A CHARACTERIZATION OF PERIODIC SOLUTIONS FOR
TIME-FRACTIONAL DIFFERENTIAL EQUATIONS IN UMD SPACES AND
APPLICATIONS

VALENTIN KEYANTUO AND CARLOS LIZAMA

ABSTRACT. We study the fractional differential equation () D%u(t)+BDu(t)+Au(t) = f(t), 0 <
t <2m (0 < B8 < «) in periodic Lebesgue spaces LP(0, 27; X) where X is a Banach space. Using
functional calculus and operator valued Fourier multiplier theorems, we characterize, in UM D
spaces, the well posedness of (*) in terms of R- boundedness of the sets {(ik)®((ik)® + (ik)*B +
A)"Yyez and {(ik)? B((ik)* + (ik)? B+ A) "'} rcz. Applications to the fractional Cauchy problems
with periodic boundary condition, which includes the time diffusion and fractional wave equations,
as well as a abstract version of the Basset-Boussinesq-Oseen equation, are treated.

1. INTRODUCTION

Derivatives and integrals of fractional order [28, 33] have found many applications in recent
studies. The interest in fractional analysis has been growing during the past few years. Fractional
analysis has numerous applications: hydrology [8], physics [5, 35], kinetic theories [38], stochastic
processes and many others (see [27]).

The theory of derivatives of non-integer order goes back to Leibniz, Liouville, Griinwald, Letnikov
and Riemann. For many decades afterwards, the theory of fractional derivatives was developed
primarily as a theoretical field of mathematics (see [28, 29, 30] and [31] for general surveys).
In the past few decades, many authors have pointed out that fractional order models are more
appropriate than integer-order models for various real materials. Fractional derivatives provide an
excellent instrument for the description of memory and hereditary properties of various materials
and processes. This is the main advantage of fractional derivatives in comparison with classical
integer-order models in which such effects are, in fact, neglected.

In this paper we study periodic solutions for the equation

(1.1) Du(t) + BDPu(t) + Au(t) = f(t), 0 < t < 2m,

where A and B are closed linear operators defined on a complex Banach space X with domains D(A)
and D(B) respectively, 0 < f < o < 2. Time fractional equations, in particular diffusion and wave
equations (i.e. (1.1) with B = 0 and A = —A where A is the Laplace operator in the n—dimensional
space), have recently been treated by some authors (cf. [16, 17, 23, 34, 37]). However, to the
knowledge of the authors, time fractional evolution equations with periodic boundary conditions
have not been studied so far. One of the main difficulties is to determine the right definition of
fractional derivative to be used in this case. In order to study periodic solutions, we consider here
the Liouville-Griinwald fractional derivative, introduced in [11] in the scalar case (see Section 2 for
a precise definition in the vector-valued case).
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An equation of the form (1.1) is referred to as the composite fractional relazation-oscillation equa-
tion. We refer to [15, p.253] for a detailed explanation of different fractional differential equations
that are special cases of (1.1).

Equation (1.1) can be regarded, when @ = 2 and 0 < # < 1, as an interpolation between the
complete second order equation

(1.2) u(£) + Bul(t) + Au(t) = (1),
and the classical (perturbed) abstract Cauchy problem of the second order
(1.3) u”(t) + (A + B)u(t) = f(t).

Varying continuously the index of the fractional derivative 3 within the real interval [0, 1] one can
examine, which solutions survive when switching from the description (1.2) to (1.3).

In the special case where B =0 and 1 < o < 2, equation (1.1) interpolates between the abstract
Cauchy problems of first and second order respectively. For example, when —A = A, the Laplace
operator on LP(RY), equation (1.1) interpolates between the heat and wave equations.

In this paper we are interested in the problem of LP- well posedness (or maximal regularity)
on the interval [0, 27| for the general fractional differential equation (1.1) with different periodic
boundary conditions depending on the values of o and 3. They are:

u(0) =u2r) if 0<fB<a<l,
(1.4) D1y (0) = D tu(2r) and w(0) = u(27) if 0<pf<l<ac<?2,

D (0) = D tu(2r), DPtu(0) = DP~tu(2r), w(0) = u(2r)ifl < B8 < a <2,

In the case a = 2 and B = 1, LP- well posedness for the initial value problem corresponding
to (1.1) on [0,27] has been characterized in [12] in terms of Fourier multipliers. There, it was
proved that if B = A and € € (0,1/2) then we cannot expect LP-well posedness in general,
even if A is a selfadjoint operator on a Hilbert space. On the other hand, in [19], well posedness
for the periodic problem in case B = A was characterized in terms of spectral properties of the
data in the spaces Lebesgue LP(0, 2m; X), 1 < p < oo as well as in the periodic Besov spaces
B;Z,q(o’ 21;X), 1 < p,q < co. Note that in the latter framework, the case p = ¢ = oo yields the
Holder-Zygmund spaces C* for s > 0.

In this article, we apply the method of operator-valued Fourier multipliers to obtain a character-
ization of existence, uniqueness and well posedness for (1.1) in Lebesgue spaces. The corresponding
techniques have been developed only recently and have proved very efficient for establishing well
posedness results for evolution equations, both in the periodic and the initial value cases. Some of
the contributions are: [1, 2, 4, 3, 13] and [36].

