FOURIER MULTIPLIERS AND INTEGRO-DIFFERENTIAL
EQUATIONS IN BANACH SPACES

VALENTIN KEYANTUO AND CARLOS LIZAMA

ABSTRACT. Operator-valued Fourier multiplier theorems are used to
establish maximal regularity results for an integro-differential equation
with infinite delay in Banach spaces. Results are obtained under general
conditions for periodic solutions in the vector valued Lebesgue and Besov
spaces. The latter scale includes in particular the Holder spaces C%, 0 <

a < 1.

1. INTRODUCTION

We consider the following integro-differential equation with infinite delay
t
u'(t) = Au(t) + / a(t — s)Au(s)ds+ f(t),0 <t <27

u(0) = u(2m).

We will examine this problem in various spaces of 2w - periodic vector-
valued functions: LP(0,2m; X) (Lebesgue-Bochner spaces), C*(0, 2m; X)
(Holder spaces), B,,(0,2m; X) (Besov spaces). Here X is a Banach space,
A: D(A) C X — X is a (not necessarily densely defined) closed linear
operator and f is an X —valued function defined on [0, 27]. We note that

equation (1.1) may be rewritten as
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u'(t) = Au(t) + /OO a(s)Au(t — s)ds+ f(t),0 <t <27
(1.2) 0
u(0) = u(2m).

Equations of this kind arise, for example, in the study of heat flow in
materials of fading memory type as well as some equations of population
dynamics. For more information on this subject see the papers [8, 15, 11] and
the monograph [16] (particularly Chapter II, Section 9) and the references
therein. We also note the recently published paper [14].

Da Prato and Lunardi [11] studied equation (1.1) (see also Da Prato-
Lunardi [12], Clément-Da Prato [9]) under several conditions on A and a(-).
In particular, among other hypotheses, they assume that A generates an
analytic semigroup. We note, however, that these authors also consider
more general operator valued kernels and non periodic problems.

In this work we rely on the recent papers by Arendt-Bu [3], Arendt-Bu [5],
Arendt-Batty-Bu [4] where the above problem is studied with a(-) = 0. In
these papers, the authors establish operator-valued Fourier multiplier theo-
rems and apply them to study maximal regularity of the classical abstract
non homogeneous Cauchy problem

u'(t) = Au(t)+ f(t), 0 <t <2rm
(1.3)

u(0) = u(2m).
One remarkable fact is that in the context of resolvents of closed linear oper-
ators in Banach spaces, LP-multipliers can be completely characterized. See

for example [3, Theorem 2.3] and [5, Theorem 4.1] for a precise formulation
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of this fact. This is in contrast to the general situation where, even in the
scalar case, a complete characterization exists only for p =1 and p = 2.

Our case is more difficult to handle due to the complicated structure of
the resolvent. We are able to establish maximal regularity in all the above
spaces: Lebesgue-Bochner, Holder and Besov spaces. In the case of Holder
spaces, which was considered by Da Prato-Lunardi [11], we obtain a com-
plete and very simple characterization of maximal regularity only in terms

ik
1+ a(ik)

the Laplace transform of a(-). The conditions that we impose on the kernel

of boundedness of {by(by — A) ™' }rez where by, = and a(A) denotes
a(-) are satisfied by a large class of functions. For example, the Analytic
Representation Theorem ([2, Theorem 2.6.1 |) gives a characterization of a
subclass of functions which fit into our framework. Moreover, the important
example a(t) = be™® with ¢ > 0 and b € R is shown to satisfy our assump-
tions. For this and more examples, see the monograph [16] by J. Priiss,
especially Chapter 11, section 9 and Chapter III, section 13.

We remark that in the case where a = 0, which corresponds to problem
(1.3), we recover the results of [3, Theorem 2.3], [5, Theorem 4.1] and in
particular [4, Theorem 4.2].

Compared with the papers [11] and [12], our assumptions are weaker. We
do not make any parabolicity assumption on the operator A, not even that
A generates a semigroup.

