EXISTENCE, REGULARITY AND REPRESENTATION OF SOLUTIONS OF TIME
FRACTIONAL WAVE EQUATIONS

VALENTIN KEYANTUO, CARLOS LIZAMA, AND MAHAMADI WARMA

ABSTRACT. We study the solvability of the fractional order inhomogeneous Cauchy problem
Dffu(t) = Au(t) + f(t), t >0, 1 < a <2,

where A is a closed linear operator in some Banach space X and f : [0,00) — X a given function.
Operators families associated with this problem are defined and their regularity properties are investi-
gated. In the case where A is a generator of a S-times integrated cosine family (Cg(t)), we derive explicit
representations of mild and classical solutions of the above problem in terms of the integrated cosine
family. We include applications to elliptic operators with Dirichlet, Neumann or Robin type boundary
conditions on LP-spaces and on the space of continuous functions.

1. INTRODUCTION

The classical wave equation provides the most important model for the study of oscillatory phenomena
in physical sciences and engineering. In the treatment of the evolutionary equation

O?u(t
(1.1) %:Au(t,x)+f(t,x),t>0,x€9,
in function spaces over €2, where  C R¥ is an open set, one needs initial conditions, u(0,z) =
ou(0
ug(x); M =wuy(x), z € Q; and boundary conditions. Traditionally, Dirichlet and Neumann bound-

ot
ary conditions are the most studied. The Robin type boundary conditions, Vu - v +~yu = g in 9Q (where

v denotes the outer unit normal vector at the boundary of the open set §2), have proven important due to
the fact that they arise naturally in heat conduction problems as well as in physical Geodesy. Moreover,
from the Robin boundary conditions, one can recover the Dirichlet and Neumann boundary conditions
(see e.g. [6, 7]). For more details and applications we refer to [6, 7, 14, 25, 43, 48, 49] and the references
therein.

For many concrete problems it has been observed that equations of fractional order in time provide a
more suitable framework for their study. Typical of this are phenomena with memory effects, anomalous
diffusion, problems in rheology, material science and several other areas. We refer to the monographs
[39, 44, 45] and papers [11, 12, 16, 21, 22, 23, 38, 41, 52] for more information.

We will investigate the linear inhomogeneous differential equation of fractional order:
(1.2) DY u(t) = Au(t) + f(t), t>0, 1<a<2

in which D¢ is the Caputo fractional derivative. Here X is a complex Banach space and A is a closed
linear operator in X. The use of the Caputo fractional derivative has the advantage (over, say, the
Riemann-Liouville fractional derivative) that the initial conditions are formulated in terms of the values
of the solution u and its derivative at 0. These have physically significant interpretations in concrete
problems.

Our aim is to construct a basic theory for the solutions of this equation along with applications to some
partial differential equations modeling phenomena from science and engineering. To study the existence,
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uniqueness and regularity of the solutions of Problem (1.2), in general, one needs an operator family
associated with the problem [33, 34]. For example, the theory of cosine families has been developed
to deal with the case a = 2. In case A does not generate a cosine family (if « = 2), the concept of
exponentially bounded [-times integrated cosine families has been used in the treatment of Problem
(1.2). In [8], an operator family called S, has been introduced to deal with the fractional case, that is,
1 < a <2 and 8 = 0. Unfortunately, this theory does not include the case of exponentially bounded
B-times integrated cosine families. Consequently, the results obtained in [8] cannot be applied to deal
with the following problem in LP(2), p # 2, which is the fractional version of (1.1):

Du(t,z) — Au(t,z) = f(t,z), t>0,2€Q, 1 <a<2

(1.3 P2 (et ) =0, 850, = € 00,
A
u(0,2) = wp(a), 2200 @), e

Here,  C RN (N > 2) is an open set with boundary 952, A is a uniformly elliptic operator with bounded
measurable coefficients formally given by

N N N
(1.4) Au = Z D; <Z a; jDiu + bju> — <Z c; Diu + du)
j=1

=1 =1
and
ou N N
=3 (S0t
j=1 \i=1

where v denotes the unit outer normal vector of Q at 92 and -y is a nonnegative measurable function in
L>(09) or v = 0.

In this paper, we introduce an appropriate operator family in a general Banach space associated with
Problem (1.2) that will cover all the above mentioned cases. This family will be called an («, 1)?-resolvent
family (S£(¢)) (see Definition 4.2 below) where 1 < a < 2 and 8 > 0 is a real parameter associated with
the operator A. The case f = 0 and a = 2 corresponds to the wave equation with A generating a cosine
family. The family SO (1 < a < 2) corresponds to the family S, introduced in the reference [8] and
mentioned above. The family SZ, B >0 and a = 2, corresponds to the theory of exponentially bounded
B-times integrated cosine family. We use this framework to treat the homogeneous (f = 0 in (1.2)) as
well as the inhomogeneous problems (under suitable conditions on the function f in (1.2)). We shall
in fact consider the case where the operator A is an LP-realization of a more general uniformly elliptic
operator in divergence form (as the one in (1.4)) with various boundary conditions (Dirichlet, Neumann
or Robin). We obtain a representation of mild and classical solutions in terms of the operator family Sg.
Our results apply to the situation where the closed linear operator A satisfies the following condition:
There exist w > 0 and v > —1 such that

(1.5) (A2 — A)~Y < MIA], Re()) > w.

In fact, several operators of interest such as the Laplace operator in LP(R”Y) for N > 2 and p # 2, which
do not generate cosine families are generators of integrated cosine families. See e.g. [3, Chapter 8] or
[17, 24]. For the case of LP(1), see e.g. [30, 42]. We refer to the book of Brezis [9, Section 10.3 and
p.346] for some comments about the LP-theory of the wave equation.

The paper is organized as follows. In Section 2, we present some preliminaries on fractional derivatives,
the Wright type functions and the Mittag-Leffler functions. In Section 3 we use the Laplace transform to
motivate the introduction of the operator family which will be used in the sequel. Section 4 is devoted to
the definition and several properties of the resolvent family S2. In the short Section 5 we characterize the
resolvent family S? through the regularized fractional Cauchy problem. The homogeneous (fractional)
abstract Cauchy problem is solved in Section 6 . The conditions on the initial data that ensure solvability
of the problem agree with the classical cases o« = 2. We take up the inhomogeneous (fractional) abstract
Cauchy problem in Section 7. We are able to deal satisfactory with this problem under natural conditions
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on the initial data and the inhomogeneity. The results obtained in the case a = 2 corresponding to
integrated cosine families seem to be new. In fact, we are able to deal with the full range 1 < a < 2. In
the final Section 8 we present various examples of problems that can be handled with the results obtained.