The plan of the paper is the following: in the second section, we present preliminary material on
the Liouville-Griinwald fractional differentiation and integration and the concept of well-posedness
in the case of Lebesgue spaces. In Section 3, we give the main abstract result of this paper. There,
we are able to characterize solely in terms of spectral properties of A and B the well posedness of
the problem (1.1) in LP(0, 27; X), 1 < p < co. In Section 4, we assume that A is ”sectorial”, and
this allows us to give a very general result for the periodic fractional Cauchy problem, i.e. equation
(1.1) in case B = 0, which seems to be new even in the scalar case. In section 5, we discuss the
case B = A/? recovering results similar to those of [12].
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2. PRELIMINARIES

In the paper [11], Butzer and Westphal introduced the fractional derivative directly as a limit of a
fractional difference quotient. In the case of periodic functions, it enables one to set up a fractional
calculus in the LP setting with the usual rules, as well as the connection with the classical Weyl
fractional derivative (see [33]).

Let X,Y be complex Banach spaces. We denote by B(X,Y") be the space of all bounded linear
operators from X to Y. When X = Y, we write simply B(X). For a linear operator A on X,
we denote domain by D(A) and its resolvent set by p(A), and for A € p(A4), we write R(\, A) =
M -A)t=0-4)"1.

We shall frequently identify the spaces of (vector or operator-valued) functions defined on [0, 27]
to their periodic extensions to R. Thus, throughout, we consider the space L) _(R; X) (which is also
denoted by LP(0,27m;X), 1 < p < o0) of all 2m-periodic Bochner measurable X-valued functions
f such that the restriction of f to [0, 2] is p-integrable (essentially bounded if p = c0).

Given f € LP(0,2m; X), (1 < p < 00) the Riemann difference

(2.1) AZf(x) = S (-1 (O.‘)ﬂx 1)
j=0 J
(where <j> = ala—1)- ‘jt'(a = 1)) exists almost everywhere and
« > Q@
(2:2) 182 lam0am) < 3 1) 1 l0ans) = O1)

=0
since (?) =07 Y as j — co.
The following definition is the direct extension of [11, Definition 2.1] to the vector-valued case.

Definition 2.1. Let X be a complex Banach space, a > 0 and 1 < p < oo. If for f € LP(0,2m; X)
there exists g € LP(0,2m; X) such that lim; o+ t7*A¢f = g in the LP(0,27; X )norm, then g is
called the o Liouville-Griinwald derivative of f in the mean of order p. We denote g = D f.

Example 2.2. The o* fractional derivative of ¢*** for any real a is given by (ia)*e**. In partic-

ular, D*sinz = sin(z + Ja) and D cosx = cos(z + a).

Now we recall that the Fourier series of f € LP(0,27; X)(1 < p < o0) is defined for k € Z by

27
f(k) 1/0 e_p(t) (1),

T or
where for k € Z, ei(t) = e**,t € R. We also have the following properties.

Proposition 2.3. For f € LP(0,2m; X), 1 <p < o0, o, B > 0 we have
(i) If D*f € LP(0,2m; X), then DS f € LP(0,2m; X) for all 0 < 3 < a,
(ii) D®DP f = DB f whenever one of the two sides is well defined.

The proof is the same as in the scalar case, which is given in [11, Proposition 4.1]. In what follows
we denote by HP(0,2m; X) the vector-valued function space H*P(0,2m; X) := {u € LP(0,2m; X):
there exists v € LP(0,2m; X) such that v(k) = (ik)*u(k) for all k € Z }. By [11, Theorem 4.1] we
also have

H*P(0,2m; X) = {u € LP(0,2m; X) : D% € LP(0,2m; X)}.
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Note that if 1 < o < 2 then for u € H%P(0,2m; X), it follows that u(0) = u(2w), D*~(0) =
D=1 (27).
Let ®, be the function defined by

(2.3) NOEEY

keZ\{0}

te R\ 27Z 0
k) eR\27Z, o>

senk Note that ®, € L'(0, 27) (see [40] for more details) and hence for u €

Tio

where (ik)* = |k|%e 2
Lr(0,2m; X),
1<p<ooand a>0, we can define

2T
(2.4) Pu(t) = % /0 u(t — 5)Bo(s)ds.

The following lemma is essentially contained in [11, Theorem 4.1].

Lemma 2.4. Let 1 < p < oo and let u,w € LP(0,27; X ). The following statements are equivalent
(i) fozﬂ w(t)dt =0 and there exists © € X such that

2w

(2.5) u(t) =z + o o w(t — 8)Py(s)ds a.e.on [0,27],

(i) w(k) = (ik)*u(k).
We will need the following definition of operator-valued Fourier multipliers.

Definition 2.5. For 1 < p < oo, @ > 0 we say that a sequence {My}rez C B(X,Y) is an
(LP, H*P)-multiplier, if for each f € L5 _(R; X) there exists u € H*?(R;Y") such that

(k) = My f(k) for all k € Z.

In particular, in case @ = 0 the definition coincides with the one contained in [2, Proposition
1.1]. The proof of the following lemma is similar to that of [2, Lemma 2.2] taking into account
Lemma 2.4 above.

Lemma 2.6. Let 1 <p < oo, o >0 and (My)rez C B(X). The following assertions are equivalent
(i) (My)kez 1is an (LP, H*P)-multiplier;

(ii) ((ik)*My)rez is an (LP, LP)- multiplier.
Remark 2.7. Observe that if 0 < 8 < « then from the relation
(ik)7 My, = (ik)"~(ik)* My, k € Z\ {0},
it follows that ((ik)®My)rez is an (LP, LP)- multiplier whenever ((ik)®My)gez is an (LP, LP)- mul-
tiplier.

Next, we define the notion of definition of the fractional differential equation and the associated
concept of well-posedness.

