 1. Note that

£(t) = / TR Wf (¢ + s)ds,
and then - -
F(t) = /0 K(s)(Wif) (¢ + )ds = / k(s — (Wi f) (s)ds,

for ¢t > 0.
By Titchmarsh’s theorem (see, for example [4, Corollary 1.7]), 0 € supp(k * [). Take
f € Dpy. Then
f=(kxl)oWiaf=ko(loWyaf),
by Proposition 2.1. Hence f € Dy and Wy f =1 o Wy f and we have proved (ii).

Proposition 2.9. Take 2 € C, e,(t) := e * fort >0, k € L} (R") such that 0 € supp(k)

O

loc

and k,(t) := e*'k(t) for t > 0. Then k, € L (R") and 0 € supp(k,). Morever Dy,

loc

{e_.f | f € Dy} and
szf = esz(e_zf), f S 'Dk.

Proof. Take f € Dy_. Then there exists Wy, f € Dy, such that

f(t) = / F(s — ) DWWy, f(s)ds,  t>0.
t
Then we write -
e f(t) = / F(s —t)e**Wy,_ f(s)ds, t>0,
t

and e_,f € Dy and Wy(e—.f) = e_, Wy, f. Similarly we take e_.f with ¢ € Dy and we
conclude that e_. f € Dy, with Wy_f = e, Wi(e_.f). O

Now we present some examples of functions k, spaces Dy and maps Wj. A limit case is
for k = dy, the Dirac measure concentrated in {0}. Then Dy = Dy and W}, = Ip, .

Examples
(1) Given a > 0, take k() := % for ¢ > 0. In this case T}, : D4 — Dy is the Weyl fractional
integral of order a;, W_,,

B0 = Woad (0 = o5 [ (=0 f(0)ds, feDs.

for t > 0. The map Wy : Dy — Dy is the Weyl fractional derivative of order o, W,

Waf(@) = [ e | (=2 f0de, fe D,
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for n > « see, for example [12, Section 0.2]. Note that in this case Dy = D...
to— 1

(2) Given a > 0 and z € C, take k(t) := @€~ By Proposition 2.9, and Example (1), we
have that Dy = D, and

ka—ez ale—zf), feD;.
In particular for o« = 1, and k(t) = e*', we get Wi f = —(2f + f'); for a = 2, k(t) = te*!, we
get
Wi f(t) = 22f(t) +22f'(t) + f'(t),  fe€Ds,
for t > 0.
(3) Take k € L*(RT) C L}, (RT) with 0 € supp(k). We write K(£) := k(—t)X(—oc0,0)(t), for
t€R. Let f € D,. Then

_ / RK(t—$)f(s)ds, ¢ >0.
Now take g € Dy. Then there exists f € D, such that ko f = g. We apply Fourier transform,
F: L*(R) — L?(R), to conclude that
FE)OF () =F(9t), teRr
Then {t € R |F(K)(t) = 0} C {t € R|F(g)(t) = 0}. We conclude that there exists k €
L} (RT) with 0 € supp(k) such that Dy, # D..

loc

Our next result extends [12, Proposition 1.2] and [25, Proposition 1]. In particular, it
shows that the space D;. is closed under the convolution products %, o and *..

Theorem 2.10. Take f,g € Dy. Then fxg,fog,f*.9 € Dy and
Wi(fxg)(s) = / Wkg(r)/ k(t+r— s)Wyf(t)dtdr
0 s—r

— [T W) [ ble - ) Wes (0,

s

Wk(fog) = .]{OWkg>
Wi(f*cg) = §(Wk(f*9)+fOWk9+90ka)-

Proof. Take f,g € Dy, and denote by h the right side member of the equality Wy (f*g). Then
h(s) = (/ / / / ) (t+r—s)Wif(t)dt Wig(r)dr
= Wigs D)6 = [ [ ke W+ s wig)ar
o Jo

for s > 0 and h belongs to D4. On the other hand, if x > 0,

Lmk(s—x)(Wkg*f) )SZ/OO 3—33/Wk98—r)f(r)drds

— g f(a /OO/ k(s — 2)Weg(s — ) f(r)ds dr
[

=gx*f(z / / ($)k(s +r)Wif(x +t+r)k(t)dt drds.
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where we apply Fubbini theorem and definition of Wy f. In conclusion, we have
oo

k(s —x)h(s)ds = (g * f)(z)

///W’fg k(s + Wi f(x +t +r)k(t)dt dr ds

(s—x / / k(t +r)Wif(t+ s)dt Wig(r)drds
o Jo

= (g D)+ /0 T Wisekts Wit k(e ds

for every x > 0, as desired.
To check Wi (f o g), we apply Proposition 2.1 to obtain
ko(foWkg)=fo(koWrg)=Ffog.
We conclude that Wi (f o g) = f o Wyg. Since Wy is a linear map we get Wi(f *. g). O

3. BANACH ALGEBRAS FOR CONVOLUTION PRODUCTS

Let k € L} (RT). The main aim of this section is to define an algebraic norm on Dy, for
the convolution product * and *. (Theorem 3.5). This will be done with the help of certain
classes of weight functions that we state in the following.

Definition 3.1. Let k € L} (R") and 7 : RY — R" be a locally integrable function.
(i) We say that T € Ay, if there exists C > 0 such that

s r+s
/0 T(u)|k:(7“—|—8—u)du+/ T(u)|k(r + s —u)|du < C7(r)7(s), 0<s<r.