In the theory of Volterra integral equations in Banach spaces, the notion
of k-regular kernels plays a fundamental role (see e.g. Priiss [16, Theorem

3.1, p.73] and [16, Definition 3.3, p.69]). In our analysis, we introduce a
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discrete version of this concept (see Definition 3) and use it to obtain a
characterization of multipliers in terms of boundedness of the resolvent.
The present paper is organized as follows: In section 2, we consider well-
posedness of (1.1) in the Lebesgue Bochner spaces L) _(R; X ). Here the main
result involves UM D-spaces and R-boundedness. The third section is de-
voted to maximal regularity in C*(0, 2m; X) and By, (0, 27; X ). In each case,

the appropriate notion of strong solution is defined.

2. MAXIMAL REGULARITY ON LP(0,27; X): R-BOUNDEDNESS.

For a function f € L*(0, 2m; X), we denote by f(k), k € Z the k-th Fourier
coefficient of f:

- 1

2T
F) = 5 [ ettt

where ey, (t) = e*',t € R. Givena € L} (R;) and u : [0,27] — X (extended

by periodicity to R) we obtain, under appropriate assumptions on a(t), that

for F(t) = [*_ a(t — s)u(s)ds,

a
o]

A~

(2.1) (k) = a(ik)a(k), k € Z

where a(\) = [;° e *a(t)dt denotes the Laplace transform of f. We shall
return to this point later.

Let X,Y be Banach spaces. We denote by £(X,Y) the set of all bounded
linear operators from X to Y. When X =Y, we write simply £(X). For a
linear operator A on X, we denote its resolvent set by p(A).

We begin with some preliminaries about operator-valued Fourier multi-

pliers.
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Definition 2.1. For 1 < p < oo, we say that a sequence {My}rez C
L(X,Y) is an LP-multiplier, if for each f € LP(0,2m; X) there exists u €

LP(0,2m;Y) such that
a(k) = My f(k) for all k € Z.

It follows from the uniqueness theorem of Fourier series that u is uniquely
determined by f.

For j € N, denote by r; the j-th Rademacher function on [0, 1], i.e. 7;(t) =
sgn(sin(2/7t)). For z € X we denote by 7; ® x the vector valued function

t—rj(t)z.

Definition 2.2. A family T C L(X,Y) is called R-bounded if there exists
cq > 0 such that
n n
(2.2) I er ® Tjxjl|pao,1,x) < | er ® x| La(0,1:%)
j=1 j=1
for oll Th,....T,, € T,21,...;0, € X and n € N, where 1 < q < o00. We

denote by R,(T) the smallest constant c, such that (2.2) holds.

The concept of R-boundedness was introduced by Bourgain [6]. It plays
a fundamental role in recent work by Clément-de Pagter-Sukochev-Witvliet
[10], Weis [18, 19], Clément- Priiss [9] and Arendt-Bu [3]. It is clear from
the definition that any R-bounded family is bounded. The converse of this
assertion holds only in spaces which are isomorphic to Hilbert spaces. For

more details, we refer to Arendt-Bu [3, 4].

Remark 2.3.
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a) Let S, T C £L(X) be R-bounded sets, then S- T :={S-T:5€8S,T ¢

T} is R- bounded and

Ry(S - T) < Ry(S) - B,(T).

b) Also, each subset M C L(X) of the form M = {A\ : A € Q} is R-
bounded whenever Q C C is bounded (I denotes the identity operator on
X). This follows from Kahane’s inequality (see [3, Lemma 1.7]). We shall
use this remark frequently.

The following theorem, due to Arendt-Bu [3, Theorem 1.3], is the dis-
crete analogue of the operator-valued version of Mikhlin’s theorem. It is
concerned with UM D spaces. FExamples of UM D spaces include Hilbert
spaces, LP(Q, p), 1 <p < oo, LP(Q, u; X), 1 <p < oo when X isa UMD
space and the Schatten-von Neumann classes Cp(H), 1 < p < oo of oper-
ators on a Hilbert space. Every UM D space is superreflexive. The spaces
LY, p), L8, w) (if infinite dimensional) and C%([0, 27]; X) are not re-
flexive and therefore not UM D. More information on UM D spaces can be

found in Amann [1], Bourgain [6], De Pagter-Witvliet [13] and Priiss [16].

Theorem 2.4. (Operator-valued Marcinkiewicz multiplier theorem)
Let X, Y be UM D-spaces and My, € L(X,Y)(k € Z). If the sets { My }kez
and {k(Myy+1 — M) }kez are R-bounded, then {My}rez is an LP-multiplier

forl <p< 0.