Definition 2.8. Let 1 < p < oco. A function u is called a strong LP-solution of (1.1) if u €

H*P(0,2m; X) N LP(0,27; D(A)) such that DSu € LP(0,27; D(B)) and equation (1.1) holds for
almost all ¢ € [0, 27].
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Definition 2.9. Let 1 < p < co. We say that the problem (1.1) is strongly LP-well posed (or has
maximal regularity) if for every f € LP(0,2m; X) there exists a unique strong LP-solution of (1.1).

The concept of maximal regularity has received much attention in recent years. It is connected
to the question of closedness of the sum of two closed operators. It has proven very efficient in the
treatment of non linear problems in partial differential equations (see for example [12]).

3. A CHARACTERIZATION OF STRONG LP WELL POSEDNESS

In this section, we characterize well-posedness of the fractional differential equation (1.1). The
theorems are in terms of operator-valued Fourier multipliers. The concept of R—boundedness is
crucial in this context since we are concerned with the LP spaces. Recent results on this concept
as well as applications to concrete problems in the theory of partial differential equations can be
found in [13]. Concrete examples of equations of mathematical physics are considered in [12].

Theorem 3.1. Let X be a complex Banach space and A: D(A) C X - X and B: D(B) C X — X
be closed operators such that D(A) C D(B). The following assertions are equivalent for p € [1,00):

(i) The problem (1.1) is strongly LP-well posed.

(i4) H(ik) := ((ik)*+(ik)? B+A)~! exists in B(X) for each k € Z and the sequences {(ik)*H (ik)}rez
and {(ik)’BH (ik)}kez are (LP, LP)-multipliers.

Proof. (i) = (ii). Let k € Z and y € X. Define f = e;®y. Observe that f(k:) = y and f(]) =0 for
j # k. There exists a unique v € H*P(0,27; X) N LP(0,2m; D(A)) such that D%u € LP(0,27; D(B))
and Du(t) 4+ BDPu(t) 4+ Au(t) = f(t) holds for almost all ¢ € [0, 27]. Taking Fourier series on both
sides and using the fact that A and B are closed, we obtain that u(k) € D(A)ND(B) = D(A) and

(ik)a(k) + (ik)PBi(k) + Au(k) = f(k) = y.
Thus, the operator ((ik)® + (ik)?B + A) is surjective.

Let z € D(A). If ((ik)® + (ik)°B + A)x = 0 then u(t) = e**x defines a periodic solution of
equation (1.1) with f = 0 (cf. Example 2.2). Hence u = 0 by the assumption of uniqueness and
thus x = 0.

It remains to verify that {(ik)*H (ik)}rez and {(ik)? BH (ik)}rez are (LP, LP)-multipliers. Let
f € LP(0,2m; X). By hypothesis, we deduce as above that a(k) € D(A) and ((ik)® + (ik)’B +
A)iu(k) = f(k). Then

Deu(k) = (ik)*a(k) = (ik)*H (ik) f (k).
From this, it follows that {(ik)*H (ik)}rez is an (LP, LP)-multiplier. Similarly, Eﬁ\u(k) € D(B)
and
BDSu(k) = BDPu(k) = (ik)’ Bu(k) = (ik)’ BH(ik) f (k).
Therefore {(ik)? BH (ik)}rezis an (LP, LP)-multiplier.
(11) = (i). Let f € LP(0,2m; X). By hypothesis there exists v € LP(0, 27; X) such that

~

(3.1) (k) = (ik)*H(ik) f(k), k € Z,
that is {(ik)*H (ik)}rez is an (LP, LP)-multiplier. By Lemma 2.6 this is equivalent to say that
{H(ik)}rez

is an (LP, H*P)-multiplier and hence we conclude that there exists u € H*P(0, 2m; X ) such that

(3.2) a(k) = H(ik)f (k).
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In particular, u(k) € D(A) C D(B) for all k € Z and (ik)*u(k) = 0(k). Therefore u € H*P(0, 27; X)
and D% = v.
Analogously, there exists w € LP(0,27; X) such that
(3.3) w(k) = (ik)’ BH(ik) f (k) = B(ik)%a(k),
Hence, by the closedness of B we obtain D%u € LP(0,2r; D(B)) and BD%u = w.
From the identity
(3.4) I = (ik)*H((ik) + (ik)’ BH (ik) + AH (ik),
we deduce that { AH (ik)} ez is an (LP, LP)-multiplier. Then there exists a function z € LP(0, 27; X)
such that
(3.5) 2(k) = AH(ik) f(k) = Aa(k), k € Z.

Hence, by the closedness of A we obtain u € LP(0,2m; D(A)) and Au = z. Using these relations
and taking into account (3.4) we conclude that u is a strong LP-solution of (1.1). We now prove
uniqueness. If v is such that D%u(t) + BD%u(t) + Au(t) = 0 then on the Fourier series side we get
a(k) € D(A) and ((ik)* 4 (ik)®B + A)a(k) = 0. Using (3.4) we obtain that @(k) = 0 for all k € Z
and thus v = 0.

O

Remark 3.2. In the case B = A in the above theorem, thanks to the identity (3.4) we observe that
(ii) can be reduced to requiring only that {(ik)*H (ik) }xez be an (LP, LP)-multiplier. In fact, given

f € LP(0,27) we have that u(t) = F(lﬁ) / t (t = )71 f(s)ds satisfies a(k) = i f(k),

and this shows that (ik)ﬁ is an (LP, LP)-multiplier. In this case, we have
1 1

AH(ik) = (ik)FHT ~ (ik)P+1

(ik)® H (ik)

is an (LP, LP)-multiplier.