(ii) We say that T € By, if T € Ag, is a non decreasing, continuous function and there
exists M > 0 such that

/t |k(s)|ds < MrT(t),  t>0.
0

Ezample 3.2. (1) For k(t) = a( y» examples of functions in Ay, or By, are given in [12, p.15]:

(i) 7(t) := (1 + "), with 0 < 8 < o and 8+ p > a belongs to Ayg;
(i) 7(t) := t*w(t) whenever w is a non decreasing continuous weight on [0, c0) belongs to
By, ;

(iii) 7(¢) := t”ept, for 0 <v < o and p > 0 belongs to A.
(2) For k(t) = e~®* with a > 0, then 7(t) := te”* for 3 > «a belongs to By.
(3) Take k € Lloc( ) and 7 a non decreasing function such that 7(2t) < C7(t) and
fo |k(s)|ds < C7(t) for t > 0. Then 7 € By, in particular if f02t|k:(s)]d8 < Cfot|k(5)|d8
then 7(t) := fg |k(s)|ds belongs to By.
(4) Take k € L} (RT) such that abs(|k|) < oo. Then e_g € By, for 3 > max{abs(|k|),0}.
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The next lemma is an extension of the integrated semigroup case obtained in [25].
Lemma 3.3. Take k € L}, (RT) and 7 € By. There exists C > 0 such that

Q) /t e(r — t + 8)|r(r)dr < Cr(t)7(s),

—S

(ii) /OS |k(r +t—s)|ta(r)dr < CT(t)71(s),
for 0 <s<t.

Proof. As 7 is a non decreasing continuous function, we get that

/tt k(r — t + )7 (r)dr < 7(t) /t

—S t—s

|k(r —t+ s)|dr =7(t) /Os |k(u)|du < Cr(t)T(s).

The part (ii) is proven in a similar way. O
The next results extends [12, Proposition 1.4].
Theorem 3.4. Let k € L} (RT) with 0 € supp(k) and T € Ag. Then the integral

1l = /0 Wif()lrt)dt,  f e Dy

defines an algebra norm on Dy, for the convolution product x. We denote by Ty (1) the Banach
space obtained as the completion of Dy, in the norm || ||k-.

Proof. 1t is straightforward to check that || - |5 is a norm on Dj. We apply Theorem 2.10
to get

) t t
I *gllir < /0 /O Wig)] [ k(s +r = O Wif(s)ldsdrr()de

'

+oo o] o]
+ / / |Wkg(7“)\/ k(s +r —t)|Wif(s)|dsdrr(t)dt,
0 t t
for all f,g € Dg. Using Fubini theorem and simplifying we get

1 % gl < /0 Weg(r)| /0 W (s)

where I(r,s) = [0, min(r, s)] U [max(r,s),r + s|. Since 7 € Ay, we obtain

I+ alhr < ([ Imiglroa) ([T imseires)

and the result follows. O

k(s +r—t)r(t)dtdsdr,

|
I(r,s)

The next theorem extends [25, Theorem 3].
Theorem 3.5. Let k € L}, (RT) with 0 € supp(k) and T € By. Then the integral
e = [ IWs@l . f D

defines an algebra norm on Dy, for the convolution product .. Moreover, if we denote by Tx(T)
the Banach space obtained as the completion of Dy, in the norm || ||xr then Tp(7) — LY (RT).
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Proof. First we check that ||f o g||x- < C||fllkr 9]k, for f,g € Di. By Theorem 2.10, we
have that

Ifoaler < [0 [T [ s+ 0IWLS )l dul Wig(9) s
< /OOO|Wk9(3)|/OS|ka(U)|/;uk‘(u—s+t)\7‘(t)dtduds
+ [ Waga)l [ sl [ s+ olr(deduds
< Cllflrlglir

where we have applied Lemma 3.3. As f *.g = % (f*xg+ fog+go f), we apply Theorem
3.4 to conclude that there exists C > 0 such that

IS *c gllksr < Cliflesllglley, .9 € Di.
Take f € Dy and

1l = /0 | / k(s — )W f(s)dsldt < /0 Wi f(s)] /0 k(s — 0)[dsdt < C| ]l

and we conclude that 7;(7) — L'(RT). O
Our next result, identify the elements of the space 7i(7) in case T € By.

Theorem 3.6. Take k € L}, (R") with 0 € supp(k) and T € By. Then f € Tr(7) if and only
if there exists g € LL(RT) such that T}(g) = f. Following the usual conventions, we write
Wif=g.

Proof. Take f € T(t) — LY(RT). Then there exists (f,)nen C Dy such that f, — f in
Ti(7). Note that there exists a sequence (gn)neny C Dy such that ko f,, = g, for n € N and
(gn)nen is a Cauchy sequence in LL(RT). Then there exists g € LL(R*) such that g, — g in
LL(R"). By Theorem 2.5 (ii), f, = ko g, — kog in L'(R"). We conclude that ko g = f.
Let g € LL(RT) such that T}(g) = f. Then there exists (g, )nen C D+ such that g, — g
in LL(R"). By Theorem 2.5(i) and (ii), f, := ko g, € Dy and f, — f in L'(RT). Moreover,
(fn)nen is a Cauchy sequence in 7 (7) and then there exists limit. We conclude that f, — f
in 73 (7). O

The following theorem specializes in case 7 = e_g (see Example 3.2(4)).

Theorem 3.7. Take k € L}, (RT) such that abs(|k|) < oo and 3 > max{abs(|k|),0}. We
consider the Banach algebra (Ti(e_p), *).

