MAXIMAL REGULARITY FOR A CLASS OF
INTEGRO-DIFFERENTIAL EQUATIONS WITH INFINITE
DELAY IN BANACH SPACES

VALENTIN KEYANTUO AND CARLOS LIZAMA

ABSTRACT. We use Fourier multiplier theorems to establish maximal
regularity results for a class of integro-differential equations with infi-
nite delay in Banach spaces. Concrete equations of this type arise in
viscoelasticity theory. Results are obtained for periodic solutions in the
vector valued Lebesgue and Besov spaces. An application to semilinear
equations is considered.

1. INTRODUCTION

Initiated by L. Weis in [34] (see also [33]), the use of operator-valued
Fourier multipliers in the investigation of maximal regularity for abstract
differential equations has been very successful of late. For some recent pa-
pers on the subject, we refer to [3], [5], [2] and the references cited there.
Maximal regularity has proven very useful in handling some concrete non-
linear evolution equations as evidenced by the papers [2] and [26] which deal
with the Navier-Stokes equations of fluid dynamics. For the use of maximal
regularity in integro-differential equations, we mention among others the
works of Da Prato and Clément [11], Sforza [30] and the monograph [28].
In the present article, we consider the following integro-differential equation
with infinite delay:

(1.1)
(0 + (U= S)us)ds) +rma(t)

—0o0
¢
:mAMO—/‘a@—QAM@@+f@,O<teR
—0o0
Here, 70, Yoo, Co are constants and a(-), b(-) € L'(R;). Equations of the
form (1.1) appear in a variety of applied problems. They typically arise in
mathematical physics by some constitutive laws pertaining to materials with
memory when combined with the usual conservation laws such as balance
of energy or balance of momentum. For details concerning the underlying
physical principles, we refer to Coleman-Gurtin [13], Lunardi [25], Nunziato
[27], and Priiss [28] (particularly Chapter II, Section 9).
We study equation (1.1) in various spaces of 2w —periodic vector-valued
functions: LP(0,27; X), C%(0,2m; X) (Holder spaces), B, (0,27; X) (Besov
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spaces) where the parameters satisfy 1 < p,q < o0, s € R, 0 < o < 1. Here
X is a Banach space, A : D(A) C X — X is a (not necessarily densely
defined) closed linear operator and f is an X —valued function defined on
[0, 27].

Holder-continuous solutions for the full equation (1.1) have been studied
on the real line by Lunardi [25] in the case where A is e.g., the Laplace
operator in a bounded domain @ C RY and the Banach space is X =
C(€2). Da Prato and Lunardi [14] investigated periodic solutions of equation
(1.1) in the case b(-) = 0 (see also Da Prato-Lunardi [15]). Clément and
Da Prato [11] studied equation (1.1) on the real line in the case where
a(-) = 0 and obtained maximal regularity results in Sobolev and Holder
spaces as well as the space of bounded uniformly continuous functions. The
results of [11] were then used by Sforza [30] to derive global existence and
uniqueness results for the associated semilinear problem. We note that their
results do not include the Lebesgue scale LP (except when p = 2, in which
case Plancherel’s theorem is available). A key assumption in all the above
mentioned works is that A generates an analytic semigroup (not necessarily
strongly continuous). However, they also treat more general operator valued
kernels.

Our results use on the one hand, recent papers by Arendt-Bu [3], [4],
Arendt-Batty-Bu [5] where the above problem is studied with a(-) = 0, b(-) =
0 and, on the other hand, Keyantuo-Lizama [22] where the problem (1.1) is
studied in case b(-) = 0 and 75 = 0. One remarkable fact is that in the con-
text of resolvents of closed linear operators in Banach spaces, LP-multipliers
can be completely characterized. See for example [3, Theorem 2.3] and [4,
Theorem 4.1] for a precise formulation of this results. The fact that one ob-
tains a complete characterization of well-posedness contrasts with the earlier
approaches mentioned above.

We obtain maximal regularity in all the above spaces: Lebesgue-Bochner,
Hoélder and Besov spaces. In the case of Holder spaces, which was considered
by Da Prato-Lunardi [14, Theorem 2.3|, [15, Theorem 4.3]; the result ob-
tained is a complete and very simple characterization of maximal regularity.
The conditions that we impose on the kernel a(-) are satisfied by a large class
of functions, including the cases a(t) = Y7_; ¢je™", b(t) = YT, dje P
where «;, 3;, ¢j, d; are positive real numbers and n, m € N. These corre-
spond to the most common kernels encountered in the applications.

In contrast with the above papers on the subject our assumptions are
weaker. We do not make any parabolicity assumption on the operator A,
not even that A generates a semigroup. Moreover, we obtain the results in
all the spaces indicated in the first paragraph above.

The paper is organized as follows: in Section 2, we prove a general maxi-
mal regularity result for (1.1) in the Lebesgue Bochner spaces LP(0, 27; X)
and the Besov spaces B,,(0,27; X) (in particular the space of Holder con-
tinuous functions: C*(0,27; X)) in terms of operator-valued Fourier multi-
pliers. In Section 3, we give conditions on the data ensuring applicability of
the result established in Section 2. In the case of LP(0,2m; X), 1 < p < oo
the result involves U M D-spaces and R-boundedness as well as a condition
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on the resolvent of A. In the other cases, the theorems involve only bound-
edness of the resolvent and are therefore suitable for the applications. In
the last section, we apply the results to a semilinear problem.

2. A GENERAL MAXIMAL REGULARITY RESULT.

In this section, we establish a general maximal regularity result periodic
solutions of equation (1.1) in the vector-valued Lebesgue and Besov spaces.
The result is in terms of operator valued Fourier multipliers. Thus, we
consider the problem
(2.1)

i (0 + (o= Sus)ds) +rma(t)

= coAu(t) — /_t a(t — s)Au(s)ds + f(t), 0<t <2,

u(0) = u(2m).

For a function f € L(0,2m; X), we denote by f(k), k € Z the k-th Fourier
coefficient of f:

fi) = 5

where e, (t) = e*,t € R.
Let u € L'((0,27); X). We denote again by u the periodic extension to
R. Let a € L'(Ry). We first observe from

(2.2) F(t) := / a(t — s)u(s)ds = /000 a(s)u(t — s)ds,

— 00

27
/0 e_w(t)f(t)dt,

that F' is bounded and periodic of period T' = 27 as u. Now using Fubini’s
theorem and (2.2) we obtain, for k € Z,

. 1 [
F(ik) = — R (t
(ik) o e (t)dt
27r
= — _Zkt/ u(t — s)dsdt
= L[ ey / e Hsa(syu(t — s)dsdt
27'(' 0 0
1 o —ik(t—s) > —iks
= — e u(t — s)dt e "a(s)ds
21 0 0
and hence
(2.3) F(k) = a(ik)u(k), keZ

where a(\) = [;° e *a(t)dt denotes the Laplace transform of a. This is a
key identity in our 1nvest1gat10ns.