2. PRELIMINARIES

The algebra of bounded linear operators on a Banach space X will be denoted by L£(X), the resolvent
set of a linear operator A by p(A). We denote by g, the function g, (t) := (a) ~.t>0,a >0, where T is
the usual gamma function. It will be convenient to write gg := dp, the Dirac measure concentrated at 0.
Note the semigroup property:

Ja+p = Ga * gp, @, B> 0.

The Riemann-Liouville fractional integral of order o > 0, of a locally integrable function u : [0, 00) —

X is given by:

IPu(t) := (ga xu)(t) := /0 Jo(t — s)u(s)ds.

The Caputo fractional derivative of order a > 0 of a function u is defined by

t
DEu(t) = I oul™ (1) = / Gm—at — 5)u™ (s)ds

where m := [a] is the smallest integer greatest than or equal to a, u(™ is the m!*-order distributional
derivative of u(:), under appropriate assumptions. Then, when o = n is a natural number, we get
Dy := 47 In relation to the Riemann-Liouville fractional derivative of order c, namely D, we have:

(2.1) D f(t) = Dy (f(t) - z_: f(k)(0)9k+1(t)> >0,

k=0
where m := [« has been defined above, and for a locally integrable function u : [0,00) — X,
dm

Im—a(t —s)u(s) ds, t>0.
The Laplace transform of a locally integrable function f : [0,00) — X is defined by
R

L) = FO) = /0 T e N pwydt = tim [ e Mp() dt

R—o0 J

provided the integral converges for some A\ € C. If for example f is exponentially bounded, that is, there
exist M > 0 and w > 0 such that || f(t)|| < Me*!, ¢t > 0, then the integral converges absolutely for
Re(A\) > w and defines an analytic function there. The most general existence theorem for the Laplace
transform in the vector-valued setting is given by [3, Theorem 1.4.3].

Regarding the fractional derivative, we have for a > 0 and m := [a/], the following important proper-
ties:

m—1
22) DY F(A) = A% F(A P Sy Al ()}
k=0
and -
DFF) = A F) = 3 (gm-a x NF @A™,
k=0

The power function A\* is uniquely defined as A* = |A|*e’8(N) | with —7 < arg(\) < 7.
Next, we recall some useful properties of convolutions that will be frequently used throughout the
paper. For every f € C([0,00); X), k € N, @ > 0 we have that for every ¢t > 0,

dk

(2.3) =

[(gh+a * F))] = (ga * ().
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Let f € C1([0,00); X). Then for every a > 0 and ¢ > 0,

d
(2.4) 71 [Ga x 1)) = 9a () (0) + (g0 * )(1).
Let k € N. If u € C*71([0,00); X) and v € C*([0,00); X), then for every ¢ > 0,
dk k-1
g [ 0)(] =3 @0 (0) + (wx v ™) (1)
7=0
k=1 dk—l ) i
(2.5) =3 2 [0 WD (0)] + (s ) (@),
7=0
The Mittag-Leffler function (see e.g. [22, 23, 44, 46]) is defined as follows:
= z" 1 pe=h
2. B, = = = K du, ) ) )
(2.6) 8(2) %F(an—i—ﬁ) 27”/}1@6 ,U/O‘—Z/u a>0,€C, zeC

where Ha is a Hankel path, i.e. a contour which starts and ends at —oo and encircles the disc |u| < |z|=
counterclockwise. The Laplace transform of the Mittag-Leffler function is given by ([44]):

‘A fﬂﬁ“ﬁAEggﬁuﬂm:(;ﬁ;;;p Re()) > |w|'/°.
Using this formula, we obtain for 0 < a < 2:
(2.7) DY¥Ey1(#tY) = zE41(2tY), t>0,z€C,
that is, for every z € C, the function u(t) := E, 1(2t%) is a solution of the scalar valued problem

Dfu(t) = zu(t), t>0, 1 <a<2.
In addition, one has the identity

d
—Fo1(2t%) = 2t E, o(2t%).

dt
To see this, it is sufficient to write
1 1 Ae—l
Lt E, o (2t%) (\) = ==\ -1,
( N (2 ))() Y — 2z z{)\a—z }
and invert the Laplace transform. Letting v(t) := Eq 1(2t%)z, t > 0, x € X, we have that
(2.8) v(t) = g1(t)z + z(ga * v)(1).

By [44, Formula (1.135)] (or [8, Formula (2.9)]), if w > 0 is a real number, then there exist some constants
C41,Cy > 0 such that

1 b
(2.9) Ep1(wt®) < C1e®  and E,o(wt®) < Coe™®, t>0, a €(0,2).
and the estimates in (2.9) are sharp. Recall the definition of the Wright type function [23, Formula (28)]
(see also [44, 46, 50]):

- (=2)" 1 / 1
2.10 B, (2) = — [ ety 0<a<,
(2.10) (2) T;O nl'(—an+1-a) 27 [/, pooe a “

where 7 is a contour which starts and ends at —oo and encircles the origin once counterclockwise. This
has sometimes also been called the Mainardi function. By [8, p.14] or [23], @, (t) is a probability density
function, that is,

Bo(t) >0, > 0; /‘@Jﬂﬁ:L
0
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and its Laplace transform is the Mittag-Leffler function in the whole complex plane. We also have that
d,(0) = ﬁ Concerning the Laplace transform of the Wright type functions, the following identities

hold:

—A%s S —a
(2.11) e A= (aﬁéa(st )) (), 0<a<l,
and
2.12 NeTle A — 1 i% st ) (\), 0<a<l.
t(x

See [23, Formulas (40) and (42)] and [8, Formula (3.10)]. We notice that the Laplace transform formula
(2.11) was formerly first given by Pollard and Mikusinski (see [23] and references therein).
The following formula on the moments of the Wright function will be useful:

L(p+1)

P 550, 0O<a<l.
Tap+1) ¥

(2.13) /00 PP, (x)dx =

The preceding formula (2.13) is derived from the representation (2.10) and can be found in [23]. For more
details on the Wright type functions, we refer to the papers [8, 23, 38, 50] and the references therein. We
note that the Wright functions have been used by Bochner to construct fractional powers of semigroup
generators (see e.g. [51, Chapter IX]).