(i) Take (K¢)i>0 C LY(RT) defined by
t—s
(3.1) Ky(s) := X[O,t](s)/ k(u)du, t,s > 0.
0

Then WKy = X0, (Kt)iz0 C Te(e—g), K(y(s)(A) = ex(s)+k(N), for A > B, and

t+s s
(3.2) K+« K = K(t—i—s—u)Kudu—/ K(t+s—u)K,du
t 0
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t+s
2K *c Ks) = K(t+s—u)K, du—/ K(t+s—u)K,du
t

(3.3) / K(u+t—s)K,du+ K(u+s—t)K,du.

t—s

where K (u fo u)du, for t>0.

(ii) Take z € Qk,ﬁ = {Rz> 0 : k(z) #0}. Then e, € Tr(e_p),
1 1

[k(z)| Rz =
and the family (e.).cq, s a pseudo-resolvent in ’Z}C(e_g), i.e.,

1
m(ez —€H)7 Z, W - Qk’ﬂ
Proof. Take t > 0 and note that xjo ;) € LLB(Rﬂ, and

lezllke_s =

€y * ey =

00 t t—s
ko xpn(s) = | K= v = xon(s) | klu=s)du=xns) [ ki
for t,s > 0. By Theorem 3.6, K¢ € Tx(e—g) and Wi K = x|o) for t > 0. Take A > 3,

] oo prt—s o0 o0 1.
/ e MK (s)dt = / / k(u)due dt = e)‘s/ k(u)du/ e Mdt = GA(S)X]CO\),
0 s 0 0 u

for s > 0. To conclude the equality (3.2), we apply the equality (2.3) to functions K and
(Kt)e>0, defined by

K(t) := /0 k(u)du, Ki(s) == X0, (s)K(t — ), t,s > 0.

To obtain, the equality (3.3), we apply equalities (2.3), (2.4), and (2.5) to functions K and
(Kt)¢>0 defined above.

Take z € Q5 := {Rz > 3 : k(2) # 0}. By formula (2.11) and Theorem 3.6, functions
e, € Tp(e_g) and

eI e

ke s = —

N k()| R = 8

Since 7x(e_g) C L*(RT), the family (e.).cq, is a pseudo-resolvent in Ty (e_g). O

4. LAPLACE TRANSFORMS AND FUNCTIONAL EQUATIONS

Let X be a complex Banach space. If Q C C is an open set and R : @ — B(X) is an
analytic function obeying

R(A) = R(p) = (1 = MR R(p), A p e,
then we call R()\) an (operator valued) pseudo-resolvent. We recall that given a pseudo
resolvent R : 0 — B(X) then there is an operator A on X such that R(\) = (A — A)~! for
all A € Q if and only if KerR(\) = {0} (see [2, Proposition B.6]).
Let S, T :R* — B(X) be strongly continuous functions satisfying ||S(t)|| < Me“! and
|T(t)|| < Me*t (t > 0) for some w € R, M > 0 ( for simplicity we may assume the same
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constants). Denote S(\) = / e S(t)dt the Laplace transform of S (respectively 7' ). For
0
h € R we shall denote 5" the translation S"(u) := S(u + h)X|_p, 1oo)(u) for u € R and

t
(T« S)(t) := /0 T(t—s)S(s)ds, t>0,

the convolution product between T and S. The following lemma shows how the Laplace
transform connects the product of two operator-valued functions, including translations.

Lemma 4.1. Let S, T : [0,00) — B(X) be strongly continuous functions satisfying the
assumptions above. For A > pu > w, the following identities are valid:

(4.1) ST () = /O Y /0 " e m ()T (s)dsdt
150y = Ooe*)‘t 00678 s)ds
(4.2) (500 = S _/0 /0 BSS(t 4 s)dsdt
(4.3) MiAT(M)[S _ S / M / (T 5 8,)(s)dsdl
Defining S(t) = S(—t) for t <0 we have,
(4.4) HiA(S(A) +8(n)) = / Y /0 T emS(s — t)dsdt, A+ p> 0.
and
(4.5) MiA ['(p) (S(N) + S / —At/ e (T % S74) (s)dsdt, A+ p> 0.

and defining S(t) := —S(—t) for t <0 we obtain

A G0 =8y = [ [T e ey, A+

Proof. TIs clear that (4.1) holds. The proof of (4.2) is contained in [1, Proposition 2.2]. To
prove (4.3) we observe first the following identities

CQ>

(4.6)

St(p) = e S(p) — e“t/o e S (s)ds

and, for A > p
o] t
e~ A=mit / e M8 (s)dsdt = ——S(N),
which can be proved by integration by parts. Then ’\t/ e H(T + SY)(s)dsdt =
0 0

| e s G
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T(w) /000 e Mert S (u) — e“t/o e H°S(s)ds]dt

00 o} t
(u)/ e_(’\_“)tdt—T(u)/ e_()‘_“)t/ e M S(s)dsdt
0 0 0

>

(1)

1

= TS0 = ().

To show (4.4), note that by means of integration by parts we can prove the following
identity

(o) t 1 R
(A ,u)t/ HSS— dsdt = ——S(\
e e s)as s
/O 0 ( ) A H ()

/ e)‘t/ e HS(s —t)dsdt = / €(A+“)t/ e H*S(s)dsdt
0 0 0 %
_ / e / e~H5 S (s)dsdt
0 0

o) t
+ / e_()"w)t/ et*S(—s)dsdt
01 0

= (S0 + 5.