Let X,Y be Banach spaces. We denote by L(X,Y") the set of all bounded
linear operators from X to Y. When X =Y, we write simply £(X). The
identity operator on X will be denoted by I. For a linear operator A on X
with domain D(A), we denote its resolvent set by p(A).
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For results about operator-valued Fourier multipliers and R—boundedness
(which we use in the next section), we refer to Amann [1], Bourgain [7],
Clément-de Pagter-Sukochev-Witvliet [12], Weis [33, 34], Girardi-Weis [20],
[21], Clément- Priiss [11] and Arendt-Bu [3]. Here, we will merely recall the
appropriate definitions.

We shall frequently identify the spaces of (vector or operator-valued) func-
tions defined on [0, 27] to their periodic extensions to R. Thus, in this sec-
tion, we consider the space L5 _(R; X) (denoted also LP(0,2m; X),1 < p <
o0) of all 2m-periodic Bochner measurable X-valued functions f such that
the restriction of f to [0, 27] is p-integrable.

Definition 2.1. For 1 < p < oo, we say that a sequence {My}rez C
L(X,Y) is an LP-multiplier, if for each f € LP(0,2m; X) there exists u €
LP(0,2m;Y) such that

a(k) = My f(k) for all k € Z.

In the case of Besov spaces (see e.g [4], [10], [32, p.195]), we have the
following.

Definition 2.2. Let X and Y Banach spaces and let {My}rez C L(X,Y).
We will say that { My} ez is an By, -multiplier, if for each f € By ,(0,2m; X)
there exists u € B, ,(0,2m;Y) such that

a(k) = My f(k) for all k € Z.

From the uniqueness theorem of Fourier series, it follows that u is uniquely
determined by f.

Remark 2.3.

It is clear from the definitions that if { My }rez C L(X,Y) and { Ny }rez C
L(Y, Z) are Fourier multipliers then { Ny My }rez C L(X, Z) is a Fourier mul-
tiplier as well.

We note that periodic vector-valued Besov spaces were only introduced
recently (see the paper [4] where Fourier multipliers in this context are stud-
ied for the first time), in contrast with periodic Hélder spaces which has been
previously used in the literature. Periodic Besov spaces in the scalar case
also known as Lipschitz spaces, are much older (see e.g. [10, Chapter 4] and
[32] and the references cited there).

We denote by Y = Y(X) any of the following spaces of X —valued func-
tions: LP(0,2m; X),1 < p < oo, B, (0,271 X), 1 < p,q < o0, s > 0. More-
over we define the space Y as:

(24) YM = {u e Y, uis almost everywhere differentiable and u' € Y}
Remark 2.4.

If u € YU, then u is bounded. In the case where Y = LP(0,27; X),1 <
p < oo, this follows from [3, Lemma 2.1] and Holder’s inequality. When
Y =B, ,0,2m;X), 1 <p,q < oo, s >0, this is a consequence of [4, Theo-
rem 1.3 ((i) and (iv))] and Holder’s inequality.
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Recall that we denote by g(A) = [, e *g(t)dt the Laplace transform of
the function g. Henceforth, for g € L'(R ), set
(2.5) gk = §(ik) k € Z.

We consider the following two hypotheses.
(HOa) g € L'(R4) and the sequence (giI)kez C £(X) is a Y—multiplier.

1
(HOb) ¢o — gx # 0 for all k € Z and the sequence ( Diez C L(X)
€0 — gk

is a Y—multiplier.

We shall write (HO) when (HOa) and (HOb) are both satisfied (or required).
We shall also frequently write (ax) when referring to (ax /) as operators on X.

Remark 2.5.

Let g € LY(R;). We denote again by g its extension by 0 on (—oo, 0].
Then the Fourier transform of g is a multiplier of LP(R), 1 < p < co. In fact,
it is well known that the multipliers of L!(R) are the Fourier transforms of
bounded measures.

Since in this case the Fourier transform of g is a continuous function, it
follows from [31, Chap. VII Theorem 3.8] (by using periodization) that at
least when X = C (or when X is a Hilbert space), the sequence (gi) is an
LP—multiplier for 1 < p < cc.

We denote by H,.(0, 27 : X) the space which consists of all u € LP(0, 2m; X )
for which there exists v € LP(0, 2m; X) such that 0(k) = ika(k) for all k € Z.

Definition 2.6. Let 1 < p < co. A function u € H;eT(O,QTF;X) is called
a strong LP- solution of (2.1) if u(t) € D(A) and equation (2.1) holds for
almost all t € [0, 27].

For Besov spaces, we adopt the following definition of solutions.

Definition 2.7. Let1 <p,q < oo and s > 0. A functionu € B;;I(O, 2m; X)
is called a strong B, ,—solution of (2.1) if u(t) € D(A) and (2.1) holds for
t € [0,2n].

Remark 2.8.

By [4, Theorem 1.3] if u is a strong B, ,—solution of (2.1), then u is differ-
entiable a.e. and v’ € Bj (0, 2m; X). This follows from u € B5t1(0, 2m; X).
Moreover, in the LP case, Y1 = H;eT(O, 2m; X) and in the B, case, s > 0,
YU = Bs+1(0,2m; X).

For k € Z and ay # ¢y we let

. k- o — ar s

ik
(2.7) My = —" (@] — A7, ke Z
Co — Qg
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In the sequel, we denote a*u the ”convolution” of a and u defined by

(2.8) (akb)(t) := /000 a(s)u(t — s)ds = / a(t — s)u(s)ds,

—00

where a € L*(R;) and u : [0,27] — X is extended by periodicity to R
keeping the same notation for the extension. The following is the main
result of this section.

Theorem 2.9. Let X be a Banach space and A : D(A) C X — X be a
closed linear operator. Assume that the function a(-) satisfies (HO) and b(-)
satisfies (HOa). Then the following assertions are equivalent for 1 < p < oo :

(i) For every f € Y there exists a unique strong Y—solution of (2.1).
(11) {dk}rez C p(A) and (My)kez is a Y-multiplier.

Moreover if (ii) is fulfilled, then the following mazimal regularity property

holds: u', Au, bxu, — (b%u), axAu € Y. Furthermore, there exists a constant
C > 0 independent of f € Y such that

. . d, .
(29)  [['lly + [|Aully + [la*Aully + |[b3ully + || = (bxu)lly < ClIfly

Proof. (i) = (ii). Let k € Z and y € X. Define f(t) = e*'y. Then
f(k) = y. By assumption, there exists v € Y such that

t

%('you(t) - biw) + yaou(t) = co Ault) — /_ aft = s)Au(s)ds + 1(0).