3. MOTIVATIONS

In this section we discuss heuristically the solvability of the fractional order Cauchy problem (1.2).
We proceed through the use of the Laplace transform and derive some representation formulas that will
serve as motivation for the theoretical framework of the subsequent sections.

Let 1 < @ < 2 and suppose u satisfies (1.2) and that there exist some constants M,w > 0 such that
(g1 *w)(t)]] < Me“t, t > 0. We rewrite the fractional differential equation in integral form as:

(3.1) u(t) = A(ga * u)(t) + (ga * £)(t) + u(0) + tu'(0), ¢ > 0.

Suppose also that (g1 * f)(¢) is exponentially bounded. Taking the Laplace transform in both sides of
(3.1) and assuming that {A*: Re(A\) > w} C p(A) we have:

(3.2) AN\ = ALY — A)Tu(0) + A2 — A) 7L/ (0) + (A — A)TLF(N), Re(N) > w.

Now we assume that A is the generator of an exponentially bounded S-times integrated cosine family
(Cp(t)) on X for some § > 0, and denote by (Sg(t)) the associated (54 1)-times integrated cosine family
(or B-times integrated sine family), namely, Sg(t)z = fot Cs(s)zds, t > 0. Then by definition there exist
some constants w, M > 0 such that ||Cs(t)z|| < Me*!||z|, z € X, t >0, {3* € C: Re(\) > w} C p(A)
and

AN —A) e = Aﬁ/ e MOs(t)zdt = /\5“/ e MSg(t)zdt, Re(\) >w, z € X.
0 0
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Replacing the above expression into (3.2) we arrive at:

o ) o) t
YRS 0 e i 28;1 NP (ts™5)Op(t)u' (0) dsdt
af_a * —As > at —As
+Az2 72 ; e == Do (st™2)Cp(t)dsf(N)dt

—2, 28 —As > at —As
+ Az 2 /0 e /0 555 1T Do (ts™2)Cp(t)u'(0)dtds
(3.3) +A7’3*%/ e*AS/ O NP (st7%)Cs (1) f N dtds,
0 o 2s2t! :

By e [ O 5
Ra(t)x.—/o s (157 )Cls)eds, >,
it follows from (3.3) that

(B4) G0 =AF (g1 s « RONu(0) + AF (g2_s + BRI (0) + \F (g5 5 R + (M),

If we use instead the associated ”sine” function (Sﬁ (t)), we obtain the following representation

A =3t [ [0 282+1 5 (t5~5)S(0u(0)deds
AT 2/ / 282+1 B (t5~F)S5(t)u (0)dtds
(3.5) +/\T/ / 232+1 B (ts~)S5(1) F(N) dt ds.

From this and using the uniqueness theorem for the Laplace transform, we have the following;:

(9o * REY(t)x = / %Q%(st_%)Sﬁ(s)xds, t>0,
0 2
and
(91-5 * R2)(t)r = D{ ' (gg * Ro)(t)a, t >0,

and
(ga—a * RO)(t)x = (g2_a * ga * RY)(t)x, t > 0.

2
In the next section we will take inspiration from the above heuristics to define and study the regularity
properties of resolvent families associated with Problem (1.2). We will also deal with the case when there
is an underlying exponentially bounded integrated cosine family.

4. RESOLVENT FAMILIES AND THEIR PROPERTIES

The following two definitions are motivated by the discussion in Section 3.
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Definition 4.1. Let A be a closed linear operator with domain D(A) defined on a Banach space X and
let 1 < a <28 >0. We say that A is the generator of an (o, a)?-resolvent family if there exists a
strongly continuous function P2 : [0,00) — L(X) such that ||(g1 * P2)(t)z|| < Me“t||z||, z € X, t > 0,
for some constants M,w >0, {\* : Re(\) > w} C p(A), and

[e.e]
(A" — A)lp = \F / e MPA(t)xdt, Re(\) >w, z€X.
0

In this case, P2 is called the (o, o)P-resolvent family generated by A.

Definition 4.2. Let A be a closed linear operator with domain D(A) defined on a Banach space X and
let 1 < a<2,8>0. We call A the generator of an (o, 1)P-resolvent family if there exists a strongly
continuous function SE : [0,00) — L(X) such that ||(g1 * S2)(t)z| < Me“t||z||, » € X, t > 0, for some
M,w >0, {\* : Re(\) >w} C p(A), and

[ee]
AT — A) Tl = 2T / e MSE(t)axdt, Re(\) >w, =€X.
0

In this case, SP is called the («,1)-resolvent family generated by A.

We will say that P2 (resp. S?) is exponentially bounded if there exist some constants M,w > 0 such
that |[P2(¢)|| < Me*t, Vit >0, (resp. ||SE(t)]| < Me*t, ¥Vt >0).

It follows from the uniqueness theorem for the Laplace transform that an operator A can generate at
most one (a, 1)? (resp. (a,a)?)-resolvent family for given parameters 1 < a < 2 and 3 > 0.

We shall write (o, 1) and (o, ) for (o, 1)? and (o, @) respectively. Before we give some properties of
the above resolvent families, we need the following preliminary result.

Lemma 4.3. Let f : [0,00) — X be such that there exist some constants M > 0 and w > 0 such that
(g1 * f)#)]| < Me“t, t > 0. Then for every a > 1, there exist some constants My > 0 and wy > 0 such
that ||(ga * f) ()| < Mye1t, t > 0.

Proof. Assume that f satisfies the hypothesis of the lemma and let « > 1. We just have to consider the
case o > 1. Then for every t > 0,

t t a—2
_s w S —ws
1(ga * Y@ =l(ga—1 * g1 % F)(@)]] S/ Ja—1(s) M=) ds = Me t/ e Cds
0 o N(a—1)
(0! t
< Me¥ < Mye*t
s Me I‘(a) > Mhae
for some constants Mj,w; > 0, and the proof is finished. (]

Remark 4.4. Let A be a closed linear operator with domain D(A) defined on a Banach space X and
letl<a<2,8>0.