We now show (4.5). Using the fact that S(¢) is even function, we have

and hence

t
S7Hp) = e M8 () + e_“t/ et S(s)ds.
0

By means of integration by parts we can prove the following identity

[e%e) t 1 .
(A H)t/ ‘uSS— dsdt = ——S(\
e e s)as s
/0 0 ( ) A 2 ()

hence

/OOO Y /Ooo 13 (T % §74)(5)dsdt = /°° N ()6 )

0

= T(w) /000 e)‘t[e”tg(,u)—f—e“t/o e’ S(s)ds]dt

o} 00 t
= T(,u)S(u)/ e_()‘+“)tdt+T(,u)/ e_(’\+“)t/ et*S(s)dsdt
0 0 0

_ uiAT(“)[S(A) +S(w)]

and we conclude the claim. The last identity is proved similarly. O
The main result of this section is the following theorem.

Theorem 4.2. Let S, T :RT — B(X) be strongly continuous functions such that for some
M, w € R, we have ||S(t)|| < Me“t and ||T(t)|| < Me*t. Assume that T'()\) is invertible
and let R(X\) be defined by
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(4.7) RO =T\ " /OOO e S (s)ds, A > w.

Then (R(\))xsw is a pseudo resolvent if and only if
(48) S()S(s) = (T S')(s) — (T £ S)(s), t.5 € R

Proof. Let A\ > 1 > w . According the definition of pseudo resolvent, we obtain from (4.7)
that (R(\))x>w is a pseudo resolvent if and only if

S5 (1) = —[T(W)SN) =TS ()] = —T (WS =S ()] +— L (1) =TN)]S ().

Now we can use (4.1) and (4.3) to obtain

/ooo o /ooo e "5(s)S()dsdi = /Ooo e /O T (T S1)(s) — (T S)(s))dd.

Then the claim follows from the uniqueness theorem for Laplace transforms (see [2, Theorem

1.7.3]). O

Remark 4.3. Note that condition (4.8) implies S(¢)S(s) = S(s)S(¢) for all s,¢ > 0 and
S(t)S(0) =0 for all t > 0.

Let k € L}, (R") and T(t)z := k(t)z for x € X. We observe that the right hand side of
(4.8) can be written as (k x S)(t + s) — (k% x S)(t) — (k! * S)(s), which is equivalent to

t+s s
S(t)S(s) = /t k(t+s—r)S(r)dr — /0 k(t+s—r)S(r)dr.

This functional equation is the key to define k-convoluted semigroups, see Proposition 5.3
below.

In the particular case k(t) = !

——> Theorem 4.2 appears in [1, Proposition 2.2 and Theorem

2.1 ], see also [2, Proposition 3.2.4]. More generally we can take T'(t)x = t”_nl'Cz’ where C'
is a regularizing operator (see [13, Definition 2.2]) and obtain the corresponding functional
equation for the theory of regularized semigroups introduced by Da Prato [10]. This point
of view of Theorem 4.2 have been applied in the D’Alembert functional equation for cosine
functions (see [2, Proposition 3.14.4]) or in the function equation for n-times integrated cosine
functions ([3]).

5. ALGEBRA HOMOMORPHISMS DEFINED VIA k-CONVOLUTED SEMIGROUPS

The definition of k-convoluted semigroups was introduced by the first time by Cioranescu
[8]. The below definition, is adapted from the theory of Cy-semigroups as appears in [2,
Theorem 3.1.12] and also used in [20] to define the concept of regularized families. The main
purpose of this section is to show an algebra homomorphism using the k-convoluted families
as integral kernel, see Theorem 5.5 below.
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Definition 5.1. Let A be a closed operator, k € L}, (RT) and (Sk(t))>0 C B(X) a strongly
continuous operator family. The family (Sk(t))i>0 is a k-convoluted semigroup (or k-
semigroup in short) generated by A if Sk(t)A C ASk(t), fot Sk(s)xds € D(A) fort > 0

and x € X and
¢ ¢

(5.1) A/ Sk(t)xdt = S(t)x —/ k(s)dsz, z€ X,
0 0

for t > 0; in this case the operator A is called the generator of (Sk(t))i>0. We say that
(Sk(t))e>0 is exponentially bounded if there exists M > 0 and w € R such that ||Sg(t)| < Ce**
for t > 0; non degenerate if S(t)x =0 for all t > 0 implies x = 0.

If A generates a k-convoluted semigroup (Sk(t)):>0, then Sk(0) = 0 and Si(t)x € D(A)
for t > 0 and € X. See these definitions and properties, for example in [9], [16] and [18].
Notice that k-convoluted semigroups are a particular case of regularized resolvent families
defined in [20].

In the exponentially bounded case, equivalent definitions can be given (see e.g. [16, Defini-
tion 3.5]) based on the Laplace transform of vector-valued functions. Note that Hille-Yosida
type theorems for local convoluted semigroups are proved in [16], based on the study of the
vector-valued local Laplace transform. Well-known examples of k-convoluted semigroups are

ta—l

a-times integrated semigroup where k(t) = Ty @ > 0.

The next proposition shows how to generate new k-convoluted semigroups.

Proposition 5.2. Let k,l € L} (RY) and (Sk(t))i>0 a k-convoluted semigroup generated by

loc

A. Then ((I % Sk)(t))e>0 is a k x l-convoluted semigroup generated by A.
Proof. Tt is straightforward to check (I % S)(t)A C A(l * Sk)(t),

[ @5 S0mds = (00 * (15 SO = 1+ (xi020) = S)(0) € D(A)

for t > 0 and = € X. Now we check the equality (5.1),

¢
A [ @ S0Bndt = Alxom * 1 SO = AL+ (x(000) * S0 D)2
0
= (1% (Sk = X(0,00) * k) (t)z = (1% Si) (t)z — (X(0,00) * (I % F)) (t)z,
and we conclude the proof. O
The next characterization can be used as a definition to local k-convoluted semigroups.