Taking Fourier transforms on both sides of (2.1) and using (2.3) and the
closedness of A, we obtain that @(k) € D(A) and ik(yo + b(ik))a(k) +
Yooli(k) = coAn(k) — a(ik)Aa(k) + f(k) = A(co — a(ik))a(k) +y. In view of
the notations adopted above (see (2.5), we therefore have

(2.10) (1k (70 + bk) + oo ) (k) — A(co — ag)t(k) = y.

Thus, (ik(vo+bk)I + Vool — (co — ax)A) is surjective. Next we prove that
(tk(y0 + bi)I + Yool — (co — ay)A) is one-to-one. Let x € D(A). If (ik(yo +
bi)I + Yool — (co — ag)A)x = 0, then Az = k(0 + bi) + Yoo

Co — ag
hence u(t) := e’z defines a periodic solution of % (you(t) +bku) +Yoou(t) =
coAu(t) — ffoo a(t — s)Au(s)ds. In fact, note first that (bku)(t) = bpu(t)z,

r = dix, and
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and hence

t t
coAu(t) —/ a(t — s)Au(s)ds = coe*t Ax —/ a(t — s)e's Axds

—0o0 —0o0

= coeiktA:E—/ a(s)e™™ %) Azds
0

o
= cpetft Az — M / a(s)e"*dsAx
0
coe®t Az — e™*ap Az
= *(co —ay)Ax

= (ik(y0 + br) + 0™

= 2 (ou(t) + (bhu)(e)) + 7o),
Hence u = 0 by the assumption of uniqueness and therefore x = 0. Since A
is closed, we conclude that {dy}rez C p(A).
The verification that (Mj) is a Y—multiplier is now simple. Indeed, if
f €Y, there exists u € Y solving equation (2.1). By taking Fourier series,
we obtain

(ik(v0 + br) + Yoo )U(k) — A(co — ar)u(k) = f(k).

Since we have proved that (¢k(yo + br)I + Yool — (co — ag)A) is invertible,
we may rewrite this as:
(2.11)

(k) = [ik(otbr) T+ 70T —(co—ar) A () = —

Co — ak

(del—A)" f(k), k € Z.

Since u € YU, o/ € Y and for k € Z, iku(k) = (12’)(]4:) From this and the
definitions, it follows that (Mjy)gez is a Y—multiplier.

(11) = (i). Let f € Y. By assumption, there exists v € ) such that

(2.12) o(k) = Mypf(k), k € Z.
Since M} = Coi_kak (bpI — A)~L, it follows from [3, Lemma 2.2] that if we set
Np = ——(dpI — A)~", then (Ny) is a multiplier as well. Hence there exists

co—ay

u € Y such that a(k) = Nipf(k), k € Z. Clearly, i(k) € D(A) and
(co — ap)i(k) = (d, — A7 f(k), k € Z.
Thus we obtain
ik(~o + bp)a(k) + vooti(k) = coAt(k) — apAa(k) + f(k), k € Z.
Note that iki(k) = ikNyf(k) = Myf(k) = 9(k),k € Z. It follows from

[3] or [4] that u(-) is differentiable and '(-) € Y. Now we show that u(t) €
D(A), a.e.t € [0, 27]. As already remarked, @(k) € D(A), k € Z. We have,
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for k € Z,
Aik) = Al (d~ A1 (B)

= A - A7)
Co ag

= g - A = i
Cco — ag

- - a7 - —L i,
co — Qg Co — Qg

In view of Assumption (HO) on (a;) and assumption (HOa) on (bg),
(——di(dy — A"t — ——1T) is a Y—multiplier. In fact,

co—ak Co—ag
ik b 0 _
dk(dk_A)fl _ ¢ (70"’_ k)+’y (dk—A) 1
Co — ag
ik (0 + i) 1, oo 1
= ———(dp.— A dp, — A
Co — ag (k ) +CO_ak(k )

= (70 + bx) My + Yoo Nk

Since A is closed, we conclude that u(t) € D(A), a.e.t € [0, 2x]. Clearly,
biku € Y. We also note that

iklbya(k)] = byMyf(k), k € Z.
Since (M},) is a multiplier, we invoke assumption (HOa) to conclude that

%(b*u) € Y. In order to prove that u(-) is a solution of (2.1), it remains
to show that aku, axAu € ) (we actually prove more than what is needed
to obtain that the integro-differential equation is satisfied). But this follows
from the corresponding proof for u(-) and Au(-) and the fact that (axl) is a
multiplier.

From (2.3) and the uniqueness theorem of Fourier coefficients, we conclude
that u(-) satisfies (2.1) for almost all ¢ € [0, 27].

It remains to prove uniqueness. To this end, let u be such that

t

%(mu(t) + (bku) (1)) + Yoou(t) — coAu(t) + / N a(t — s)Au(s)ds = 0.

Then, taking Fourier coefficients, we obtain for k € Z: a(k) € D(A) and
((ik(y0 + k) + Yoo )T — (co — ax) A)iu(k) = 0. Since dy, = U= ¢ 4 4)
this implies that (k) = 0 for all k¥ € Z and thus u = 0.

The last assertion of the theorem is a direct consequence of the fact

that ', Au, b¥u, %(b%u), axAu € Y are defined through the operator-valued

[di(di — A)™' = Mkez, (bkNi)kez,
Co — ag

[di(dy— A) "t —I])pez respectively. See e.g. [3, Propo-

Fourier multipliers (:kNg)kez, (

by, N,
(ikbx Nk ) ez, (Co—ak

sition 1.1] for the case where Y = LP(0, 27; X). The case Y = B, (0, 27; X)
can be treated in a similar way, by application of the uniqueness theorem
for Fourier series along with the Closed Graph Theorem.

ag

O
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Remark 2.10.

The inequality (2.9) is known as the maximal regularity property for
equation (2.1). From it we deduce that, for example, if } = LP(0, 2m; X),
then the operator L defined by:

(2.13) D(L) = Hp2(0, 2m; X) N LP(0, 2m; D(A)),
(2.14)
(Lu)(t) = jt(you(t)—i-/ b(t—s)u(s)ds)—i—’yoou(t)—coAu(t)—i-/ a(t—s)Au(s)ds,

is an isomorphism onto, where D(A) is equipped with the graph norm.
Indeed, since A is closed, the space H;g;,(o, 2m; X) N LP(0, 2m; D(A))
becomes a Banach space under the norm

ulll = llullp + [1u']lp + [ Aullp.

Appropriate analogues hold in the other cases. Such isomorphisms will
be crucial in Section 4 for the treatment of the nonlinear equation.

In the case of a Hilbert space, Theorem 2.9 takes a particularly simple
form. It is remarkable that it corresponds essentially to the case where
X = C. Recall that under assumption (H0a) on a(.) and b(.), the sequences
(ar) and (by) are bounded.