(a) Using Lemma 4.3 (this is used to show the exponential boundedness) we have the following result.
If A generates an (o, 1)?-resolvent family S2, then it generates an (o, o)”-resolvent family P2 given
by

(4.1) P2 (t)x = (ga_1 *SP)(t)z, t>0, z€ X.

(b) By the uniqueness theorem for the Laplace transform, a (2, 2)-resolvent family corresponds to the
concept of sine family, while a (2, 1)-resolvent family corresponds to a cosine family. Furthermore,
a (2, 1)%-resolvent family corresponds to the concept of exponentially bounded j3-times integrated
cosine family. Likewise, a (2,2)%-resolvent family represents an exponentially bounded S-times
integrated sine family. We refer to the monographs [3, 20] and the corresponding references for
a study of the concepts of cosine and sine families and to [4] for an overview on the theory of
integrated cosine and sine families. A systematic study in the fractional case is carried out in [8]
for the case § = 0.
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Some properties of (P2(t)) and (S2(t)) are included in the following lemmas. Their proof uses tech-
niques from the general theory of (a, k)-regularized resolvent families [35] (see also [2, 8]). It will be of
crucial use in the investigation of solutions of fractional order Cauchy problems in Sections 5, 6 and 7.
The proof of the analogous results in the case of cosine families may be found in [3]. The corresponding
result for the case 0 < a < 1 is included in [8, 28] for f = 0 and in [29] for 8 > 0. For the sake of
completeness we include the full proof.

Lemma 4.5. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let
1 < a <208 >0 and assume that A generates an (a,1)?-resolvent family SB. Then the following
properties hold:

(a) SE(t)D(A) C D(A) and ASE(t)x = SE(t)Ax for all x € D(A), t > 0.
¢
(b) For all z € D(A), SE(t)x = Gas (D) +/ ga(t — 5)ASE (s)xds, t > 0.
2 0

¢

(¢) For allz € X, (go *SE)(t)x € D(A) and SE(t)r = Gas 4 (t)x + A/ Go(t — 5)SE(s)xzds, t > 0.
2 0

(d) S2(0) = 92 1(0). Thus, SE(0) =T if B=0 and S2(0) =0 if 3> 0.

Proof. Let w be as in Definition 4.2. Let A\, > w and @ € D(A). Then x = (I — u=*A)~ly for some
y € X. Since (I —pu=*A)~! and (I — A\=*A)~! are bounded and commute, and since the operator A is
closed, we obtain from the definition of Sg that,

BiNa = [ e NSi(ta dt = SIN( — )y
0
S AN = AT A) T (T - v A) Yy
= ([ —p AT IATTFATIN (T - A A) Ty
= (1= p AT NI - A) Yy
=(I—p~A)"'8I(\y
. / eI — p A)1SE (1)y dt.
0
By the uniqueness theorem for the Laplace transform and by continuity, we get that
(4.2) SE(t)e = (I — = A) IS (y = (1 — pA) 'S — = Az, V1> 0.

It follows from (4.2) that S2(t)z € D(A). Hence, SZ(t)D(A) C D(A) for every t > 0. It follows also from
(4.2) that ASS(t)x = S(t)Ax for all x € D(A) and t > 0 and we have shown the assertion (a).
Next, let 2 € D(A). Using the convolution theorem, we get that

/0 e Mgop (e dt = A\"F Tlr = ATFATI A — AT - AT Az
=SPNU = A *A)z =SE Nz — A 5P (\) Az
[e%s} t
:/ e M [Sg(t)x —/ ga(t — 5)SB(s)Ax ds| .
0 0

By the uniqueness theorem for the Laplace transform we obtain the assertion (b).
Next, let A € p(A) be fixed, 2 € X and set y := (A — A) "'z € D(A). Let 2 := (go *S3)(t)z, t > 0. We
have to show that z € D(A) and Az = SZ(t)x — g%“(t)x. Using part (b) we obtain that
2 =(A = A)(ga *S2)(t)y = A(ga *S2)(t)y — Alga *S2)()y
=A(ga *S2)()y — (S2()y — gas ., ()y) € D(A).
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Therefore,
Az =AA(ga * S3)()y — ASL(H)y + gap ., (D Ay
=A(ga * AS)(t)y = SE(H) Ay + gop (D (O — @)
=A(ga * ASE) )y — SE(H) My — 2) + gap 4, (D — 2)
(g0 + ASE) D)y = LY + gas 4, (O] + AT — gap (Ve
=S8(1)7 — gap 1, (D)2,

and we have shown part (c).
Finally, it follows from the strong continuity of S5 () on [0, 00) and from the assertion (c) that S5 (0)z =
9%54_1(0):10 for every 2 € X. This implies the properties in part (d) and the proof is finished. O

The corresponding result for the family P? is given in the following lemma. Its proof runs similar to
the proof of Lemma 4.5 and we shall omit it.

Lemma 4.6. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let
1 < a <23 >0 and assume that A generates an (o, a)®-resolvent family P3. Then the following
properties hold.

(a) PE(t)D(A) € D(A) and AP2(t)x = P5(t)Ax for all x € D(A), t > 0.
¢
(b) For all z € D(A), P2(t)x = ga(gﬂ)(t)x —|—/0 ga(t — 8)AP? (s)zds, t > 0.

t
(c) Forallz € X, (go *P3)(t)x € D(A) and P2 (t)x = ga(gﬂ)(t)x + A/o ga(t — 8)P2(s)xds, t > 0.
(d) Pu(0) = ga(§+1)(0) =0.

Remark 4.7. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let
l<a<2andfg>0.

(i) If A generates an («,1)° = (a, 1)-resolvent family S,, then it follows from Lemma 4.5 (c) that
D(A) is necessary dense in X.
(ii) We notice that if A generates an (a, 1)’-resolvent family S? and D(A) is dense in X then this
does not necessary imply that 5 = 0. Some examples will be given in Section 8.
(iii) The examples presented below in Corollary 4.15 show that in general (5 > 0) the domain of A is
not necessary dense in X.