Concrete criteria on Fourier multipliers can be found in the reference [13]. For j € N, denote
by 7; the j-th Rademacher function on [0, 1], i.e. 7;(t) = sgn(sin(2/nt)). For x € X we denote by
r; ® x the vector valued function t — r;(t)z.

Definition 3.3. A family T C B(X,Y) is called R-bounded if there is a constant C' > 0 such that

n n
(3.6) I er ® Tjzl|1p(0,157) < O er ®@ || 1p(0,1:%)
= =

forall T, ...,T,, € T, z1,...,2, € X and n € N, for some p € [1, c0).

If (3.6) holds for some p € [1, 00), then it holds for all p € [1, co). The best constant C' in (3.6)
is denoted by R,(T") or simply R(T") if one does not wish to specify the dependence on p.

We recall that those Banach spaces X for which the Hilbert transform defined initially defined
on D(R, X) (the space of infinitely differentiable X-valued functions with compact support) by

_ g L ft=s)
(HF)(0) = tim /ESMSR ~as

R—o0
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extends to bounded on LP(R, X) for some (and hence all) p € (1, 00) are called UM D-spaces. The
limit in the above formula is to be understood in the LP sense. An alternative definition can be
given using Fourier series may be found in [10]. The latter paper contains other characterizations
of the UM D property, notably the one involving martingale differences in Banach spaces. More
information on UM D spaces can be found in Amann [1] and Denk, Hieber and Priiss [13].

Theorem 3.4. Let X be a UMD space. The following assertions are equivalent

(i) H(ik) exists in B(X) for each k € Z and the sequences {(ik)*H (ik) }rez and {(ik)? BH (ik)}rez
are (LP, LP)-multipliers.

(i4) H (ik) exists in B(X) for each k € Z and the sequences {(ik)*H (ik)}rez and {(ik)’ BH (ik)} ez
are R-bounded.

Proof. (i) = (it) follows by [2, Proposition 1.11].

(ii) == (i) We define M}, = (ik)*H(ik) = (I + cxB + dpA)~! where ¢; = W and
d, = ﬁ, k # 0. Observe that for v > 0 we have that (i(k 4+ 1))” — (ik)” can be estimated by
(ik)?~! uniformly in k according to the definition of (ik)” and the mean value theorem. Then,
using the fact that

k(M — M) = k((I+cpp1B+de1A) — (I + B+ dpA)™)
= kH(i(k+1)[(I + cxB+ dgA) — (I + cj41B + d11A)H (ik)
EH (i(k +1))[(ck — ckt1)B + (di, — di+1) A H (ik)
and taking into account the identity (3.4) we obtain
k(Mygy1 — M) = H(i(k+1))k(ck — cx+1)BH(ik)

+ H(i(k+1)k(dy — diy1)

— H(i(k+ 1))k(dy — dyy1)(ik)* H (ik)

—  H(i(k + 1))k(dx — di+1)(ik)° BH (ik).
This proves that k(Myy+1 — My) is R-bounded. The conclusion follows by the operator-valued

Marcinkiewicz multiplier theorem (see [2, Theorem 1.3]).
O

We observe that as in the case of Theorem 3.1 if A = B then it is sufficient to assume in Theorem
3.4 (i) that {(ik)*H (ik) }rez is a (LP, LP)-multiplier and in (ii) that {(ik)*H (ik) } ez is R-bounded.
A combination of Theorem 3.4 and Theorem 3.1 yields the following result.

Corollary 3.5. Let X be a UMD space, A: D(A) C X — X and B: D(B) C X — X be closed
operators such that D(A) C D(B). The following assertions are equivalent for p € [1,00):

(i) The problem (1.1) is strongly LP-well posed.

(i) H(ik) := ((ik)*+(ik)P B+A) ™! exists in B(X) for each k € Z and the sequences {(ik)*H (ik)}rez
and {(ik)° BH (ik)}pez are R-bounded.

Remark 3.6. In case @ =1 or @ = 2 and B = 0 the characterization of strongly LP-well posedness
in terms of R-boundedness of the set {(ik)*H (ik)}rez was first proved in [2, Theorem 2.3 and
Theorem 6.1]. The case a = 2,3 =1 and B = A, was proved in [19, Theorem 2.11].
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Given p € (1,00), we define the maximal regularity space
MRy p(X) = {u € H*P(0,2m; X) N LP(0,27; D(A)) : D" € LP(0,27; D(B))}
with norm given by
el s p(x) = 0l gep©,20x) + ellze0,2m04)) + 1D 0| Lo 0,20:0(8))
We point out that if the problem (1.1) is strongly LP-well posed then the operator
L:LP(0,2m;X) = MR, p(X)

which assigns to each f the unique solution u := Lf of the problem (1.1), is a bounded linear
operator. This is an easy consequence of the closedness of the operators A and B and the closed
graph theorem. Hence, there exists a constant M > 0 such that for every f € LP(0,27; X') we have

||ull o 0,20:3) + [l £r (0,20 D04y + 1Dl Lo(0,20:D(B)) < MIIfI Lo (0,27:%) -

4. WELL POSEDNESS FOR THE PERIODIC FRACTIONAL CAUCHY PROBLEM

Based on the abstract results of the first part, we give in this section a result to widely solve the
fractional Cauchy problem with periodic boundary conditions, i.e. the equation