It has the advantage to offer an algebraic character which may be used in many different
contexts.

Proposition 5.3. [18, Proposition 2.2] Let k € L} (RY), A a closed linear operator and

loc
(Sk(t))t>0 a non-degenerate strongly continuous operator family. Then (Sk(t))i>0 is a k-

convoluted semigroup generated by A if and only if Sx(0) =0 and
(5.2) Sk(t)Sk(s) = (k * (Sk)")(s) — (k" % Sk)(s),
fort,s >0

Remark 5.4. In the case of exponentially bounded k-convoluted semigroups, the proof of the
above proposition can be directly deduced from Theorem 4.2 and [20, Proposition 3.1].
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In what follows, recall that Dy, := T} (D) where T}, is defined by (2.8). Moreover, we will

make extensively use of the maps Wy, : Dy, — D defined in (2.10). The following is the main
result of this section.

Theorem 5.5. Let k € L} (RT) with 0 € supp(k), and (Sg(t))i>0 a non-degenerate k-
convoluted semigroup generated by A. We define the map Oy : Dy, — B(X) by

O f) = /0 Wt ()Se(t)adt,  we X,

Then the following properties hold.

(i) Ok(f *g) = Ok(f)Ok(g) for any f,g € Dj.
(ii) Or(f)x € D(A) and AOk(f)x = —Ok(f" )z — f(0)x for any f € Dy and x € X.
(iii) If x € D(A) then the map t — S(t)x is differentiable almost everywhere and

o)z = /O CW () S syedt, [ e Dy

(iv) Takel € L} (RT) with 0 € supp(l) and ((1* Sk)(t))i>0 the k xl-convoluted semigroup
given in Proposition 5.2. Then

Orua(f) = Ok(f), [ € Diu.
Proof. Since Wy f € D4 then the expresion

O1(f)r = /O W (6)Sk(t)adr,

is well defined for z € X and Oy : Dy, — B(X) defines a linear map.
Take f,g € Dy and then f x g € Dy by Theorem 2.10. Now we show that O(f x g) =
Or(f)Ok(g). By Theorem 2.10 again, we have that

Or(fxglz = / Wi (f % g)(t)Sa(t)xdt
_ / /Wkg /”k(s+r—t)wkf( o) dsdrSy(t)zdt
/ / Wig(r / k(s + 1 — )Wy f(s)dsdrSa (t)zdt.

By Fubini theorem, we obtain the four integral expressions
oo s+r
Or(fxg)x = / Wig(r / Wif(s / k(s +r — t)Sy(t)zdtdsdr
0
/ Wig(r / Wi f(s / k(s +r —t)Sk(t)xdtdsdr

_/ Wkg(T)/ ka(s)/ k(s +r —t)Sk(t)xdtdsdr
0 0 0

—/ Wkg(r)/ ka(s)/ k(s + 1 — t)Sk(t)zdtdsdr
0 r 0
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_ /Oo Wieg(r) / Wiof(s) (/W—/Sk(sw—t)sk(t)xdt) dsdr
/ Wig(r / Wi f(s </ /ks+r—t5k()mdt>dsdr

_ / Wieg(r)Se(r) / Wi f(5)Si(s)wdsdr
0 0
+ / Wieg(r)Se(r) / Wi (5)Sk(s)adsdr = ©4(g)Ok(f),
0 r

where we have applied the formula (5.2).
To show the part (ii), we consider f € Dy and z € X. We apply Lemma 2.8 and formula
(5.1) to get

00 t 00 t
AOi(flz = —A/O (Wef) (t)/o Sk(s)zdsdt = —/0 Wi f'(t) (Sk(t)x—/o k(s)dsx) dt
= o= [ WOkt = ~6u(s) — fO)

To show the part (iii), take z € D(A) and by the formula (5.1), we obtain

9 Su(t)r = Ay + K1),

almost everywhere and by the part (ii) we get that

/ ka )C(l:ltSk( xdt = / ka Sk iL‘dt—i—/ ka ( )iL'dt = —@k(f/)l'

To finish the proof take f € Dy, and

Ora(f) = /0 Wit f (1) % Se)(D)dt = /0 (ko Wi f) (1) Sk ()t = O(),

where we apply Fubini theorem and Lemma 2.8. The proof is concluded. ([l

Next result extends some known results for n-times integrated semigroups (see [3, Theorem
4.4] and [32]) and a-times integrated semigroups, [24, Theorem 3.1].

Corollary 5.6. Let k € L] (R") with 0 € supp(k), T € Ay and (Sk(t))i>0 a non-degenerate
k-convoluted semigroup such that ||S(t)|| < C7(t) fort > 0. Then the map O : (Tp(7),*)) —
B(X) defined by

Ou(f)z == /O T Wl (0Sk(t)xdt,  xe X, f € Ti(r),

1s a bounded algebra homomorphism.