Remark 2.5.
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If X =Y is a UMD space and My, = mgl with m; € C, then the

condition

Sl}ip |my| + Slép |k(mp41 —my)| < 0o

implies that the set {Mj}rez is an LP-multiplier. (see [3] or [1, Theorem
4.4.3)).
The following concept of k-regularity (k = 1,2) is the discrete analog for

the notion of k-regularity introduced by Priiss [16, Chapter I, Section 3.2].

Definition 2.6. A sequence {aj}rez C C\{0} is called

(ap41 — ak)

k
a) 1-regular if the sequence { Yrez is bounded.

k:Q(akH —2ay + ag—1)

b) 2-regular if it is 1-reqular and the sequence {
ay,

trez

1s bounded.

Ezxample 2.7.

b

It is not difficult to see that the sequence a, = 7ore: Where b € R and

¢ > 0, is 2-regular.

Proposition 2.8. Let A be a closed linear operator defined on the Banach
space X. Let {ay}rez € C\{0} be a I-reqular sequence such that {i}kez C
p(A). Then the following assertions are equivalent

(i) {(I — arA) 1 }rez is an LP-multiplier, 1 < p < oo.

(ii) {(I — axA) 1} rez is R-bounded.

Proof. By [3, Proposition 1.11 ] it follows that (i) implies (ii). Conversely,

define My, = (I —apA)~!. By Theorem 2.4 is sufficient to prove that the set
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{k(Myy1 — My) }kez C L(X) is R-bounded. In fact,

k(Mg — My) = K[(I —ap1A) = (I — ap )]
= k(I — a1 A) I — apA) — (I — ap AT — apA) !
= k(I — ap1A) Hagsr — ap] AT — apA) 7!

= k(ak+1 — ak)(I — akHA)_lalk[(I — akA)_l — I]

k(agy1 — ak)(

I—ap )7 (I —apA) =1
ax

hence the result follows from Remark 2.3.
O
Let a € L}, (R;) and suppose that a(ik) exists for all k € Z. We assume
that A — a(\) admits an extension to a sector containing the imaginary
axis, and still denote this extension by a. For example we may assume that
a is of subexponential growth and 1-regular (in the sense on [16]). For the
properties of Laplace transforms of such functions we refer to Priiss [16,
Chapter 2, Lemma 8.1]. Another class of interest is the one characterized
in [2, Theorem 2.6.1], but our results apply to a more general class as
Example 2.16 (1) below shows. Other interesting conditions are considered

in Da Prato-Lunardi [12, Section 5]. We adopt throughout the following

notations:

(2.3) c, = a(ik);

(2.4) b, = Lok for all k € Z\{0}; by=0
' kT T 1+ a(k) R

and R(\, A) = (A — A)~! whenever \ € p(4).
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As announced in the introduction, we shall frequently identify the spaces
of (vector or operator-valued) functions defined on [0, 27] to their periodic
extensions to R. Thus, in this section, we consider the space L) (R; X) (de-
noted also LP(0,2m; X),1 < p < o) of all 2r-periodic Bochner measurable

X-valued functions f such that the restriction of f to [0, 27] is p-integrable.

The following hypothesis will be fundamental for our purposes.

(H1) {ck}rez » {k(ckr1—ck)brer and { }rez are bounded sequences.

cp +1

Note that (H1) implies that {by} is 1-regular. This follows from the
identity

(bps1—bp) 1
by, I+ cpq

k [(L+ cr) = ker1 — cx)]-
Lemma 2.9. Let X be a UMD space. Under assumption (H1), the se-

quences { (1+ck)1 trez , {(1—;:’“)1}%2\{0} and {(ﬁ)—r}kez are LP-multipliers.

Proof. We have

1 _ 1 ) —k (Ck — Ck;Jrl)
I+cprr 1+ (14 cpy1)(1 + cx)

and

ik(akH — ak) = kil[k(ckﬂ — Ck) — (1 + Ck)}

Hence the result follows from Remark 2.5.
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In what follows, we denote by Hper the space of all u € LP(0,2m; X) for

B 1k
1+ a(ik)

ke Z.If a =0 we denote H;é’; = H,?é’fa. (cf. [3, Section 2] ).

which there exists v € LP(0,2m; X) such that o(k) u(k) for all

Remark 2.10.

Under assumption (H1) we have, by Lemma 2.9, that 1+ ¢ and ﬁ are

LP - multipliers and hence H;é%'i = Hpl.