Du(x,t) + Alu(z,t) = f(x,t), te€(0,2r), v>0, 0 <o <2
(4.1) P,

uw(z,0) —u(z,27) =0, max{0,a — 1}(u'(x,0) —u'(z,27)) = 0.
We remark that the Cauchy problem with initial conditions and Caputo or Riemann-Louiville
fractional derivative, has been studied in the literature in recent years. cf. [14], [20] and references
therein.
We begin with some preliminaries on sectorial operators. Let ¥4 C C denote the open sector
Yo ={Ae€ C\{0}: |arg )| < ¢}.
We denote by
H(X4) = {f : ¥4 — C holomorphic}.
and
H>(X4) = {f : £4 — C holomorphic and bounded}.
H>(X4) is equipped with the norm
1£1% = sup [fV)].
|arg A\|[<¢
We further define the subspace Ho(24) of H(X,) as follows

Ho(Sg) = | J {F € H(Zg) : 1£11% 5 < oo},
a,3<0

where

1FIIS 5 = sup [A*f(A)] + sup [AZF(V)].
[A[<1 [A>1
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Definition 4.1. A closed linear operator A in X is called sectorial if the following conditions hold:

(i) D(A) = X, R(A) = X, (=00,0) C p(A);
(ii)|[t(t + A)7L|] < M for all t > 0 and some M > 0.

A is called R-sectorial if the set {t(t + A)~1};~0 is R-bounded.

The class of sectorial (resp. R-sectorial) operators in X will be denoted by S(X) (resp. RS(X).
Set Ra(¢) = ROAN+ A)~L: JargA| < ).
If A€ S(X) then 3y C p(—A) for some ¢ > 0 and
sup  |[JAA+ A) 7| < oo,
larg A|[<¢

We denote the spectral angle of A € S(X) by
pa=1inf{¢p : 3;_y C p(—A), . s;p IIAA+ A) 7| < o0}
€Elir_¢

Definition 4.2. A sectorial operator A is said to admit a bounded H°°—calculus if there are
¢ > ¢4 and a constant Ky > 0 such that

(4.2) 1/ (A)] < Kol|fII% for all f € Ho(Sg).

The class of sectorial operators A which admit a bounded H>°—calculus is denoted by H*(X).
Moreover, the H*°—angle is defined by

¢% =inf{¢p > ¢4 : (4.2) holds }
When A € H®(X) we say that A admits an R-bounded H> — calculus if the set
{A(A) : h € H®(Zg), || f]1% < 1}

is R-bounded for some 6 > 0. We denote the class of such operators by RH*(X). The correspond-
ing angle is defined in an obvious way and denoted by 6%>.

Remark 4.3. If A is a sectorial operator on a Hilbert space, Lebesgue spaces LP(Q2), 1 < p < o0,
Sobolev spaces W*P(£2), 1 < p < oo, s € R or Besov spaces B, (),1 < p,q < o0, s € R and A
admits a bounded H® calculus of angle (3, then A already admits and RH* calculus on the same
angle 8 on each of the above described spaces (see Kalton and Weis [18]). More generally, this
property is true whenever X is a UM D space with the so called property («) (see [18]).

Example 4.4. Well known examples for general classes of closed linear operators with a bounded
H calculus are: normal sectorial operators in a Hilbert space; m-accretive operators in a Hilbert
space; generators of bounded Cy-groups on LP-spaces and negative generators of positive contraction
semigroups on LP-spaces.

The following result will be useful in establishing LP well posedness for the equation (4.1). It
can be found in [13, Proposition 4.10].

Proposition 4.5. Let A € RH*™(X) and suppose that {hy}rxea C H™(3g) is uniformly bounded
for some 0 > 05> where A is an arbitrary index set. Then the set {hy(A)}ren is R-bounded.

The main result of this section is the following.
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Theorem 4.6. Assume that X is a UMD-space, 1 < p < 0o, 0 < a < 2 and suppose that
Ay € RH™®(X) with angle (911}? € (0,Z(1 = 5)) and 0 € p(Ag). Then problem Py, is strongly
LP-well posed.

Proof. Since 0 < Hi‘j" < %(1 — §) there exists 5 > HIZ;" such that g < %(1 — 5 ). For each z € 33
and k € Z,k # 0, define F(ik, z) = (ik)*((ik)® + 27)~!. Note that the fraction ﬁ belong to the
sector Eﬁw%x where gy + %° < m. Hence the distance from the sector Eﬁw%a to —1 is always
positive. In consequence, there exists a constant M > 0 independent of k € Z and z € X3 such
that

1

|F(ik, 2)| = |

Hence, Proposition 4.5 shows that the set

{F(ik, Az) }rez\ {0}

is R-bounded. In particular, and since A, is invertible, the operators H (ik) := ((ik)*+ A7) ™! exist
for all k € Z. It then follows that H(ik) exist in B(X) for all k£ € Z and the sequence

{(@R)*((ik)* + AD) ™ ez
is R-bounded. By Theorem 3.4 and Theorem 3.1 with B = 0, we conclude that the problem Pg,
is strongly LP-well posed. O

Remark 4.7. We note that, in case v = 1, the same type of conditions of the above theorem leads
with the LP-maximal regularity of the equation D%u(t) + Au(t) = f(¢) with Riemann-Liouville
derivative of order v € (0,2) and appropriate, non periodic, initial conditions (see [6, Proposition
4.10, p.59]).

Corollary 4.8. Let 1 < p < oo. Suppose that A generates a bounded group on a UMD space X
such that 0 € p(A) and
O<a<l+]2n—0], 2n—-1<p8<2n+1, neN.