A family S(t) on X is called non-degenerate if whenever we have S(¢t)x = 0 for all ¢ € [0, 7] (for some
fixed 7 > 0), then it follows that z = 0. It follows from Lemma 4.5 and Lemma 4.6 that the families
S? and P2 are non-degenerate. We have the following description of the generator A of the resolvent
family S2. We refer to [3, Lemma 3.2.2] for related results in the case of integrated semigroups and [3,
Proposition 3.14.5] in the case of cosine families. The corresponding result for the case 0 < a < 1 and
B > 0 is contained in [29, Proposition 6.8] which was proved by using the Laplace transform. Here,
provide an alternative proof which does not use the Laplace transform.

Proposition 4.8. Let A be a closed linear operator on a Banach space X with domain D(A). Let
1 <a<2, B8>0 and assume that A generates an (o, 1)?- resolvent family SB. Then

(4.3) A={(z,y) € X x X, S{(t)z = gas 4 ()z + (9o *S2)(t)y, ¥t > 0}.
Proof. First we notice that since the (a, 1)?- resolvent family S is non-degenerate, the right hand side

of (4.3) defines a single-valued operator. Next, let x,y € X. We have to show that x € D(A) and Az =y
if and only if

(4.4) SE(t)x = g%g+1(t)x + (ga *SEY(t)y, V> 0.
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Indeed, let € D(A) and assume that Az = y. Since A generates an («, 1)’- resolvent family S and
Az =y, then (4.4) follows from Lemma 4.5. Conversely, let z,y € X and assume that (4.4) holds. Let
A € p(A). It follows from (4.4) and Lemma 4.5 that for all ¢ € [0, 7],

(A= A) " (ga *S2) 1)y = (A = A) " A(ga * S5) (1)
= —(ga *S2) ()2 + A\ = A) " (ga * S2) (1)
This implies that
(ga * Sg)(t) [()\ —A) 7y AN — A)_lx] =0.
Since S? is non-degenerate, we have that (A—A)~ly+z—A(A—A)~ 'z = 0 and this implies that x € D(A)
and Az = y. The proof is finished. ]

Lemma 4.9. Let A be a closed linear operator on a Banach space X and let 1 < a < 2,5 > 0. Assume
that A generates an («,1)P-resolvent family S2. Then for every x € D(A) the mapping t — SE(t)x is
differentiable on (0,00) and

(4.5) (S2) () = gas (t)x + PL(t) Az, > 0.

Proof. Let * € D(A). Then it is clear that the right-hand side of (4.5) belongs to C((0,00), L(X)).
Taking the Laplace transform and using the fact that S2(0) = 0, we get that for Re(\) > w (where w is
the real number from the definition of S# and P?),

aB 1

(SEY Nz = ASE(V)z = AN~ F AT — A)~lp = AT AN — A) g
On the other hand, for Re(\) > w,

af af

Gas Nz +PENAz = " F o+ A TN - A) A = AT - AT\ — A) (M — A — Az
2
AT AT AT - A) e = AT - A)

By the uniqueness theorem for the Laplace transform and continuity of the right-hand side of (4.5), we
conclude that the identity (4.5) holds. O
Next, we give the principle of extrapolation of the families S” and P2 in terms of the parameter 3.
Proposition 4.10. Let A be a closed linear operator on a Banach space X and let 1 < a < 2,58 > 0.

Then the following assertions hold.

(a) If A generates an (a,)?-resolvent family PP, then it generates an (o, a)® -resolvent family PP
for every 5’ > B and for every x € X,

(4.6) P2 (t)z = (9, -5 *PE)(O)x, V10,

(b) If A generates an (v, 1)P-resolvent family S2, then it generates an (o, 1)5/—7’65011)67115 family Sg/
for every 8’ > B and for every x € X,

(4.7) S5 (e = (g, 20 * SE) (), V>0,

Proof. Let A be a closed linear operator on a Banach space X and let 1 < a < 2,5 > 0.
(a) Assume that A generates an (o, a)?-resolvent family P2. Then, by definition, there exists w > 0
such that {A* : Re(\) > w} C p(A4) and
(4.8) A — A le =A% [ e MPB(Hzdt, Re(\) >w, =€ X.
0

Let 8/ > B and let Pgl be given in (4.6). Using Lemma 4.6 we have that for every z € X and ¢ > 0,
P (02 (g, 20 +PL ()2 = (9,28 * Go 1) D + A (g, s % 9o P ()2

=Io(g4p)r+ 4 (gw%‘m) * PZ) (t)z.
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Hence, P2’ is strongly continuous from [0, 00) into £(X). By (4.6), we have that for every z € X and
t>0,
(91 + B )0 = (9,05, * B2 D).

and since by hypothesis ||(g1 *P?)(t)z| < Me“t||z|, z € X, t > 0, for some constants M,w > 0, it follows
from Lemma 4.3 that there exist some constants M’,«w’ > 0 such that ||(g1 * P2 )(t)z| < M'e*"t|z|,
z € X, t > 0. Next, using (4.8), we have that for Re(\) > w, z € X and 3’ > 3,

o0 , o oo
(A* — A)~lg =\F / e~ MPB (t)adt = AT NPT / e~ MPB (t)zdt
0 0

aB’

:)\T/ e*)‘sgagil(s) ds/ e MP8 (t)adt
0 2 0

ag’

=)z / e*”(gaﬁil*ﬂmg)(t)xdtzx%/ e NP8 (t)adt.
0 2 0

Hence, A generates an (o, a)? -resolvent family P2 given by (4.6) and we have shown the assertion (a).
(b) The proof of this part follows the lines of the proof of part (a) where now we use Lemma 4.5. [

The following example shows that a generation of an (a, 1) or («, a)®-resolvent family does not, imply
a generation of an (a/,1)? or (o/, ’)#-resolvent family for o/ > a > 1. That is, an extrapolation property
in terms of the parameter a does not always hold.

Example 4.11. Let 1 < p < co and let A, be the realization of the Laplacian in LP(RYM). It is well-
known that A, generates an analytic Cp-semigroup of contractions of angle 7/2. Hence, for every € > 0,
there exists a constant C' > 0 such that

C
(4.9) I =27 < )’ A€ Nne.