Definition 2.11. A function uw € Hpl is called a strong LP- solution of

(1.1) if u(t) € D(A) and equation (1.1) holds for almost all t € [0, 27].

ik
1+4cg?

The following is the main result of this section. Recall that b, =

where ¢ = a(ik).

Theorem 2.12. Let X be a UMD space and A : D(A) C X — X be a
closed linear operator. Assume that the sequence {cy}rez satisfies (H1).
Then the following assertions are equivalent for 1 < p < 0o :

(i) For every f € LY (R; X) there exists a unique strong LP- solution of
(1.1).

(i1) {bx}rez C p(A) and {by(bp.I — A)~Y}rez is an LP-multiplier.

(i4i) {by ez C p(A) and {by(bp — A)~ ez is R-bounded.

Proof. (i) = (i7). Follows the same lines as the proof of [3, Theorem
2.3] . The key point is to take advantage of the equation (2.1) and Lemma
2.9. Let k € Zand y € X. Define f = e;®y. There exists u € Hp such that
u'(t) = Au(t)—i—ffoo a(t—s)Au(s)ds+ f(t). Taking Fourier transforms on both

~

sides we obtain that 4(k) € D(A) and ika(k) = Au(k)+a(ik)Aa(k)+ f(k) =
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Au(k)+a(ik)a(k)+y. Thus, (ikI—(14a(ik))A) is surjective. Let = € D(A).

” '
If (ikI—(14+a(ik))A)xz = 0, that is Az = %x = bx then u(t) = ez
defines a periodic solution of u/(t) = ) + f a(t — s)Au(s)ds = 0. In
fact,

t . t .
Au(t) +/ a(t — s)Au(s)ds = e Az +/ a(t — s)e™* Azds

—00 —00

= eiktAac—k/ a(s)e™® %) Azds
0

o0
= e’ktAac—i—e’kt/ a(s)e *dsAx
0

= * Az 4 eMa(ik) Ax
= *(1 4 a(ik)) Az

= ikette =/ (t).

Hence u = 0 by the assumption of uniqueness and thus x = 0. Since A is
closed, we conclude that {bx}rez C p(A).

Next we show that {(I — axA) '}rez is an LP- multiplier. Let f €
LP(0,2m; X). By hypothesis, there exists a unique u € HpZ such that
u'(t) = ) + f a(t — s)Au(s)ds + f(t). Taking Fourier transforms,

we deduce that 4(k) € D(A) and (ikI — (1 + a(ik))A)u(k) = f(k) or

ikag(+- -1 — A)u(k) = f(k) for all k € Z. Hence,
(2.5) iki(k) = (I — arA) " f(k) for all k € Z.

Note that by definition of Hpl' there exists v € LP(0,2m; X) such that
(1 + a(ik))o(ik) = ika(k) = (I — apA)~* f(k) for all k € Z. Hence, to finish

the proof it is sufficient to prove that the set {1 + a(ik)}rez = {1 + ¢k }rez
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satisfies Mikhlin’s conditions (cf. Remark 2.5 ), but this is contained in

Lemma 2.9.

(1i) = (). Let f € LP(0,2m; X). By Lemma 2.9, the sequence {Hle I}

is an LP- multiplier. Hence, there exists g € LP(0, 27; X') such that

(2.6) g9(k) =

By uniqueness of Fourier coefficients, we obtain f(t) = g(t) + ffoo a(t —
s)g(s)ds.

Since g € LP(0,2m; X) we use the hypothesis, to get a function v €
LP(0,27; X) such that 9(k) = (I — arpA)"1g(k) = by, (bpd — A)~'g(k). Hence
axi(K) = (beT — A) (k).

Because the sequence {ay!}rez is an LP-multiplier by Lemma 2.9, we

conclude that there exists u € LP(0,2m; X) such that
(2.7) a(k) = axd(k) = (T — A)"'g (k).

In particular, u € Hp2.
Now, for all x € D(A), the identity (bl — A) "t Az = by (bp] — A) "1z — 2
shows that (by/—A)~!isan £(X; D(A))- multiplier. Hence u € LP(0, 27; D(A)).