Then for every f € LP(0,2m; X) there exists a unique u € H*P(0,2m; X)) N LP(0,2m; D(A)) such
that

Du(t) + (=)L (=A)Pu(t) = f(t), te (0,2n).
(4.3) P,

w(0) —u(2m) =0, maz{0,a — 1}(u' (0) —u'(27)) = 0.
holds for almost all t € [0, 27].

Proof. Since A generates a bounded group, it follows from [9, Corollary 2.12] that (—1)"*+!(—A)?
generates an analytic semigroup of angle (1 — [2n — 3|)5. The result follows by Remark 4.3 and
Theorem 4.6 with v = 1. ]

Let us recall that a linear operator A defined on X is called non-negative if (—oo, 0) C p(A)
and there exists M > 0 such that

(4.4) [IAR(N, A)| < M, A < 0.

A closed linear operator A is said to be positive if it is non-negative and if, in addition, 0 € p(A).
For further information on positive operators we refer to the monograph by Martinez and Sanz [25].

Since each self-adjoint, positive operator admits a bounded RH*® calculus of angle 0, we get the
following result.
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Corollary 4.9. Let A be a selfadjoint, positive operator defined on a Hilbert space H and 0 < o < 2.
Then for every f € LP(0,2m; X) there exists a unique v € HP(0,2m; X) N LP(0,2m; D(A)) such
that Ppe, holds for almost all t € [0, 27].

Zaslavsky [38] introduced in 1994 the fractional kinetic equation
t=P
I'(1-p)
for Hamiltonian chaos, where 0 < 3 < 1, po(z) is an arbitrary initial condition. The existence of a
solution for (4.5) was proved in [7, Theorem 3.1] when L is the generator of a uniformly bounded

continuous semigroup on a Banach space X. As a concrete application of Theorem 4.6 we prove
the following result.

(4.5) DPg(t,x) = Lg(t, x) + po(x) 0<p<1,

Corollary 4.10. Let L be the generator of a bounded Cy semigroup on L1(R),1 < q¢ < oo, such
that L € RH™>(X) with angle Hf‘” € (0,7(1—-%))and 0 € p(L). If po € LY(R) then for all a < %
there exists a unique g € H*P(0,2m; L1(R)) N LP(0,2m; D(L)) which satisfies the periodic fractional
equation

—Q

D%g(t,x) = Lg(t,z) +p0($)m

O<a<1l,0<t < 2w
(4.6)

g(()? .%') = 9(27['7 Q?),
for almost all t € (0,2m).
Proof. A direct computation shows that for f(¢) := po (x)r(tl;_aa) we have

3 tlfap

27
/0 OB dt = |[poll2a (DL — a)) [

Consequently, f € LP(0,2m; LY(R)) if and only if a < ]%. Then the result is a consequence of
Theorem 4.6.

27r)17ap
21 — P (1 — —p( .
1_ap}o [pol|74 (P(1 = a)) T ap

O

5. WELL POSEDNESS OF AN ABSTRACT BBO EQUATION

Let 0 < a <4, a > 0. In this section we consider the equation

(5.1) Du(t) + aAY2DY?u(t) + Au(t) = f(t), 0 <t < 2m,

with appropriate periodic boundary conditions, and where A is a sectorial operator on X. The
case o = 2 corresponds to a abstract wave equation studied in [12] where the initial value problem
is studied.

Take X = C and let A = m be a positive real number. When a =1 and a = \/—1%, equation (5.1)

is an abstract version of the Basset-Boussinesq-Oseen (BBO) equation:
(5.2) u' () + DY 2u(t) + mu(t) = f(t), 0 < t < 2r.

The BBO equation expresses the Lagrangian acceleration of a spherical particle in an unsteady
flow as the sum of the viscous, gravitational /buoyancy, virtual mass, and Basset forces acting re-
spectively on the particle (see [26] and [24]). Before we proceed to the analysis of this equation,
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it seems appropriate to make a remark on the role of the fractional derivative in this case. From
a physical point of view, the order « in the fractional derivative D% expresses memory or history
effects. So, as o — 1 the fractional derivative D* — D! and any memory effect is lost. On the
other hand, as @ — 0, we have D% — [ and the memory effect is maximum. With this analogy,
the BBO equation accounts for a perfectly symmetrical viscoelastic memory, half-way between an
elastic & = 0 and a viscous memory a = 1 (cf. [21]).

For every A € C, z € C\ (—00,0] we define
FYA, 2) = XYY 4+ aX22Y2 4 2)7 and F2(\, 2) = X221 2\ 4 aX2/221/2 4 )71
We need the following Lemma.

Lemma 5.1. Leta > 0, 8 > 0 and 0 < o < 2 be such that one of the following conditions is
satisfied

(i) a > 2 and either 65> € (0,7) in case 0 < a < 2 or 5= € (0,27(1 — ) in case 2 < a < 4.

(ii) a € (0,2) and either 6 € (0,7 — 2¢) in case 0 < a < 2 or 65> € (0,27(1 — ) —2p) in case
2 < a <4, where in each case p = arctan \/4777.

Then there are constants 3 > 6, and M > 0 such that F7(ik,-) € H>(X3) for all k € Z and

sup [|[F7 (ik, )|l () < M
keZ

Proof. We analyze each case separately.
Case 1. a > 2 and 6 € (0,7) in case 0 < a < 2, (respectively Gf}” € (0,27(1 — §)) in case
2<a<4).
a?—4

a _ Va?—4

Define ¢; = ‘21 + 55— and ¢ = § — ¥*5—. Note that ¢; and ¢y are strictly positive real numbers

and
1 21/2 1 21/2
. @/2,1/2 _
(ik)* + a(ik) + 2z = (ik)” 6102( + (zk)"‘/Q)( + i k)a/Q) k # 0.
Since § < m < 2m(1—§) for 0 < a <2 (resp. 0 < 277(1 — §) for 2 < o < 4) there exists § > 6 such
that
I5] o

(5.3) 5 < (1 4).