The following consequence is one of the main results of this paper. It shows an interesting
interplay between different areas like functional equations, algebra and operator-valued an-
alytic functions, in addition to the link with integral equations of Volterra type as stated in
the introduction (cf. also [20]).
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Theorem 5.7. Let k € L}, (RT) with 0 € supp(k), abs(|k|) < oo and 3 > max{abs(|k|),0};
(S(t))i=0 C B(X) a strongly continuous family such that ||S(t)|| < CePt for t > 0. Define
1 & .
53 RO = / e S(s)ads,  AEQupi= {Re> B : k(=) £ 0},
0
and the map ©y, : (Ty(e—p),*) — B(X) by

/ Wi f(t)S(t)xdt, f € Dy,

for x € X. Then the following conditions are equivalent.
(i) The family (S(t))e>0 satisfies the equation (5.2).
(ii) The map Oy is a bounded algebra homomorphism.
(i) The family (R(\))aeqy, 5 i a pseudo-resolvent.

Proof. The proof (i) = (ii) follows the same lines that Theorem 5.5 (i).
To show (ii) = (iii), take (ex)aeq, s C Tr(e—p). Note that Ox(ex) = R(A) for A € Q5 by
(2.11). Since (ex)req, 4 is a pseudo-resolvent in 7i(e_g) we conclude that R(A))aeq, ; s a

pseudo-resolvent.
The proof of (iii)= (i) is included in Theorem 4.2, taking 7'(t)x := k(t)z for ¢t > 0. O

Our last result in this section, show that the existence of bounded algebra homomorphisms
implies the existence of a Lipschitz bounded convoluted semigroup or, equivalently, that Hille-
Yosida type conditions are satisfied.

Theorem 5.8. Let k € L} (RY) with 0 € supp(k), abs(|k|) < oo, B > max{abs(|k|),0},
Qpp={Rz>p : k(z) # 0} and A a closed operator. Suppose that there exists an algebra

bounded homomorphism Oy : (T.(e_p), ) — B(X) such that Ok(ey) = (A—A)~L for A € Q. 5.
Then

(i) the operator A generates a K -convoluted semigroup, (Sk(t))i>0, such that
ISk (t + h) — Sk ()| < ChePtHM ¢ >0,

where K (t) :fo w)du for t > 0.
() 15 (OB A)) [ <
dx" ’ (A=p)
Proof. We consider the family of functions (K¢);>o defined by (3.1). Note that (K¢)i>0 C
Ti(e—p) and Wi Ky = x[o4 by Theorem 3.7 (i). We define Sk (t) := Oy (K;) for t > 0. Since
(K)e>0 satisfies the equation (3.2) then (Sk(t)):>0 satisfies (5.2). Note that

T forn >0, and X\ € Qs NRT.

t+h
1Sk (t+h) = Sx@)] < 1Okl Ixj0,e40) = X108 llke—s = H@kH/t P ds < ||©p[|he .

To show that (Sk(t)):>0 is a K-convoluted semigroup generated by A, it is enough to show
that

A=Atz = / e MSk(t)xdt, A€ Qs x€X,
0

see [18, Theorem 3.1 (ii)]. Since Oy is a continuous map,

/0 NS (Badt = O ( /0 h Kte_’\tdt> = E(A)%@k(e,\)x RO — A) g,
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where we have applied Theorem 3.7 (i). We conclude the proof of the part (i). The part (ii)
is a consequence of (i) and [18, Theorem 3.3 (i)]. O

Remark 5.9. In the case that A is a closed densely defined operator, Theorem 5.8 may be
improved: in this case, the operator A generates a k-convoluted semigroup, (Sk(t)):>0, such

that ||Sk(t)|| < CePt for t > 0, see similar ideas and proof for a-times integrated semigroup
in [24, Theorem 4.9] and [25, Theorem §].

6. ALGEBRA HOMOMORPHISMS DEFINED VIA k-CONVOLUTED COSINE FUNCTIONS

The notion of k-convoluted cosine functions appears implicitly introduced in [20], as a
generalization of the concept of n-times integrated cosine functions given in [3, section 6].

Definition 6.1. Let A be a closed operator, k € Li, (RT) and (Ck(t))i>0 C B(X) a strongly
continuous operator family. The family (Ci(t))e>0 is a k-convoluted cosine function generated

by A if Cp(t)A C ACk(t), fot(t — 8)Ck(s)xds € D(A) fort >0 and x € X and

t t
(6.1) A / (t — $)Ch(B)adt = Ch(t) — / k(s)zds, =€ X,
0 0
fort > 0; in this case the operator A is called the generator of (C(t))t>0-

If A generates a k-convoluted cosine function (Ck(t))i>0, then Ci(0) = 0. See other
properties, for example in [19]. In [17, Definition 2.1] the k-convoluted cosine functions
are given for exponentially functions in terms of the Laplace transform. a-Times integrated

cosine functions are recovered taking k(t) = ’}a(;; . The following result appears in [19, Lemma

4.4]. It is observed also in [20, Remark 2.4].

Proposition 6.2. Let k,l € L}, (RT) and (Ck(t))i>0 a k-convoluted cosine function generated
by A. Then ((I* Ck)(t))t>0 is a k * l-convoluted cosine function generated by A.

The proof of the following result, analog to Proposition 5.3, can be deduced from [31,
Theorem 2.4] taking C' = I and replacing t"~!/(n — 1)! by k(t) in the proof of the cited
Theorem.

Proposition 6.3. Let k € L} (RT), A a closed linear operator and (Ck(t))i>0 a non-
degenerate strongly continuous operator family. Then (Ck(t))i>0 is a k-convoluted cosine
function generated by A if and only if Cy(0) =0,

s+t S
o 20 (H)Cil(s) = / k(s +t — 1)C(r)dr — /0 k(s + ¢ — r)C(r)dr
6.2 Ly s
+ / k(r—t+s)C’(r)dr+/ k(r+t—s)C(r)dr,
t 0

—S

fort > s > 0; and the operator A satisfies

Cr(t)x — /Ot k(s)dsx = /Ot(t —5)Cx(s)yds,  for allt > 0.

where x € D(A) and Ax =y.
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Remark 6.4. Defining Cy(t) = Cx(—t) and k(t) = —k(—t) for t < 0 we observe that (6.2) can
be rewritten as

203, (H)Ci(s) = (k= (Cr)))(s) — (K % Cr)(s) + (k * (Cr))(s) — (k"% C)(s), t,s€R.