Finally, we have byi(k) — Aa(k) = by(bpl — A)~Lg(k) — A(bpl — A)~"Lg(k) =

g(k) or rratya(k) — Aa(k) = (k). Hence

iku(k) = (1 + a(ik))Aa(k) + (1 + a(ik))g(k) = Au(k) + a(ik)Au(k) + f(k).

It follows from the uniqueness theorem of Fourier coefficients that (1.1) holds
for almost all ¢ € [0, 27]. Since by Lemma 2.9, the sequence {(1+cx)I} is an

LP-multiplier, there exists w € LP(0,27; X) such that w(k) = (1+cx)0(k) =
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ikau(k). Hence by [3, Lemma 2.1], it follows that «(0) = u(27). We have
proved that u is a strong LP- solution of (1.1). It remains to show uniqueness.
Let u € Hpl’ N LP(0,27; D(A)) be such that

t

u'(t) — Au(t) — / a(t — s)Au(s)ds =0,

then a(k) € D(A) and (ikI — (1 + a(ik))A)a(k) = 0. Since 75 € p(A)
this implies that (k) = 0 for all k¥ € Z and thus u = 0.
(79) < (i17) . Follows from Proposition 2.8 and the observation that {by}

is 1-regular if and only if {ay} is 1-regular. In fact, we can write

kM - fk(a’”l — ) Ok
by, ag Ak+1

and note that ]k:(a’zl—:l —1)| < M for some M > 0, implies GZ—:l — 1 and

brp1—br) | -
a‘}:ﬁ — 1. Hence {k%} is bounded.

Corollary 2.13. Let H be a Hilbert space and A : D(A) C H — H be
a closed linear operator. If the sequence {c}rey satisfies (H1) then, for
1 < p < oo, the following assertions are equivalent:

(i) For every f € Lbe,(R; H) there exists a unique strong LP - solution of
(1.1).

(ii) {bx }rez C p(A) and supy, ||bp(be — A)7L|] < oo.

Proof. This follows from Theorem 2.12, Proposition 2.8 and the fact that
in the context of Hilbert spaces, R-boundedness and boundedness are iden-

tical concepts. This in turn follows from Plancherel’s theorem and the fact
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that the Rademacher system {r;(¢)} is an orthonormal family in L*(0,1;C)

(see Clément-de Pagter-Sukochev-Witvliet [10]).

The solution u(-) given by Theorem 2.12 actually satisfies the following

maximal regularity property. We will adopt the notation:
(2.8) axAu = / a(- — s)Au(s)ds.

Corollary 2.14. In the context of Theorem 2.12, if condition (ii) is valid we
have: v, Au,a%Au € LP(0,2m; X). Moreover there exists a constant C' > 0

independent of f € LP(0,2m; X) such that
(2.9) [/l Lr(0,275) + AUl Lo (0,27,x) + |la% Aul| Lo (0,27, x) < CllflLr(0,27;)

Proof. The first statement follows from the proof of Theorem 2.12. We
verify this for Au: From (2.7) we have (k) = (b,I — A)~1§(k) hence

Ad(k) = (bl — A) " g(k) — g(k).

Since g € LP(0,2m; X) and (I —axA)~! = bg(bpl — A)~1 is an LP-multiplier,
the claim follows. On the other hand, ffoo a(t—s)Au(s)ds = u'(t) — Au(t) —
f(t), which implies [~ __a(- — s)Au(s)ds € LP(0,2m; X). The second state-

ment is a consequence of the Closed Graph Theorem.

Remark 2.15.

Fejer’s Theorem (see [3, Proposition 1.1] or [2, Theorem 4.2.19]) can be

used to construct the solution u(-) given by Theorem 2.12. More precisely,
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we have:

1 n m

with convergence in LP(0, 27; X).
Ezxample 2.16.

(1) Suppose T' > 0 is given and a(t) = x[o,7)(t) where x| 7] denotes the
characteristic function of [0,7]. Then (1.1) takes the particularly simple
form:

T
u'(t) = Au(t) +/0 Au(t — s)ds + f(t), 0 <t < 2m.