Let 6 € [0,7) and let the operator A, on LP(RY) be given by A, := e A,,. It follows from (4.9) that

_ . _ . _ C .
(4.10) IO = Ap) 7 =IO = eap) M = (e ™ = A,) 71 < YR Y e S

Now, let 1 < a < 2. Tt follows from (4.10) that, if g <f< (1 - %) m, then p(Ap) D Xar and

(4.11) A= A,) 7Y < i PYDIFES

By [8, Proposition 3.8], the estimate (4.11) implies that A, generates an (a, 1) = (c, 1)%-resolvent family
on LP(RY). Hence, by Proposition 4.10 (c), A, generates an (a,1)?-resolvent family on LP(RY) for
any 3 > 0. But one can verify by inspection of the resolvent set of A, that it does not generate an
(2,1)8-resolvent family, that is a S-times integrated cosine family on LP(RY) for any 3 > 0. However,
A, does generates a bounded analytic semigroup.

Remark 4.12. In view of the asymptotic expansion of the Wright function (see e.g. [23, 50]), for a locally
integrable function f : [0,00) — X which is exponentially bounded at infinity, and for any 0 < o < 1,
the integral fooo ®,(7)f(7) dr converges. This property will be frequently used in the remainder of the
article without any mention.

Concerning subordination of resolvent families we have the following preliminary result.

Lemma 4.13. Let A be a closed linear operator on a Banach space X. Let 1 < a <2, 8> 0. Then the
following assertions hold.
(X/

(a) Assume that A generates an (o, )P -resolvent famlily P5. Let 1 < o/ < a, 0 := % and set

(4.12) P(t)x :=ot” " / 5@y (8)P2 (s5t%)zds, t >0,z € X.
0
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Then (g1 * P)(t)x is exponentially bounded. Moreover, (g1 * P)(t)x = P(t)x where

> os Y
(4.13) P(t)z := /0 e Do (st™7)(g1 * P2)(s)ads, t >0,z € X.

(b) Assume that A generates an (a, 1)?-resolvent famlily S5. Let 1 < o/ < @, 0 := % and set

(4.14) S(t)x :== / tla@a(stf")(g; «SP)(s)xds, t >0, z € X.
0 g
Then S is exponentially bounded. Moreover, S(t)x = (g1 * S)(t)x where
(4.15) S(t)x = / D, (s)SE(st%)x ds, Vt>0, x€X.
0

Proof. Let A, o and 8 be as in the statement of the lemma.

(a) Assume that A generates an (, a)-resolvent famlily P2 and let 1 < o/ < a, 0 := < and a € X.
Let P(t) be given by (4.12). By hypothesis, there exist M,w > 0 such that [|(g1 * P2)(t)z| < Me*t|z||
for every z € X, t > 0. We show that there exist some constants M7,w; > 0 such that for every z € X,
(g1 * P)(t)x| < Mye**t||z||, t > 0. Using (4.12), Fubini’s theorem, (2.13), (2.6) and (2.9), we get that

for every t > 0 and = € X,
t oo e st
‘ / P(r)x dr S/ 5P, (s) ds = / D, (s) / P2 (7)z dr
0 0 0 0
(wt') / (I)O(S)Sn ds
: 0

oo oo
<Ml [ @ (s)en” ds = Mal 3
n=0
= (wi7)" Tt 1) = (o) .
<Mz Z% Wl Tlontl) M| z%m = M||z[| By (wt”)

t
/ ot PE (577 dr ds
0

1
<My a],

for some constant M; > 0. Taking the Laplace transform of (4.13) by using (2.11) and Fubini’s theorem,
we have that for Re > w and =z € X,

/ e MP(t)x dt:/ ef’\t/ ﬁéa(st*”)(g; * P2)(s)xds dt
) 0 o t7T! 7

(

:/ e (g1 xPP)(s)xds = /\_1)\_#()\0‘, — A"t
0 o

Similarly, we have that for Re > w and = € X,

/ e (g1 x P)(t)x dt :/\71/ e MP(t)x dt = /\71/ ef)‘tatafl/ 5By (s)P2 (st%)x ds dt
0 0 0 0

:/\_1/0 Pg(T)x/O e M t:; O, (rt77) dt dr = )\_1/0 e PB(7)x dr
A (A - A)

By the uniqueness theorem for the Laplace transform and by continuity, we have that (g, % P)(t)z = P(¢)x
for all ¢ > 0 and = € X and this completes the proof of part (a).

(b) Assume that A generates an (o, 1)°-resolvent family SZ and let 1 < o/ < «, 0 := % and z € X.
Then there exist some constants M,w > 0 such that ||(gy * SE)(t)z| < Me*!||z||, ¢ > 0. Since L > 1, it
follows from Lemma 4.3 that there exist some constants M7,w; > 0 such that for every ¢t > 0 and z € X,

(4.16) (g2 *SA)(B)x]| < Mye |||
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Using (4.14), (2.13), (4.16), (2.6) and (2.9), we have that for every x € X, t > 0,

I8l <bila] [~ fwa(sr)e ds = aifel] [ @am)e ar

wit n (wit?)™ T(n+1)
<My ZT/O By (7)r" dr = Mz Z

= n L(on+1)

(wit? . o
mmwzrn+ﬂﬂm%wwmeéwm

for some constant M > 0 and this completes the proof of the lemma. O

Next, we present the principle of subordination of the families S® and P? in terms of the parameter o.

Theorem 4.14. Let A be a closed linear operator on a Banach space X and let 1 < o <2,8>0. Then
the following assertions hold.