Note that for every z € X3 the fraction a/2, k # 0, belong to the sector 26+6a which does

( ) + Ot47T )
not contain the semi-axis (—oo, 0] due to (5.3). As a consequence, the distance from —% and —_-

to the sector ¥ yax 1 positive and we conclude that there exists a constant M; > 0 independent
2 4
of k € Z and z € ¥ such that for k € Z \ {0},

. 1
(5.4) |FY(ik, 2)| = - 7 21/2 < M.
ClCQ’a Zk)a/QH a/2
Analogously, for k € Z \ {0}, we write
L (ik)e2

o /2 1/2 _ 120 e/2, (1
(1k)* + a(ik)* 2= 4+ 2z = 27 /%(ik) 01(01—1—(%)&/2)(62—% SYE ).
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. o/ .
and observe that the fraction (lfl) 72  also belong to the sector X Lox- It follows that there exists a

constant My > 0 independent of (ik) and z such that for k € Zz\ {6},
1

1/2 k)o/2
’LZ)Q/QH 2+ Za/2 |

(5.5) |F2(ik, )| =

Cﬂ%

Case 2. 0 <a<2and § € (0,7 —2¢) in case 0 < a < 2, (respectively 9A°° €(0,2m(1-9) —2¢p)
in case 2 < a < 4).

Define ¢; = e?and ¢y = e~ %, where ¢ = arctan 7”4;“2. Since 0 < 7 —2p < 27(1 — §) — 2¢ for
0 < a < 2, there exists G > 0 such that

(5.6) g to<m(l— %).

Let k € Z and z € Xg. The fraction % belong to the sector g ar, which now, because of
2 4

(ik)
1

(5.6), does not contain the sector Yr—p. Since —cp = —e W = —

and —é = —e' are precisely
in the sector X,_,, we conclude that the distance from —cg, —% and —é to the sector X, is
positive and hence there exists a constant M > 0 independent of k € Z and z € X3 such that (5.4)
and (5.5) also hold in this case.

O

The following is the main result of this section.

Theorem 5.2. Assume that X is a UM D-space, 1 < p < oo and suppose that A € RH*(X) with
angle Qf‘x’. Let f € LP(0,2m; X). Suppose one of the following conditions is satisfied
(i) a > 2 and either 05> € (0,7) in case 0 < a < 2 or 05> € (0,27(1 — ) in case 2 < a < 4
or
(ii) a € (0,2) and either 05> € (0,7 — 2p) in case 0 < a < 2 or §5= € (0,27(1 — %) — 2¢) in
case 2 < a < 4, where ¢ = arctan @,
then there exists a unique functionu € HP(0,2m; X)NLP(0,2m; D(A)) with D*/?u € LP(0, 2m; D(AY?))
which solves (5.1) for almost all t € [0, 27].

Proof. As a consequence of Lemma 5.1 and Proposition 4.5, the sets
{FI(ik, A)}pez J=1,2

are R-bounded. In particular, the operators H(ik) := ((ik)® + a(ik)*/2A'/? 4 A)~! exists for all
k € Z. It then follows that H(ik) exists in B(X) for all k € Z and the operator sequences

{(ik)*H (ik)} ez and {(ik)*/* A2 H (ik) }rez

are R-bounded. By Theorem 3.4 and Theorem 3.1 we conclude that problem (5.1) is LP-well posed.
O

Acknowledgements: This work was done while the second author was visiting the Department of
Mathematics of the University of Puerto Rico, Rio Piedras Campus. He is most grateful to the
members of the Department for their kind hospitality.



14

(1]
2]
3]

(4]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]
21]
22]
23]
[24]

[25]
[26]

VALENTIN KEYANTUO AND CARLOS LIZAMA

REFERENCES

H. Amann, Operator-valued Fourier multipliers, vector-valued Besov spaces, and applications, Math. Nach. 186
(1997), 5-56.

W. Arendt, S. Bu, The operator-valued Marcinkiewicz multiplier theorem and mazimal regularity, Math. Z. 240
(2002), 311-343.

W. Arendt, S. Bu, Operator-valued Fourier multipliers on periodic Besov spaces and applications, Proc. Edin-
burgh Math. Soc. 47 (1) (2004), 15-33.

W. Arendt, C. Batty, S. Bu, Fourier multipliers for Hélder continuous functions and mazimal reqularity, Studia
Math. 160 (1) (2004), 23-51.

E. Barkai, R. Metzler and J. Klafter, From continuous time random walks to the fractional Fokker-Planck
equation, Phys. Rev. E 61 (2000), 132-138.

E. Bazhlekova, Fractional Evolution Equations in Banach Spaces, Ph.D. Thesis, Eindhoven University of Tech-
nology, 2001.

B. Baeumer, M.M. Meerschaert, Stochastic solutions for fractional Cauchy problems, Fract. Calc. Appl. Anal.
4(4) (2001), 481-500.

B. Baeumer, M. M. Meerschaert, D. A. Benson, S. W. Wheatcraft, Subordinated advection-dispersion equation
for contaminant transport, Water Resources Research 37 (2001), 1543-1550.

B. Baeumer, M. Kovécs, Anomalous dispersion by subordinating groups of linear operators and the related un-
bounded operational calculus, Preprint 2008.