Corollary 2.11. Let H be a Hilbert space and A : D(A) C H — H be a
closed linear operator. Assume that the function a(.) € L'(Ry) is such that
(cOiak) is bounded. Moreover, letb(.) € L*(Ry). Then for Y = L?(0, 2m; H),
1 < p < oo, the following assertions are equivalent:

(i) For every f € Lhe,(R; H) there exists a unique strong LP-solution of
(2.1).

(ii) {ditien C p(A) and supy [| = (dT — A)~]| < oo.

co—ag

This is a consequence of the validity of Plancherel’s Theorem.

3. MAXIMAL REGULARITY ON PERIODIC LEBESGUE AND BESOV SPACES

In this section, we give conditions that enable us to apply Theorem 2.9
in various situations by use of the operator-valued multiplier theorems es-
tablished in [3], [5], [4]. Versions of the multiplier theorems on the real line
can be found in [2], [20], [21] (this reference contains criteria implying the
R—boundedness property for operator families), [33] and [34].

For j € N, denote by r; the j-th Rademacher function on [0, 1], i.e. 7;(t) =
sgn(sin(2/7t)). For z € X we denote by 7; @ x the vector valued function
t—r;(t)x.
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Definition 3.1. A family T C L(X,Y) is called R-bounded if there erists
cq > 0 such that

n n
(3.1) I er ® Tjxjl[Lao,15x) < ¢ql| ZTJ‘ ® ]| La(0,1:x)

=1 =1
for all Ty,....T, € T,x1,....,0, € X and n € N, where 1 < q < oco. We
denote by Ry(T) the smallest constant cq such that (3.1) holds.

Remark 3.2.

a) Let S, T C £(X) be R-bounded sets, then S- T :={S-T:5€8S,T ¢
T} is R- bounded and

R,(S - T) < Ry(S) - Ry(T).

b) Also, each subset M C L(X) of the form M = {A\ : A € Q} is R-
bounded whenever 2 C C is bounded. This follows from Kahane’s contrac-
tion principle (see [3, Lemma 1.7]). We shall use this remark frequently.

Remark 3.3.

If X =Y is a UMD space and My = myl with m; € C, then the
condition

Sup | + sup [k(mpg1 —my)| < o0

implies that the set {Mj}rez is an LP-multiplier. (see [3] or [1, Theorem
4.4.3]). This is the vector-valued multiplier theorem (see e.g. [2]). In the
context of Cauchy problems where one is dealing with the resolvent of a
closed operator A, this would apply to the situation where A is a multipli-
cation operator on L"(2, u) where € is a measure space and 1 < r < oo.
Another important notion is that of Fourier type for a Banach space. The
Hausdorff-Young inequality states that for 1 < p < 2, the Fourier transform

/ 1 1
maps LP(R) := LP(R; C) into L” (R) where — + — = 1, with the convention
p p

that p’ = co when p = 1. In particular, when p = 2, Plancherel’s theorem
holds. When X is a Banach space and one considers LP(R; X), the situ-
ation is no longer the same. It is known that Plancherel’s theorem holds
if and only if X is a Hilbert space, see [24]. For every Banach space, the
Hausdorff-Young theorem holds with p = 1. A Banach space is said to have
non-trivial Fourier type if the Hausdorff-Young theorem holds true for some
p € (1, 2]. By aresult of Bourgain, UM D spaces are examples of spaces with
nontrivial Fourier type (see [21], [5]). More generally, B—convex spaces, in
particular superrefelexive Banach spaces have nontrivial Fourier type (]8,
Proposition 3]). However, there exist non reflexive Banach spaces with non-
trivial Fourier type. Note that by a theorem of Pisier, a Banach space has
nontrivial Fourier type if and only if it has nontrivial Rademacher type. The
notion of Rademacher type plays an important role in [3].

We introduce two other conditions which imply (HO) in various instances.
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Let (sg)kez be a sequence of complex numbers. We consider the following
conditions:

(Hla) {sg}trez , {k(Sk+1 — Sk)}rez are bounded sequences.
(H1b) {

}rez is a bounded sequence.
Co — Sk

When we refer simply to (H1), we mean (Hla)-(H1b).
(H2) {ksi} and {k*(sp1 — 25 + sp_1)} are bounded sequences.

We note that (H1) puts conditions on the first order differences whereas
(H2) is concerned with second order differences.

Remark 3.4.

We note that (H2) implies (Hla). Also (Hla) implies 1-regularity and
(H2) implies 2-regularity in the sense of [22, Definition 2.6 |. Conversely,
whenever {sy}rez corresponds to the Fourier transform of a given function
a € L'(R) we obtain, by the Riemman-Lebesgue lemma, that 1-regularity
implies condition (H1la) and hence condition (H1) is in fact equivalent to
1-regularity (under the additional assumption that a(ik) # ¢o for all k € Z).
Analogously, if {s;}rez corresponds to the Fourier transform of a given
function a € BV (Ry) such that ¢ € L'(R) then we obtain that (H2) is
equivalent to 2-regularity.

On the other hand, condition (H2) is verified by the sequence si = a(ik)
corresponding to the kernels a(t) = Z;L:1 cje” %', where j, ¢;j, are positive
real numbers and n € N, which arise in applications to viscoelasticity.

Remark 3.5.

If a € WHH(R,) is a positive function and

(3.2) co — /000 a(s)ds >0,

then (H1) is satisfied with s = a(ik). In fact, first note that a(.) has a con-
tinuous representative which we continue to denote by a(.) (see [9, Théoréme
VIII.2]). This representative is continuous on [0, co). More precisely it has

a limit as t — 0~. Moreover, we have a(t) —a(s) = fst a'(o)do, s, t € [0, 00).

Since o’ € L'(Ry), a(o0) := tlim a(t) exists and a(oco) = 0. Using integra-
—00

tion by parts we obtain

(3.3) ka(ik) = —a(0) —i /0 h e~ kta/ (t)dt.

Hence

k(Skyr1 — sk) = k:/ e (e — 1a(t)dt
0

oo
= —Sg+1— z/ e (e — 1)d/(t)dL.
0
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Since g(t) := (e~%—1)a’(t) belongs again to L' (R ) we see that the sequence
(k(sg+1 — sk)) is bounded . On the other hand, by the Riemann-Lebesgue
lemma, a(ik) — 0 and since |a(ik)| < a(0) < c¢p we get that a(ik) # co for

all k € Z and (ay) and (Co_lak) are also bounded sequences.

Note that the conditions established in the above remark are satisfied in
practical problems (see e.g. [27] for a physical motivation of (3.2) ) and by
the following examples.

a) a(t) = t% = where o > 0 and § € [0, c0).
—at
b) a(t):(ti_iﬂ)kwherekeN,ﬁ>0anda>0.

c) a(.) is a completely monotone function. In this case, by Bernstein’s
theorem (see e.g. [6, Section 2.7])

(3.4) a(t) = /OOO e " u(dr)

where p is a suitable positive Borel measure. We make the assumption that

(3.5) /Ooo'u(jt)<co<oo, /Ooo,u(dt)<oo.