In this case, a(\) = 1_€;AT, A # 0. We set a(0) = T. Therefore ¢, =

a(ik) = % = 2e7#T/2gin 5L for k € Z\{0}. Multiplier conditions
on (1+cx), (Fh&) are readily verified. As for dj = ﬁ, we have dj, =
ik
Hkl——ikT which is bounded. Finally
ik —e

ik(e‘iT — 1)6_ikT +i(1 — e—“fT)
(1 +i(k+1) — e kDT (1 4 jk — e~ ikT)
,L'efikT(_l _ ]{7 + eiT) +Z
(14 i(k + 1) — e iB+FDT) (1 + ik — e—kT)’

di41 — dg

so that k(dgy1 — di) is bounded. Therefore, (H1) is satisfied.

(2) Let a(t) = be™, (¢ > 0). We will make the further assumption that

b+ c # 0. Here we have a(\) = 12,

pun k € Z.

ReX > ¢, hence ¢ = ﬁ,

Clearly {cr} is bounded and {kcy} is bounded as well. It remains to

examine the multiplier conditions on ﬁ But 1+ ¢, = I’J;Cr%]jk implies
dy, == ﬁ =1- m which is bounded. The boundedness of k(dy+1 —dg)

is easily verified, thus (H1) is also satisfied in this case. This example was
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considered by Da Prato and Lunardi [11] and is very important in the theory
of linear Volterra equations which treat practical applications. For this and

more examples, see J. Priiss [16, Chapter I, section 5, p.131].

3. MAXIMAL REGULARITY ON HOLDER AND BESOV SPACES:

M-BOUNDEDNESS

In the paper [5], Arendt and Bu showed that the analogue of Marcinkiewicz’s
operator-valued Fourier multiplier theorem on L? holds for the Besov space
B, (T; X) if and only if 1 < p < co and X is an UMD - space. Here, T
denotes the one dimensional torus R/Z which we often identify with [0, 27].
Introducing stronger conditions these authors obtained a periodic (operator-
valued) Fourier multiplier theorem which is valid without restrictions on the
indices or the space. In this section, we use the results of [5] to character-
ize maximal regularity of equation (1.1). We briefly recall the definition
of periodic Besov spaces in the vector valued case introduced in [5]. For
the scalar case, see Triebel [17, Chapter 9]. An approach to periodic Besov
spaces based on semigroup theory and abstract interpolation is presented in
[7, Chapter 4].

Let S be the Schwartz space on R and let S8’ be the space of all tempered
distributions on R. Let ®(R) be the set of all systems ¢ = {¢;};>0 C S

satisfying

supp(¢o) C [~2,2]

supp(¢;) C [-2/T1, 207U 2/ 27t > 1
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> i) =1, teR

320

and for a € NU {0}, there exists C, > 0 such that

(3.1) sup 299\ (2)]| < Ca.
7>0,z€R

Let 1 <p,q <o00,s € Rand ¢ = (¢;);>0 € P(R). The X - valued periodic
Besov spaces are defined by
By = {f € DT X) : [ fll gy = (32990 Y ex 65 () f(R) 197 < o0},
7>0 kez
The space By is independent of ¢ € ®(R) and the norms || - || pyg are
equivalent. We will simply denote || - HB;:? by |[ - [|Bg, for some ¢ € (R).

See [5, section 1] for more details.

Definition 3.1. Let X and Y Banach spaces and let { My }rez C L(X,Y).
We will say that {My}rez is an By ,-multiplier, if for each f € B, ,(T; X)

there exists u € B, ,(T;Y) such that

a(k) = My f(k) for all k € Z.

The following condition on sequences { My }rez C L£(X,Y') was introduced
in [4] to study Fourier multipliers for Holder continuous functions. It is also
used in the study of multipliers of Besov spaces of which the spaces C*(T; X)

of X —valued Holder continuous functions are a special instance.

Definition 3.2. We say that a sequence { My} ez C L(X,Y) is M - bounded

if

(3.2) sup |[Mp|| < oo, sup |[k(Mg+1 — My)|| < oo,
kEZ kEeZ



18 VALENTIN KEYANTUO AND CARLOS LIZAMA

(3.3) sup ||k (M1 — 2My + Mj,y)|| < o0,
S

The following general multiplier theorem is due to Arendt-Bu [5, Theorem

3.5).

Theorem 3.3. Let X and Y Banach spaces and let {My}rez C L(X,Y)
be a M- bounded sequence. Then for 1 < p,q < oco,s € R, {My}rez is a

B, ,-multiplier.

We are now in a position to prove the following proposition which is the

analogue of Proposition 2.8.