D. L. Burkholder, Martingales and Fourier analysis in Banach spaces, Probability and analysis (Varenna, 1985),
61-108, Lecture Notes in Math.1206, Springer, Berlin, 1986.

P.L. Butzer, U. Westphal, An access to fractional differentiation via fractional difference quotients, 116-14,
Lecture Notes in Math. 457, Springer, Berlin, 1975.

R. Chill, S. Srivastava, L? mazimal regularity for second order Cauchy problems, Math. Z. 251 (4) (2005),
751-781.

R. Denk, M. Hieber, and J. Priiss, R-Boundedness, Fourier Multipliers and Problems of Elliptic and Parabolic
Type, Memoirs Amer. Math. Soc. 166, Amer. Math. Soc., Providence, R.I., 2003.

S.D. Eidelman, A.N. Kochubei, Cauchy problem for fractional diffusion equations, J. Differential Equations, 199
(2004), 211-255.

R. Gorenflo, F. Mainardi, Fractals and Fractional Calculus in Continuum Mechanics, Springer Verlag, Vienna
and New York 1997, pp. 223-276.

R. Gorenflo, Y. Luchko, F. Mainardi, Wright functions as scale-invariant solutions of the diffusion-wave equation,
J. Comp. Appl. Math. 118 (2000), 175-191.

F. Huang, F. Liu, The time fractional diffusion and advection-dispersion equation, ANZIAM J. 46 (2005), 317-
330.

N. Kalton, L. Weis, The H*™ calculus and sums of closed operators, Math. Ann. 321 (2001), 319-345.

V. Keyantuo, C. Lizama Periodic solutions of second order differential equations in Banach spaces, Math. Z.
253 (2006), 489-514.

M. Kirane, Y. Laskri, N.-e. Tatar, Critical exponents of Fujita type for certain evolution equations and systems
with spatio-temporal fractional derivatives, J. Math. Anal. Appl. 312 (2005), 488-501.

M.H. Kobayashi, C.F.M. Coimbra, On the stability of the Maxey-Riley equation in nonuniform linear flows,
Physics of Fluids 17(11) (2005), 3301-3314.

V.V. Kulish, J.L. Lage, Application of fractional calculus to fluid mechanics, Journal of Fluids Engineering 124
(2002), 803-806.

F. Liu, V. Anh, I. Turner, P. Zhuang, Time fractional advection-dispersion equation, J. Appl. Math. Comp.
(2003), 233-246.

F. Mainardi, Fractional calculus: some basic problems in continuum and statistical mechanics, in: Fractals and
Fractional Calculus in Continuum Mechanics (Eds. A. Carpinteri and F. Mainardi), Springer Verlag, Wien 1997,
291-348.

C. Martinez, M. Sanz, The Theory of Fractional Powers of Operators. Math. Studies 187, North-Holland, 2002.
M.R. Maxey, J.J. Riley, Fquation of motion for a small rigid sphere in a nonuniform flow, Phys. Fluids 26(1983),
883-889.



[27]

(28]

31)
32
[33)
1]

5]
6]

3
3
3

37]
(38]

39]

[40]

A CHARACTERIZATION OF PERIODIC SOLUTIONS 15

R. Metzler, J. Klafter, The random walk’s guide to anomalous difussion: A fractional dynamic approach, Phys.
Rep. 339(2000),1-77.

K. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, New York:
John Wiley & Sons Inc., 1993.

K. Oldham, J. Spanier, The Fractional Calculus, New York. London: Academic Press, 1974.

M. Ortigueira, Introduction to fractional linear systems. Part 1: Continuous-time case, IEE Proceedings Vision,
Image, Signal Processing 147(1) (2000), 62-70.

M. Ortigueira, Introduction to fractional linear systems. Part 2: Discrete-time case, IEE Proceedings Vision,
Image, Signal Processing 147(1)(2000), 71-78.

B. Ross, S.G. Samko, E. Love, Functions that have no first order derivative might have fractional derivatives of
all orders less than one, Real Anal. Exchange 20 (1994/95), 140-157.

S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives. Theory and Applications, Gordon
and Breach, Yverdon, 1993.

W.R. Schneider, W. Wyss, Fractional diffusion and wave equations, J. Math. Phys. 30 (1989),134-144.

V.E. Tarasov, Fractional generalization of gradient and Hamiltonian systems. J. Phys. A 38 (2005), 5929-5943.
L. Weis, Operator-valued Fourier multiplier theorems and maximal Ly-regularity, Math. Ann. 319 (2001), 735-
758.

W. Wyss, The fractional diffusion equation, J. Math. Phys. 27 (1986), 2782-2785.

G. Zaslavsky, Fractional kinetic equation for Hamiltonian chaos, Chaotic advection, tracer dynamics and turbu-
lent dispersion, Phys. D 76 (1994), 110122.

Y. Zhang, D.A. Benson, B. Baeumer, Moment analysis for spatiotemporal fractional dispersion, Water resources
research, to appear.

A. Zygmund, Trigonometrical Series, Cambridge University Press, 1959.

UNIVERSITY OF PUERTO RICO, DEPARTMENT OF MATHEMATICS, FACULTY OF NATURAL SCIENCES, RIO PIEDRAS,
PR 00931, U.S.A.
E-mail address: keyantuoQuprrp.edu

UNIVERSIDAD DE SANTIAGO DE CHILE, DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS, CASILLA
307-CORREO 2, SANTIAGO, CHILE.
E-mail address: carlos.lizama@usach.cl