Note that these conditions imply that a belongs to W1(R, ). Examples of
this type may be found in [25], [28].
We remark that the positivity of a(.) or b(.) in the above examples is by

no means necessary. Since by the Riemann-Lebesgue Lemma ‘ llim arp =0
k|—o0

and ¢ # 0, it suffices to assure that ap # co, k € Z. For example if
w

a(t) = e_at Sinwt, t > 0 (Where o > O) then ap = W, k € Z.
1 [0} w

In this case, it is easy to see that ay—co # 0, k € Z, provided (a?+w?)cy # w.

Now, suppose a € W*(R, ). Then, from the identity

o0
(3.6) Sk+1 — 28k + Sp—1 = 2/ e M (cost — 1)a(t)dt
0

and integrating by parts twice, we deduce that (H2) is satisfied.

In order to relate conditions (H1) and (H2) to the assumption (HO) of
Section 2, we have the following lemma.

Lemma 3.6. (1) Let X be a UMD space. Assume that (ar) satis-
fies assumption (H1) and (bg) satisfies (Hla). Then the sequences
{(co—ar)I}rez , {(=2-) T ez and {(14-bp)I Y rey are LP-multipliers

co—ay,

as well as By ,—multipliers for 1 < p, ¢ < oo and s € R.

(2) If X an arbitrary Banach space and (ay), (bg) satisfy assumption
(H2), (ay) satisfies (H1b), then the sequences {(co — ap)l}kez ,
{(Coiak)l}kez and {(1+bg)I }rez are B, -multipliers for 1 <p, ¢ <
o0 and —oo < s < 0o. In particular they are C*—multipliers.
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Note that the conclusion in (1) about B, ,—multipliers is valid more gen-
erally whenever X has non trivial Fourier type (see [20] and [5]).
This follows from [22, Lemma 2.9 and Lemma 3.8].

Remark 3.7.

Note that for s > 0, B3, . = C°. The latter are the Holder-Zygmund
spaces. They coincide with the familiar Holder spaces C* when s ¢ N. More

specifically, for 0 < s < 1, an equivalent norm on B3, ,, is given by

) — f#

1511 = sup( LD TN . € fo.2m e 2 03 4 1
corresponding to the familiar Holder space of exponent s. On the other hand
when s = 1, an equivalent norm on Béo,oo is given by

fE+h)=2f@t)+ f(t—h
17l = sup sup IR =2 4y

te(0, 2w] h#£0

For more on this and more generally the description of the Besov spaces
using finite differences, we refer to [4, Section 2]. The monograph reference,
[32] contains various other characterizations (notably those using semigroup
theory and interpolation, the modulus of continuity, and approximation the-
ory) and extends the definition to the range 0 < p, ¢ < o0, s € R.

We give the definition of well-posedness for the integro-differential equa-
tion (2.1).

Definition 3.8. We shall say that (2.1) is well posed in Y if for every
f €Y, there exists a unique strong Y— solution of (2.1).

Depending on the context, it will be clear which Banach space X and
which scale ( L? or By ) is concerned.
We begin with the following result for UM D spaces. Recall from Section

2 that My, := ok (dy] — A)~" and dy = ik(vo0 + b, +’Yoo‘
€~ Gk co — ay

Theorem 3.9. Let X be a UMD space. Assume that a(.), b(.) € L*(R,)
and the sequences (ay) and (by) satisfy (H1) and (Hla) respectively. Then
the following statements are equivalent.

(1) {di ez C p(A) and (My) is R—bounded

(ii) Problem (2.1) is well-posed in LP(]0, 27]; X) for all 1 < p < oo.

Proof. (ii) = (i). Assume that (2.1) is well-posed. Then by Theorem
2.9, {br}rez C p(A) and (M) is an LP—multiplier. The R—boundedness of
(Mj;) now follows from [3, Proposition 1.11].

(1) = (ii) In view of Theorem 2.9, it suffices to show that (Mj) is an
LP—multiplier. Now according to the operator-valued Marcinkiewicz mul-
tiplier theorem ([3, Theorem 1.3]), it is enough to prove that the operator-
valued sequences (My) and k(Mg — My) are R—bounded. Furthermore,
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since My, = - E_(diI — A)~' and by our assumption ((co — a)~ 1) is a
multiplier, by Remark 2.3, it suffices to show that

(3.7) pi = ik(dy, — A)7!

is an LP—multiplier. So we check that (1) and k(g1 —pr) are R—bounded.
The R—boundedness of (py) follows from that of (M) by Remark 3.2. As
for k(ppa1 — pk), we have, using the resolvent equation,

k(e — ) = kli(k + 1) (dirr — A) ™" —ik(dy — A) 7]
= ik[(k +1)((di+1 — )71 —(dy, =AY + (de — A7
= ik(k+1)((drsr — A) 7 = (dp — A7) +ik(dy — A) 7
= —ik(k + 1)(dps1 — di)(dpyr — A) "1 (dp — A) 71+
+ik(dy — A)~?

= i(dkt1 — di)prtkt1 + pk-

By Kahane’s contraction principle [3, Lemma 1.7], it suffices to show that
the sequence (di4+1 — di) is bounded. But we have

k(90 + k) + Y00 (k4 1) (70 + brg1) + 70

dip —d =
g ol Co — ag Co — Ag+1
= 11 L k(o +be) ik + 1) (0 + bs)
> Co —ar  Co — Qk+1 Co — Qg Co — Qk+1

We need only look at the last two terms. We have:

k(o+bk)  (E+1)(0+bkt1) _ Ylks b Y0+ bk
Co — ag €0 — Qk+1 Co —ar  Co — Qk41
70 + bkt
Co — (lk:+1'

1
co—ay

Since by assumption, the two sequences ( ) and (by) are bounded, we

need only examine:
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Co—ar  Co— i1 (co —ak)(co — ak1)  (co —ax)(co — axt1)
cok(by — bry1)
(co — ar)(co — ar+1)
_ —k[(bg = brr1)agy1 + beya(agr1 — ag)]
= +
(co — ak)(co — agy1)
—Yok(ar+1 — ar) + cok(br, — br41)
(co — ak)(co — ar+1)

—k(by —bpy1)agtr  bppik(agy —ag)
(co —ak)(co — ars+1)  (co — ax)(co — ap41)
_ Yok(ag+1 — ax) + cok(by — bi+1)

(co — ak)(co — art1)

Ylks b 0+ bk+1] _ —k[brags1 — beyray] Yok(ak1 — ak)

+

In view of assumption (H1), the claim is established.
O

From this theorem, we deduce the following result for B} ,—solutions.