(a) If A generates an (o, a)P-resolvent family P2, then it generates an (o/,a’)?-resolvent family ]P’g,
for every 1 < o/ < a and

~

(4.17) ]P’g,(t)x =ot7! / 5B, (s)P2(st%)x ds, Yt >0, z € X, where o:= L
0 «

(b) If A generates an (v, 1)P-resolvent family S2, then it generates an (o/,1)P-resolvent family Sg,
for every 1 < o/ < a and

al

(4.18) Sg, t)x = / D, (s)SE (st ds, YVt >0, x € X, where o:=—.
0 «

Proof. Let A be a closed linear operator on a Banach space X and let 1 < a < 2,8 > 0.
(a) Assume that A generates an (a, a)®-resolvent family P2. Let 1 < o/ < a and let Pg, be given by
(4.17). Then it is clear that }P’g, is strongly continuous from (0,00) into £(X). We show that Pﬂ/(t) is

a( +1)—1

strongly continuous at 0. Since P2 (t) ~ ga(g+1)(t) = W as t — 0, we get from (4.17) that
2
P, (t) =~ P a5t =% — e (D=1 4oy 0,

We have shown that ]P’ ,(t) is strongly continuous at 0. By Lemma 4.13(a), there exist some constants
M, wy > 0 such that ||( 1 *Pﬂ Y(t)z|| < Mye¥rt € X, t > 0. Now, it follows from (4.8) and (2.11) that
{2 Re(N\) > w} C p(A) and for Re(\) > w, z € X,

e M o (st P2 (s)xds dt

to‘+1

A — A) 1z :)\QTﬁ/ e AP () zdt =
0
=\ / e Mot 1/ 5P, (s )Pg(st")xds dt = N7 / e MPP, (H)z dt.
0 0 0
Hence, A generates an (o, o)?-resolvent family Pg; given by (4.17) and we have shown part (a).
(b) Now assume that A generates an (o, 1)?-resolvent family S2. Then by definition, there exists w > 0
such that {A“: Re(\) > w} C p(A) and

(4.19) AT — Al = AT [ e MSE (D dt, Re(\) > w, Vo € X.

0
Let 1 < & < « and let Sg, be given by (4.18). Then it is clear that S’g, is strongly continuous from
[0,00) into £(X). By Lemma 4.13(b), there exist some constant My, w; > 0 such that for every z € X,
(g1 * Sg,)(t):cH < Mye*t||z, t > 0. It follows from (4.19) and (2.12) that {\* : Re()\) > w} C p(A)
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and for Re(A\) > w, z € X
! ’ @ o0 ].
AT — A) g =\ X"l/ e ASE (Hadt = AT / —M/ O, (st=7)SP (s)xds dt

=7 / / §)SP(st%)zds dt = AT [ e8P (D)z dt.
0
Hence, A generates an (o, 1) -resolvent family Sa, given by (4.18). The proof of the theorem is finished.
O

We have the following result as a corollary of the preceding theorem.

Corollary 4.15. Let 1 < a < 2, 8 > 0 and let A be a closed linear operator on a Banach space X.
If A generates an exponentially bounded B—times integrated cosine family (Cs(t)), then A generates an
exponentially bounded (o, 1)®-resolvent family (S2(t)) given by

o0

(4.20) Sg(t)xz/ t_%é%(st_%)qg(s)xds:/ By (r)Cy(rt S )xdr, >0, xeX.
0 0

In particular, it follows from the first representation formula in (4.20) that (S2(t)) is analytic for t > 0,
and, from the second one, that S5(0) = Cy(0).

Let (P3(t)) be the associated (o, a)P-resolvent family generated by A which exists by Remark 4.4 (b).
Then for every x € X,

a [ s o a [ 7 o

(4.21) P2 (t)z = —/0 t%ﬁ@%(st*?)ag(s)xd{s = 5/0 H@%(T)C/@(Tti)xdﬂ t>0.

Proof. Let o, B and A be as in the statement of the theorem. The fact that A generates an (a,1)5-
resolvent family S2 and an (a, a)?-resolvent family P2 is a direct consequence of Theorem 4.14 since
by hypothesis A generates a jS-times integrated cosine family, that is a (2,1)’-resolvent family, and a
B-times integrated sine family, that is a (2,2)’-resolvent family. The formulas (4.20) and (4.21) are the
corresponding formulas (4.18) and (4.17), respectively, in Theorem 4.14. Tt remains to show that S2 and
P8 are exponentially bounded. By hypothesis, (Cs(t)) is exponentially bounded, that is, there exist some
constants M,w > 0 such that ||Cs(t)z| < Me*t||z|| for all t > 0, z € X. Using (4.20), (2.13), (2.6) and
(2.9), we have that for every z € X, ¢t > 0,

HSg(t)xll S/ ‘I)%(T)HCg(Tt%)deT < M||x||/ (I)%(T)ewrt% dr
0

SUEDIE Sy Al dT—MHxIIZ e

2

(wt)™ 2
<M ||z o = M|z|Es < Mpe™* ||z,
[ ”,LZON L = Mlell By a(wt?) < My ]
for some constant M; > 0 and we have shown that S? is exponentially bounded.

We note that P? is bounded in a neighborhood of ¢+ = 0% by strong continuity on [0,00). We show
that there P is exponentially bounded away from 0. Indeed, using (4.21), (2.13) , (2.6) and (2.9), we
have that for every t > ¢ and = € X,

[P0l <M [ Ereg e alir < Ml [ rog(rear
0 0

> o L (wti) T(n+2)
<M Do (r)r"Hdr = M C
<Mlal 5 ()7 = Ml Y S R ) )
wt) a we
<Mux||2menan 5 (i) < Mie™® |,
n=0

for some constant M; > 0, and this completes the proof. ]
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We notice that alternatively, one can also show that Pg is exponentially bounded on [0, 00) by using the
fact that S2 is exponentially bounded and that P2 (t)z = (go_1%S2)(t)x, 2 € X, t > 0 (by Remark 4.4(a)).

If B generates an exponentially bounded -times integrated group (Us(t)), then A = B? generates an
exponentially bounded S-times integrated cosine family (Cjs(t)) given by Cs(t) = W. More-
over, operators that satisfy the estimate (1.5) are generators of exponentially bounded integrated cosine
families (see [32, Theorem 2.2.4] or [40]). The corresponding situation for integrated semigroups is treated

in [3, Theorem 3.2.8].

Next, we show that we have a double subordination principle for the families S? and P2 in terms of
the parameters o and (.

Corollary 4.16. Let A be a closed linear operator on a Banach space X and let1 < a < 2,8 > 0. Then
the following assertions hold.