Assuming exponential boundedness of C(t), we can give a direct proof of Proposition 6.3
based only in the formulas for the Laplace transformation given in section 4. In fact, we note
(cf. [20, Proposition 3.1]) that (Ck(t)):>0 is a k-convoluted cosine function generated by A if
and only if (A2 — A)~! exists in B(X) and

1 oo
(6.3) AN —A) g = / e MCp(t)xdt, =€ X.
E(X) Jo
Define R(\)z = ﬁfooo e MCy(t)xdt. Hence if (6.3) holds, then R(v/\)/V/A is a pseudo-

resolvent and, conversely, if R(v/\)/v/A is a pseudo-resolvent, then there exists an operator
A such that (6.3) holds (since C(t) is non-degenerate). Finally, we note that R(v/\)/V/ is
a pseudo-resolvent if and only if

ROVA() = =51 B() = AR()

which is equivalent to

. . 1 L R
Cr(N)Cr(p) = % [k (L) Cl(A) = AR(A)Cr ()]
From the identity #2%/\2 = %[u% - ﬁ] = ﬁ[#% + T}M] we deduce that the above identity

is the same as
CrNCir(p) = 35k [C(N) = Cr(w)] — 525 C () [k(N) — E(w)]

+ 3 k()[Ce ) + Ce(w)] + 35 Cw) k() — k(u).

Finally, that the above identity is equivalent to (6.2) can be deduced from formulas (4.3),
(4.5) and (4.6).

Our following main result is the analog of Theorem 5.5 which was given for k-convoluted
semigroups.

Theorem 6.5. Let k € L (RT) with 0 € supp(k), and (Ck(t))i>0 a non-degenerate k-

loc

convoluted cosine function generated by A. We define the map ¥y : Dy, — B(X) by

\I/k(f)x = /OOO ka(t)Ck(t)acdt, x e X.

Then the following properties hold.
(1) Wi(f *cg) = Oi(f)Yr(g) for any f,g € Dy.
(i) Wi(f)z € D(A) and AV (f)x = Vi (f")x — f'(0)z for any f € Dy, and x € X.
(iii) Take 1 € L. (RT) with 0 € supp(l) and ((I * Ck)(t))i>0 the k x l-convoluted cosine
function given in Proposition 6.3. Then

Vi (f) = i (f), [ € Dy
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Proof. Since Wi f € D, then the expression

v = [ Wt () Cr(t)adt,

is well defined for x € X and ¥y : Dy, — B(X) defines a linear map. By Theorem 2.10, we
have that

Ui(f *cg)r = /000 Wi(f *c 9)(t)Cr(t)xdt

1

- 2/00 (Wi(f *g) + [ o Wig + g o Wi f) (¢)Ci(t)zdt,
0

for x € X. Using Theorem 2.10 again, we get

/ Wi (f % g)(t)Cr(t)zdt

/ Wig(r / Wi f(s (/ / ks—{—r—tC’k()xdt)dsdr
+/O Wkg(T)/r Wi f(s) </:+T —/0 k(s+r— t)Ck(t)xdt> dsdr.

Again, by Fubini Theorem

/O " (f o Wig) ()C (1)t = /0 " Wag(r) /0 " Fr — 0)Cu(t)dtdr

and using f(r —t) = (ko Wy f)(r — t), we have that
/Ooo(f o Wig) (£)Ch(t)dt = / Wig(r / Wi f( )/_ k(s — 1+ £)Ch(t)wdtdsdr
/ Wig(r / Wi f(s / E(t + s —r)Ck(t)xdtdsdr.
In the same way, we get also
/Oo(g o Wi f)(t)Cy(t)xdt = /OO Wi.g(r) /Oo W.f(s) /7" k(s —r 4+ t)Cy(t)xdtdsdr
0 0 r s—r
—l—/o Wkg(r)/o Wi f(s) /0 k(t + s — r)Ck(t)zdtdsdr.
We join these six summands, apply the equality (6.2) and have that
(S s ge = [ WegICr) [ Wd6)Cuts)adsds
0 0
+ [ Wig)Cutr) [ WERs)Cus)adsdr = wilo) W)

and the part (i) is shown.
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To show (ii), we consider f € Dy and z € X. We apply Lemma 2.8 and formula (6.1) to
get

AU (f)r = A /0 U0 /O (t - $)Ci(s)edsdt

_ /0 S W) (C’k(t):r _ /0 t k(s)dsm) dt

= Up(fz — / Wi f ()k(t)dte = Ui (f)x — f(0)x.
0
The proof of (iii) follows the same lines that the proof of Theorem 5.5 (iv). O

Now we consider the algebra (73 (7), *.) defined in Theorem 3.5 to obtain bounded algebra
homomorphisms.

Corollary 6.6. Let k € L} (RT) with 0 € supp(k), T € By, and (Cx(t))i>0 a non-degenerate
k-convoluted cosine function such that ||Ck(t)| < C7(t) for t > 0. Then the map ¥y :
(Ti(7),%c) — B(X) defined by

Vo f)a = /0 T Wl ()Ck()edt,  we X, € Tulr),

1s a bounded algebra homomorphism.