Theorem 3.10. Let X be a Banach space with nontrivial Fourier type. As-
sume that a(.), b(.) € LY(R,) and the sequences (ay,) and (by) satisfy (H1)
and (H1a) respectively. Then for s € R and 1 < p, ¢ < oo, the following are
equivalent.

(i) {di}rez C p(A) and (My) is bounded

(ii) Problem (2.1) is well-posed in By ([0, 27]; X).

Proof. The proof follows the same lines as that of the preceding theorem
and uses [5, Theorem 3.4 and Remark 3.6] and [4, Theorem 3.5] (see also
[20]) For the boundedness of (M}), one uses [22, Proof of Proposition 3.4]
or [4].

U

Remark 3.11.

Fejer’s Theorem (see [3, Proposition 1.1] or [6, Theorem 4.2.19]) allows
us to construct the solution u(-) given by the above theorems. In fact, in
the case where ) = LP(0,2m; X)) we have:

A~

(3.8) u(-) = nlLrgO n—li— ] Z Z ex()R(dg, A)(co — ak)ilf(k)
m=0k=—m

with convergence in LP(0,27; X).

We now consider the problem of well-posedness in Besov spaces for arbi-
trary Banach spaces. For this, assumption (H1) is no longer sufficient. It
is proved in [4, Theorem 3.2] that for any sequence (My)xez C L(X), the
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so-called variational Marcinkiewicz condition, that is

(3.9) sup || M || + sup(Xgs < pj<oit | M1 — M) < o0
kEZ Jj=0

implies that (M}) is a By ,—multiplier, then 1 < p < oo and X is a UMD
space. The converse is also true.

For Banach spaces with nontrivial Fourier type, a condition which implies
that (My) is a Fourier multiplier for the scale By ,, s € R, 1 < p, ¢ < 00 is
the Marcinkiewicz condition of order one:

(3.10) iug(\le\\ + k(M1 — My)|) < o0
€

which is used in the proof of Theorem 3.10.
For arbitrary Banach spaces, a Marcinkiewicz condition of order two is
needed, namely,

(3.11) iug(HMkH + ||k(Myt1 — My)|| + k|| Myt1 — 2My + My—1||) < o0.
c

Our next result uses this condition to obtain maximal regularity of Problem
(2.1) in general Banach spaces. Here, condition (H2) is needed and the re-

sult is established for the Besov scale B, ,, s € R, 1 < p, ¢ < oo.

Theorem 3.12. Let X be a Banach space. Assume thata(.), b(.) € L'(Ry),
the sequences (ay) and (by) satisfy (H2), and (ay) satisfies (H1b). Then for
s>0and 1 < p, g < oo, the following are equivalent.

(i) {di}rez C p(A) and (My) is bounded

(ii) Problem (2.1) is well-posed in By ([0, 27]; X).

Proof. (ii) = (i) follows from e.g. [5, Lemma 3.2] or one can argue as in
the proof of [4, Theorem 3.2]. As above, to show that (Mj) is bounded, we
use [22, Proof of Proposition 3.4] or [4].

(i) = (ii). As already noted, (H2) implies (H1a). Hence the verification
of the Marcinkiewicz condition of order one is similar to what was done
in the proof of Theorem 3.9, and are in fact easier to check, owing to the
boundedness of (kay) and (kby). It remains to prove that the condition:

(3.12) iug(k2”Mk+l — 2Mj + Mi—1]]) < o0
€

holds true. By Lemma 3.6, (H2) implies that (ail) and (bil) are both
B, ,—multipliers. As in the proof of Theorem 3.9, we again set y, = ik(dy, —

A)~!. We have to verify (3.12) on (uy). Note in particular that (ug) is
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bounded. For k € Z, we have, setting Gy := k%(ttpr1 — 24k + fih—1)s

Gr = ik?[(k4+1)(dpyr — A7 —2k(dp — A7+ (k= 1)(dpey — A)7Y
= ik* {[k((dp1 — A)‘1 (dp — A1) —
—k((d — A) 7" = (dj—1 — A) D]+ [(dis1 — A) 7" = (de—r — A) 7'}
= ik k((dryr — A) T = (dp — A)TH] -
—ik?[k((dp — A) ™' = (dp—1 — A) )] +
+ik?[(dpyr — A) 7 = (djy — A) 7Y
= G} —-G24+G3.

We examine first the last square brackets. Using the resolvent equation, we
obtain, with G5 := ik?[(dpy1 — A) ™' — (dp_1 — A) 7Y

Gi = ik*(dp-1 — diy1)(drs1 — A) 7 (dpr = A) 7
= i(dk—1 — dps1)(k + 1) (dpr — A)7!
(k=1 (dp1— A7+
+ildp1 = dyr) (diyr — A) " (dg1 — A) 7
= —i(dp—1 — dp1) k1 fih—1 +
ti(dg—1 — dk1)Vk—1Vk+1-

where we have set
(3.13) ve=(dy — A" ke Z

Since the sequence (ug) is bounded and py = ikvg, k € Z, it follows that
(vk) is bounded, too. It remains to show that (dg41 —dk—1) is bounded. But
this follows from the boundedness of the sequence (dy — di41) established
in the course of the proof of Theorem 3.9, and the relation dx11 — dx—1 =
(dry1 — di) + (dg — di—1).

It remains to estimate G}, — G7. We shall first express this using the first
order differences (dgy1 —dy), the second order differences (dy1 —2d;+dg_1)
and the sequences (ux)kez, (Vk)kez defined above. Making use once more of
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the resolvent equation yields:

—i(Gy—G) = Klde1—A) 7 =2(dr — A7+ (dpr — A7

= K(dp —A) " = (e — A+
(g1 — A)7 = (dp — A)7Y]

= K (dp — digy1)(de — A) " (dpr — A) ' —
— k3 (dp—y — di) (dy, — A) " (dg—y — A) 7

= k(dp — A) 7R ((di — digr) (s — A) ™ =
—(dy — dpp—1)(dp—1 — A)™']

= k(dy — AR [(dy — dir1)((dia = A) 7= (dy1 — A7) +
(dpr — 2dg + dj1) (oot — A)Y]

= k(dy — A) 7 R (di — dir1)(di1 = diyr) (dipr — A) " (dp1 — A)7) +
+k(dpsr — 2di + dp—1)k(dp—1 — A) ]

= —ipg[(dr — dp1)(dr—1 — A1) (Pk—1 kg1 + Vi—1Vk41) —
—ik(dyy1 — 2dg + dp—1) (pte—1 + ve—1)]-