Proposition 3.4. Let A be a closed linear operator defined on the Banach
space X. Let {bp}rez € C\{0} be a 2-regular sequence such that {by =
aik}kgz C p(A). Let My = (I — a,A)~t. Then the following assertions are
equivalent

(i) {(I — axA) }rez is a By -multiplier, 1 <p < oo, s € R,

(ii) {(I — arA) " }rez is bounded.

Proof. (i) = (i7). It follows from the Closed Graph Theorem that there

exists C' > 0 such that for f € By (T; X), we have

1) er® My f(k)l|s;, < ClIfll5;,-
keZ

Let x € X and define f(t) = e, ® x for n € Z fixed. Then the above
inequality implies |len|[ss |[Mnz|| = [lenMpz|| < Cllen||Bs,[|2]|. Hence
1My < C.

(74) = (7). From the proof of Proposition 2.8 we have the identity

k(agy1 — ak)<

k(M1 — My) = a

I —ap 1 A7 —apA)~t = 1.
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Observe that {ay} is 1-regular if and only if {é} is 1-regular. Hence, bound-

edness of { M} together with 1-regularity of {bs} , imply that
Sup ||k(Mp+1 — Mg)|| < oo.

In order to verify the second condition, we observe that for A, u,v € p(A)

we have the identity

AR(MN,A) — 2uR(pu, A) +vR(v, A)

= b A O R0 ARG 4) -1

- uR(u,mWhR(% A)-1)

where R(\, A) = (A — A)~! denotes the resolvent operator. Note that M} =

bi R(by, A). Substituting A = bg_1, = bg,y = bxy1, we obtain

K (Mg—1 — 2My+ Myy1)
_ Mk[k(bkb— bk-1) k(bk“b_ bkil)]Mk—l[Mkz-‘rl -1
k—1 k
2
_1—2
~ ok (b1 b:’f + k) (M1 — 1.

Since {by} is 1-regular, we get that ay := kbr=be1) g By = Flbregr —b—1)

bk—l bk
are bounded. In fact, let my, := k(b’“zi;_bk), then we have
b, — bp—
ak:mkfl‘i‘i(k k1)
br—1
and
by.—
ﬁk =my + mk_lilz ! .
k
It follows from \k(b’z}—“ —1)| < C for some C > 0 that ]b’l“)—“ -1 < % and
k k |

thus b’;—:l — 1, proving the claim.
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2 _
On the other hand, by 2-regularity, (i1 bibﬁb’““) is bounded. Hence
Slklsp k2 (My—1 — 2M}, + My11)|| < oo,

and the result follows from Theorem 3.3.

O

Definition 3.5. Let 1 < p,q < oo and s > 0. A function u € B5H!(T; X)
is called a strong By, , - solution of (1.1) if u(t) € D(A) and (1.1) holds for

a.e. t €[0,2m]
Remark 3.6.

By [5, Theorem 1.3] if u is a strong B, , - solution of (1.1), then u is

differentiable a.e. and v’ € B (T; X).

We recall from Section 2 the notation

Cr, = &(ik);

ik

= T T aGh

for all k € Z\{0}; by = 0.

t
We recall also that (aku)(t) = / a(t — s)u(s)ds.
—00
We introduce the following condition

(H2) {kecr} and {k*(ck+1 — 2ck + ck41)} are bounded sequences.
Remark 3.7.

(1) The case a(t) = Xxjo,r)(t) already considered above (Example 2.16)

1—e M

in which a(\) = S a(0) = T, does not in general satisfy condition
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(H2). However, if T' = 2w, we have a(ik) = 0, k € Z\{0} so that (H2) is
trivially satisfied. Note that in this case, a(\) does not satisfy the conditions
of the Analytic Representation Theorem ([2, Theorem 2.6.1]). It does not
satisfy the condition imposed by Da Prato-Lunardi ([12, Condition(5.2),
p.104]) either.

(2) Onme verifies that for a(t) = be™,(c > 0), (H2) is satisfied. More

tn
generally, if n € N and a(t) = ( 1)|e_0t ( where ¢ > 0 ) then a(\) =
n—1)!
1 ]{72
m and for n > 2, (H2) is trivially satisfied since ke, = m is
bounded.

In the following lemma we show, in particular, that condition (H2) implies

condition (H1).