The next Theorem is the main result of this section. It extends [25, Theorem 4] and
[27, Theorem 4.8]. Note the interesting fact that the convolution % in Theorem 5.7 must be
replaced now by the convolution ..

Theorem 6.7. Let k € L} (RT) with 0 € supp(k), abs(|k|) < oo and B > max{abs(|k|),0};
(C(1))i>0 C B(X) a strongly continuous family such that |C(t)|| < CePt for t > 0. Define

(6.4) R(\)x := ];(1)\) /000 e MO (s)xds, AeQpp:={Rz>p : k(z) # 0},

and the map Vi, : (Tp(e—g), *c) — B(X) by

Vy(f) = /0 T Wif()C(edt, €Dy,

for x € X. Then the following conditions are equivalent.
(i) The family (C(t))e>0 satisfies the equation (6.2).
(ii) The map ¥y is a bounded algebra homomorphism.
(iii) The family (%\{\X))ﬁeﬁkﬁ is a pseudo-resolvent.
(iv) The family (C(t))t>0 satisfies the equation

(6.5) Q()C(s) + C(H)Q(s) = (k+Q")(s) — (K" xQ)(s) t,5>0,
where Q(t) :== fg C(s)ds fort > 0.
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Proof. The proof (i) = (ii) follows the same lines that Theorem 6.5 (i).
To show (ii) = (iii), take (ex)req, s C Zk(e—p). Note that Wi(ex) = R(A) for A € Q5 by
(2.11). Since (ex)req, , satisfies

(66) €\ *¢c €y = )\el/ - 7/6/\) )

)\2_y2(

in (7x(e—p), *c) ([27, Formula (1.4)]), we conclude that <RE/?))ﬁ€Qk,g is a pseudo-resolvent.
ptA

(iii)=- (iv) Multiplying by 572, we observe that
1
m[ﬂR(A) — AR(p)] = R(A)R(n)

is equivalent to

MiA[R(AA) - RL”)] - RE\A)R(M) +R(A)RL“).
Using (6.4) and then multiplying by k(\)k(u) we get
Mi/\[iﬂ(u)Q(A) —ENQ(W)] = QN (1) + C(NQ(1).
We note that we can rewrite the above identity as
(6.7) QC(1) + CNQ(u) = Mi)\/%(ﬂ) Q) — Q(n)] — Mi)\Q(M) [B(\) = k().

Hence, using formula (4.3) we obtain (6.5).
(iv)= (i) We define Q(—t) := —Q(t) and k(—t) := —k(t) for ¢ < 0. Then C(¢) is an even
function for ¢ < 0 and hence replacing t by —t in (6.5) we obtain

(6.8) —Q)C(s) + C(H)Q(s) = (k+ Q7")(s) — (k™" + Q)(s),
for ¢,s € R. Summing (6.8) and (6.5) we get

20(t)Q(s) = (k= Q")(s) — (k" * Q)(s) + (k* Q") (s) — (k™" * Q)(s).
Finally, differentiating with respect to s in the above identity, we obtain (i). O

In the next statement, we show that the existence of bounded algebra homomorphisms
give existence of a Lipschitz bounded convoluted cosine function which, in turn, is equivalent
to Hille-Yosida type conditions due to the Arendt-Widder’s Theorem (see [1] and [2]).

Theorem 6.8. Let k € L} (RT) with 0 € supp(k), abs(|k]) < oo, B > max{abs(|k|),0},

loc

Qpp={Rz>p : k(z) # 0} and A a closed operator. Suppose that there exists an algebra
bounded homomorphisms Vi : (Tx(e—g),*.) — B(X) such that Vi(ey) = A(A2 — A)~t for
A2 e Q3. Then

(i) the operator A generates a K -convoluted cosine function, (Ck(t))t>0, such that
ICx (t+h) — Ck(t)]] < Che® M ¢ >0,

where K (t) := fg k(u)du fort > 0.
. d" - Mn!
(i) I ()\k()\)R()\Q, A)> | < = gy forn 20 and A€ s Rt
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Proof. We consider the family of functions (K;);>o defined by (3.1). Note that (K¢)i>0 C
T(e—p) by Theorem 3.7 (i) and Wy K; = xjo,. We define Ck (t) := Wi (Ky) for t > 0. Since
(Kt)¢>0 satisfies the equation (3.3) then (Ck(t))i>0 satisfies the equation(6.2). As in proof
of Theorem 5.8(ii), we show that

ICx (t +h) = Cr (B)]] < [[Wx[lhe” ).

To show that (Ck(t))¢>0 is a K-convoluted semigroup generated by A, it is enough to show

that ) -
AN — Al = / e MOk (t)zdt, ANeEQpg xz€X,
K(\) Jo i

see [17, Theorem 2.3]. Since ¥y is a continuous map,
00 0o ~ 1 .
/ e MOk (t)zdt = Ty, </ Kte_’\tdt) = k(N3 Wk(en)r = KA)AN2 — A) e,
0 0

where we have applied Theorem 3.7 (i). We conclude the proof of the part (i). The part (ii)
is a consequence of (i) and [17, Theorem 2.3]. O

Remark 6.9. In the case that A is a closed densely defined operator, Theorem 6.8 may be
improved: in this case, the operator A generates a k-convoluted cosine function, (Ck()):>0,

such that ||Cy(t)|| < CeP* for t > 0, see similar ideas and proof for a-times cosine function in
[25, Theorem 8.
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