In view of the boundedness of py, := ik(dy — A)7L, v == (dp — A)~' it
remains to verify that the sequence (k(dg11—2dr+di_1)), k € Z is bounded.
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This will follow from (H2). In fact,
i(k 4+ 1)(70 + brt1) + Yoo ik(v0 + bg) + Yoo

k(dk+1 — 2dy + dkfl) = k[ -2 +
Co — Qk41 Co — A
+i(/‘€ — 1)(y0 + br—1) + %o]
Co — k-1
i(k+1 b ik b
_ k[l( +1D)(vo +bk1) 9" (0 + bx) n
Co — Qk41 Co — ag
i(k—1 + bi_
+ ( ) (70 k 1)] +
Co — k-1
+k[ Yoo _9 Yoo + Yoo
Co — Gk+1 Co —ag  Co— Q-1
b b
Co — Ak41 Co — A
br._ b br—
+(70+ k 1)} +ik[70+ k+1 70+ 0k—1
Co — Ak—1 Co —Ag+1  Co — Gk—1
+k‘[ Yoo _9 Yoo + Yoo
Co — Ak+1 Co —ag  Co — Q-1
Co — Ak+1 Co —ar  Co— Q-1
b b b
+ik2[ k1 k i k—1
Co — Ak+1 Co —ar Co— k-1
b br—
+ik[%+ k+1 Y0+ 0k—1
Co — Ag+1 Co — Ak—1
+k‘[ Yoo _9 Yoo + VYoo .
Co — Ak+1 Co —ar  Co — Q-1

For the verification concerning the first and last brackets, we refer to the
proof of [22, Lemma 3.8] (see also Lemma 3.6. The third bracket is handled
in a way similar to our verification of the boundedness of (dg+1 — di). In
fact,

ik(yo +bry1)  ik(y0 + be—1)
Co — Ag+1 Co — k-1
Z-k'YO(ak—l — apt1) + co(br1 — bp—1) + ar1bp—1 — ap—1bp11

(co — ag—1)(co — ag+1)
_ oik(ag—1 — apq1) +ikco(bpy1 — br—1)
= +
(co — ag—1)(co — ar+1)
+ik(ak+1 — ak—1)bp+1 + apg1 (bk—1 — bi41)

(co — ag—1)(co — ary1)

We now consider the remaining bracket.

K[ bhtr o bk bk = Uk,
co — Qg1 co—ap co—ap—1  (co—ag—1)(co—ax)(co— ar+1)
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where
Up = Kba(cg — colar +ag—1) + agap—1) —
—2bk(cf — co(ans1 + ax—1) + apr1ak—1) +
+bg—1(cd — cola + ag+1) + arari1)]
= K’ (bpy1 — 2bp +bp_1) —
k2 br+1(co(ar + ag—1) — arar—1) + 2bg(co(ars1 + ar—1) — agpra6-1) —
—bi—1(co(ar + ags1) — arag,1)]

The sequence k?(bg 1 — 2bg +byy1) is bounded since () satisfies assump-
tion (H2). For the remaining terms, we use the boundedness of (kay) and
(kby) from the assumption (H2). The proof of the theorem is complete.

O

A key feature in the results presented in this section is that they involve
only boundedness of the resolvent (except in the LP case where R—boundedness
is needed) of the operator A. This is of course due to the many implications
of the resolvent equation. Another instance where the special nature of the

resolvent plays a key role is the inversion of the vector-valued Laplace trans-
form and its consequences for semigroup theory as developed in [6].

Ezxample 3.13.

Define the set

A (/\(70 +5(N) + 750
Cco — a()\) Cco — EL()\)
(where D(A) is equipped with the graph norm) and assume that the non-

resonance condition (compare [15, section 4 | where the Laplace transform
of g is denoted by §)

pap(A) ={reC: A)_1 exists in L(X,D(A))}

(3.14) iZ C pas(A)

is fulfilled. Then {d}rez C p(A).

Suppose 79 # 0 and the pair (A4, d) admits a bounded analytic resolvent
(see [28, Chapter I, Section 2 |), where d the unique solution to the scalar
convolution equation

t t t

Yod(t) +/ b(t — s)d(s)ds + Voo/ d(s)ds = co — / a(s)ds.
0 0 0

L as k — oo we obtain

ik
T b e 70
ik

(70 + br) + Yoo

Since

sup || My|| = sup ||~ dip(d, — A) 7| < 0.
k ko ik

Ezxample 3.14.

Let B be a closed linear operator on X. Assume that the resolvent set
p(B) of B contains the sector ¥ = {X € C : A # 0,]arg(\)| < 0} with
0 € (w/2,7) and there exists M > 0 such that

(3.15) AN —=B)7Y| < M for X € .
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” .
Recall that dj, = ¢ (706+ k) T Yoo
0 — ag

co—ap #0, k € Z, we have
ik

, k € Z. Assuming that o + by # O,

M, = R(dg, A)
Cco — ag
1 Voo
_ dy, — R(dy, A
7oerk(k cO—ak) (dk, A)
1 Voo
- d R(dy,, A) — R(dy, A).
Yo + bk wR(dy, 4) (co — ar)(yo + br) (i, 4)

On the other hand, we have
2R(dg) = di+ dy,

_ ! (ik(Y0 + b)) + Vo) + 17(—z’k(%+@+%o)

Co — Qg Co — ak
. +b + by
_ Voo i 707 —i—zk(% E 70 Ok
Cco — ag Co — ag Cco — ag Co — ag
ikb ikby, ikvyo(ay — ag
_ o 0 kb ikby  ikyo(ak —ar)

co—ar co—ap co—ap co—ag (co—ak)(co—ag)

With the hypothesis that the sequences (kag) and (kby) are bounded, we
see that (R(dy)) is bounded.
If the operator B generates a bounded holomorphic semigroup, then there
exists B € R such that (3.15) hold for A = B — I
With the above estimates, using again that by, — 0, a;r — 0 and the estimate

dk -1 Yoo —1
M = dp, — A — dp — A
14 H70+bk( k= A) (Co—ak)(')/o-f—bk)( = A
1 _ Yoo _
— |dk(d — A7+ di — A)7Y],
= A7 2 - )

we see that the sequence { My }rez is bounded.

Consider the special case where a(-) = 0,b(t) = ce™%,t > 0 with § >
0,¢ > 0,7 > 0 and 7o > 0 which was studied by Da Prato and Lunardi
[14]. Here b(A) = 575, for Re(A\) > —4, and then by, = 755, k € Z, and

. . cd ck?
It follows that R(dg) = Co(gj_cg) + 7(%0" > Yoo > 0. Hence {dj}rez C ¥ and

sup lldi(di — A) | < oo

Co — ag

ik (Y0 4 br) + Yoo
that by — 0,ar — 0 we obtain

1
Using = , and the above bound together with the fact
k

sup||(di — 4)7' < oc.
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Hence we see that if A generates a bounded holomorphic semigroup, then
(M) is bounded.

The theorems established in this section recover on the one hand [3, Theo-
rem 2.3], [5, Theorem 4.2] and the maximal regularity result in vector-valued
periodic Besov spaces with periodic boundary conditions in [4, Theorem 4.1]
which deal with the problem

(3.16) { W(t) = Au(t)+ f(t), 0<t < 2r

u(0) = wu(2m).