Lemma 3.8. Let X be a Banach space. We have

(i) If {kck} is bounded, then condition (H1) holds. Moreover,

(i1) under condition (H2), the sequences {(1+cg)I}rey , {(ljlfk)f}keZ\{o}

and {(ﬁ)f}kez are By ,(0,2m; X)-multipliers.

Proof. (i) Clearly, condition (H2) implies that {c;} is bounded. Hence
k(ck+1 —ck) = (k+1)cg1 — 1 — keg is bounded and limg_,o, ¢ = 0. This
proves that ﬁ is also bounded and (H1) is satisfied.

(ii) By (i), and hence (H1), the sequence {my, := (1+cx)! }rez is bounded

and satisfies

(ck — Cht1)

(3.4) Ry —mg) = k(l + ck+1) (1 + ck)

By (H2), we obtain directly that {k?(mg 1 —2my +mg_1)} is also bounded

and hence {my} is a B, -multiplier.
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* we obtain the identity

For a, = —
/)
k‘2

ilk+ 1)k(k—1) [k2(ck+1 — 2¢k + ck—1)

K (aps1 — 2ay, + ag—1)

— k(g1 —cr—1) +2(1 4 c)],

and therefore k?(apy1 — 2ay + ag_1) is bounded, which proves that {az} is

a By ,-multiplier. Finally, if ny := ﬁ then

—k:2(ck_1 — QCk + Ck+1)
(T+er)(1+ cpg1)(1 + 1)
kep_1k(cri1 — cr)

(14 cp)(1+ cpr1)(1 +cp-1)
kcgy1k(cr — cr—1)

T+ e+ err) L+ 1)

k2(nk+1 —2ng + nkfl) =

_l’_

and hence k?(njpy1 — 2ng + ng_1) is bounded, showing that {n;} is also a

B, ,multiplier.

Theorem 3.9. Let 1 < p,qg < 0o and s > 0. Let A be a closed linear
operator defined on a Banach space X and assume that condition (H2) is
satisfied and {by} is 2-regular. The following assertions are equivalent:

(i) {bk}rez C p(A) and supy, ||by(bxI — A) 7| < oc.

(ii) For every f € B]“j’q(T;X) there exists a unique strong By , - solution

of (1.1) such that u', Au and a*xAu € B; (T; X).

Proof. (ii) = (i). Let x € X be fixed. Let k € Z and let f(t) = e, @ z.
Note that f € Bj (T;X). Hence there exists u € BsH!(T; X) such that
u(t) € D(A) and (1.1)holds for a.e. t € [0, 27]. Following the same reasoning

as in the proof of Theorem 2.12 we obtain that {b;}rez C p(A).
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By hypothesis, and using the Closed Graph Theorem, we obtain that

there exists C' > 0 independent of f and u such that

lull g1 + [ Aul|Bs , + llakAul[ps , < Cl[f]lB;,-

p,q —

We consider f(t) = e ®x for some k € Z and x € X. The solution u satisfies
u'(t) = by, (bp] — A)~ter ® x (see equation (2.5)).The above estimate implies
that

||bg (b — A)"'z|| < C||z|| for all k € Z.

This proves the implication.
(7) = (4i). Because of Lemma 3.8, the proof follows the same lines as the

proof of Theorem 2.12 in section 2. We omit the details.

In case p = ¢ = oo and 0 < s < 1 we have B3, (T; X) corresponds to
the space C*(T; X) of Holder continuous functions (see e.g. [4]). We state

the corresponding result separately:

Theorem 3.10. Let A be a closed linear operator defined on a Banach space
X and let 0 < a < 1. Assume that condition (H2) is satisfied and {by} is
2-regular. The following assertions are equivalent:

(1) {br}rez C p(A) and supy, |[b(bp] — A)~H|| < oo.

(ii) For every f € C*(0,2m; X) there exists a unique strong C% - solution

of (1.1) such that v', Au and axAu € C*(0,2m; X).

We remark that if X is UMD space then condition (H1) is enough for

the validity of Theorem 3.9 and Theorem 3.10. Moreover we do not need to
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assume that the sequence (by) is 2-regular. This follows from [5, Theorem

3.2].

Theorem 3.9 and Theorem 3.10 apply in particular when A generates a

bounded holomorphic semigroup on X. This case is studied in Da Prato-

Lunardi [11, 12] where the semigroup is used for a direct construction of the

solution of the equation.
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