On the other hand, if a(.) = 0 in (2.1), we obtain the problem considered
by Clément and Da Prato in [11]. They consider solutions on the real line
and their main tools are a construction of a ”resolvent” for the equation,
assuming that A generates an analytic semigroup, and an application of
the Da Prato-Grisvard theorem. The results obtained here for the LP case
are not attainable by their method (they obtain results on Sobolev spaces
instead; however, it is remarkable that they do not impose any geometric
condition on the Banach space X). When b(.) = 01in (2.1), the corresponding
equation has been considered by Da Prato and Lunardi in [14], using a
different method, namely the construction of a resolvent for A generating
an analytic semigroup. In the latter paper, the authors also treat case
where a(.) is operator-valued, as does J. Priiss in [29] (who studies bounded
solutions). Here we drop the assumption that A be a semigroup generator.
Equation (2.1) with b(.) = 0 was also studied in [22] by the method of
operator-valued Fourier multipliers.

Hoélder continuous solutions of the full equation on the real line was stud-
ied by Lunardi [25] with the assumption that A is the generator of an analytic
semigroup.

In view of the consideration of the semilinear problem in the next section,
we single out the following result which is contained in Theorem 3.12. In
fact, Holder spaces are a particular case of the Besov spaces B, . Indeed, for
5 >0, s ¢ N, we have B3, ([0, 27]; X) = C*(([0, 27]; X) (see [4, Theorem
2.1] and [32, Theorem 2.5.7]).

Corollary 3.15. Let X be a Banach space. Assume that the sequences (ay)
and (by) satisfy (H2) and (ay) satisfies (H1b). Then for 0 < s < 1 the
following statements are equivalent.

(1) {di ez C p(A) and (My) is bounded
(ii) The problem
t

%(’you(t) + / b(t — s)u(s)ds) + voou(t) = Au(t)+ f(t),0<t <27

—00

u(0) = u(2m).
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is well-posed in C*([0, 27]; X).
Moreover the following mazimal reqularity property holds

. . d, .
[le'llos + [[Aullcs + [laxAullos + [[brullos + || 2 (bru)lles < Cl|fllos

where C' > 0 is a constant independent of f € C*([0, 2n]; X).

4. APPLICATION TO A SEMILINEAR PROBLEM

In this section, we shall study solvability in C*(]0, 27]; X), 0 < s < 1 for
the semilinear problem

oy Lo b= ulss) + () =
coAu(t) — /_ a(t — s) Au(s)ds + G(u(t)) + p/ (L),

where p > 0 is a small parameter.

This problem was in case a(-) = Oand p = 1 was studied on the real line
by Clément and Da Prato [11] and Sforza [30] considered solutions in the
large. A model for this equation is the problem of nonlinear heat conduction
in materials of fading memory type, where memory is also present in the
thermal conductivity term of the right-hand side.

(4.2)
%(’you(t, x) + / b(t — s)u(s, z)ds) + yeou(t) =

—o0
t

coAu(t,x) — / a(t — s)Au(s)ds + g(z,u(t,x), Vu(t,z)) + f(t,x),z € Q.

—0o0

n
0
Here, Q C R™ is open and bounded, and A = Z 922 is the Laplace operator
4
j=1""17
with Dirichlet boundary conditions on X = C'(). The positive constants o
and cg represent the heat capacity and the thermal conductivity respectively,

for the material under study (see [30], [13] and [27]).

Theorem 4.1. Let X be a Banach space and 0 < s < 1. Assume that the
sequence (ay) and (by) satisfy (H2) and (ay) satisfies (H1b). Suppose that
k(0 4 br) + Yoo ik k(90 4 br) + Yoo 1y
(i) {00 T0) 00y gy g (e (OO0 Fee g1y g
Co — Ak Co — Ak
bounded.

(i) G(0) = 0; G s continuously (Frechét) differentiable at u = 0 and
G'(0)=0

Then there exists p* > 0 such that the equation (4.1) is solvable for each
p € [0, p*), with solution u = u, € C*(0,27; X).

Proof.
Define the operator Ly by:

D(Lo) = C***([0, 2a]; X) N C*([0, 271); D(4)),
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(4.3)
(Lou)(®) = 5 Cou(t)+ [

—0o0

t t

b(t—s)u(s)ds)—l—’yoou(t)—coAu(t)+/ a(t—s)Au(s)ds,

where D(A) is endowed with the graph norm. We consider for p € (0, 1),
the one-parameter family of problems:

(4.4) Hlu, p] = —Lou + G(u) + pf.

Keeping in mind that G(0) = 0, we see that H[0,0] = 0. Also, by hypoth-
esis, H is continuously differentiable at (0,0) and, by the remark following
Theorem 2.9, for s € (0, 1) fixed the operator Ly is an isomorphism onto.
Hence the partial Fréchet derivative H (1070) = Ly is invertible. The conclu-
sion of the theorem now follows from the implicit function theorem (see e.g.
[19, Theorem 17.6]).

(]

Remark 4.2.

Under additional conditions on nonlinearity G is possible to remove the
rather restrictive hypothesis G’(0) = 0. In fact, in this case all that we need
is that the linear mapping

H(IOVO) = Lo+ G'(0)

is invertible. In case a = 0 for (4.1), this is contained in [30, Proposition
3.2], requiring the following conditions
(H3) 70 > 0,700 > 0, and b(.) : [0, c0) — R is nonnegative and non-
increasing.
About the nonlinearity G, we can make the following assumptions as in
[30]:
(H4) There exists a subspace Xy, 0 < a < 1 such that X, is a Banach
space with norm .||, G : X, — X and:
(1) D(A) C X, C X with continuous embeddings,
(2) There exists ¢, > 0 such that for all x € D(A), ||z||x, < caHxH%(A)Ha:Hl_a,
(3) G(0) =0 and G is locally Lipschitz-continuous,
(4) @G is differentiable in X, and G’ is locally Lipschitz-continuous.
The final assumption we make is that A + G is dissipative in the sense
that:
(H5) For any z,y € D(A), and A > 0,
lz =yl < llz —y = AM(A(z —y) + G(z) = Gy))|.-

Under these assumptions, and adapting the proofs of [30], an analog to
theorem 4.1 for the problem (4.1) even with p = 1 but in case a = 0 holds.
The details are left to the reader.

Remark 4.3.

Compared with [11] and [30], we consider here the periodic problem and
do not impose the condition that A be the generator of an analytic semi-

group.
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Remark 4.4.

We remark that the R—boundedness assumption in Theorem 3.9 is satis-
fied by a large number of examples. We refer to the recent monographs by
Denk, Hieber and Priiss [17] and Kunstmann and Weiss [23] for the corre-
sponding developments. The authors thank the referee for pointing out the
above references to them.
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