(a) If A generates an (o, @)P-resolvent family P2, then it generates a g—tz’mes integrated semigroup

(Tg (t)) satisfying (g1 * Tg)(t) is exponentially bounded and for every x € X, and t > 0,

o0
1
Ts(t)x = Ut”_l/ 5B, (s)P2 (st%)x ds, where o := —.
2 0 [0
(a) If A generates an (a,1)P-resolvent family S2, then it generates a g—times integrated semigroup
(T§ (t)) satisfying (g1 * Tg)(t) is exponentially bounded and for every x € X, and t > 0,

oo
1
Ts )z = / D, (s)SE(st?)x ds, ¥Vt >0, where o:=—.
0 «
The proof of Corollary 4.16 is a simple combination of the proofs of Proposition 4.10, Theorem 4.14
and Corollary 4.15.

Remark 4.17. (i) It follows from Theorem 4.14 and Corollary 4.16 that we have the following more
general situation. Let 1 < a < 2 and 8 > 0 be given. If A generates an (a,1)%-resolvent
8

family S2, then A also generates the (o, l)g—resolvent family S 2 introduced in [8, 28, 29] for any
0 < o' < 1. More precisely, in [29, Definition 4.2], for 0 < o/ < 1 and 8 > 0, an (/, 1)5-resolvent
family associated to a closed linear operator A defined on a Banach space X, has been defined to
be a strongly continuous function Sg, : [0,00) = L(X) such that, ||(g1 * Sg,)(t)xH < Me*t||z]|,
z € X, t>0, for some constants M,w > 0, {A* : Re(\) > w} C p(4), and

o0
AT — A) Tl = Aa’ﬁ/ e NS5 (xdt, Re(\) >w, € X.
0
In the same direction, we observe that a generator of an («, 1)-resolvent family for 1 < a < 2
is already the generator of an analytic strongly continuous semigroup.

(ii) We mention the following remarkable result obtained in [8, Section 3]. Let A be a closed linear
operator on a Banach space X. If A generates a bounded analytic strongly continuous semigroup
(T(t)) of angle 7/2, then A generates an (o, 1)® = («,1)-resolvent family S, on X for every
1 < a < 2, and hence, generates an (a, 1)?-resolvent family S% on X for every 1 < o < 2 and
B > 0. But unfortunately, there is no explicit representation of S2(¢) in terms of T'(t).

(iii) In general, generators of resolvent families even in the case § = 0 are not stable under bounded
perturbations. In the case S = 0, an example in [8, Example 2.24] shows that they need not be
stable by perturbations by multiple of the identities. Therefore the resolvent families obtained
through Corollary 4.15 are of special interest since they are stable under perturbations by multiple
of the identities. Other admissible perturbations have been studied, see e.g. [3, 32] and the
references therein.

From Lemma 4.13, Theorem 4.14 and Corollary 4.16 we derive the following result.
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Lemma 4.18. Let A be a closed linear operator on a Banach space X. Let 1 < a <2, >0 and pu > 0.
Then the following assertions hold.
(a) Assume that A generates an (a,a)®-resolvent famz’ly P3. Let 1 < o' < a and let Pg, be the
(o, )P -resolvent family generated by A, or the f-tlmes integrated semigroup (Tzs( )) generated
by A. Then for every x € X andt > 0,

> os o o

(4.22) / T (577 g B2 () = (g + PL) (1), 0 =
and

* os 1

—o B _ ——

(4.23) / 25y (st g+ BE)(s)ads = (g0 Ty (D, 0 =

(b) Assume that A generates an (o, 1)?-resolvent family S2. Let 1 < o' < «a, and let Si, be the

(o', 1)P-resolvent family generated by A, or the g—times integrated semigroup (Tg (t)) generated

by A. Then for every x € X andt > 0,

o0 !
(4.24) / %@a(st"’)(g# «SPY(s)zds = (guo *S°) (B2, 0= &,
o t7 o
and
(4.25) / t—géa(st_a)(gu *SE)(s)zds = (guo * Ts (t)z, 0 := =
0 2

Proof. Let A, a,  be as in the statement of the lemma and let z € X and p > 0.
(a) Assume that A generates an (a, a)’-resolvent family P?. Let w be the real number from the
definition of P2. Let 1 < o/ < a. Taking Laplace transform, we have that for Re()\) > w,

—

(4.26) (Guo * P2 )Nz = APoXN=2" (A — A) 1 = A ro= 7 (2 — 4) g
On the other hand, using (2. 11) and Fubini’s theorem, we obtain that for Re(\) > w,
/ / tUH (st77)(gu * P2)(s)xds dt :/0 e_vs(gu « P2)(s)xds
:A—U(uﬁ-%ﬁ)(/\aa . A)_l.’IJ
(4.27) AT (2 4y

In view of (4.26) and (4.27), the equality (4.22) follows from the uniqueness theorem for the Laplace
transform and by continuity. The proof of (4.23) follows the lines of the proof of (4.22).
(b) Similarly, for Re(\) > w (here w be the real number from the definition of S2),

-

(4.28)  (gop #SE)(N)z = A~THA= TN 1\ )l = Amon— S\ S gyl
Using (2.12) and Fubini’s theorem, we obtain for Re(\) > w,
/ / a(5t79) (g, * SE)(s)xds dt =\771 /00 e (gap * SB)(s)xds
=X~ 1)\0“" TENTED (N ATl
e AP R PUT R

(4.29) =\~ (A — A)a.
Using (4.28) and (4.29), the equality (4.24) also follows from the uniqueness theorem for the Laplace
transform and by continuity. The proof of (4.25) also follows the lines of the proof of (4.24). O

The following result on the regularity properties of the family S? is crucial and will be used several
times in the subsequent sections to obtain our main results.
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Lemma 4.19. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let
1<a<2,8>0,k:=[%], n:=[B] and assume that A generates an (c, 1)8-resolvent family S5. Then
the following properties hold.

(a) Let m € NU{0}. Then for every x € D(A™*1) and t > 0,

m t
(4.30) SE(t)x = Zga(§+j)+1(t)AJ:E + /0 Go(ms1)(t — 8)SE(s)A™ Mz ds.
J=0

(b) For everyx € D(A™Y), the map t — (gkf%ﬁ*Sg)(t)x belongs to C* ([0, 00); D(A))NC*+1([0, 00); X)
and for every t > 0,

dk n—1 ) n
(4.31) = (9 sp xS (002 = Zogam(th + (Gn_z) * SE) (A 2,
o
and
dF+1 n ) )
(4.32) it |G sz # 8D O] =Y gag (AT + (G000t *SOA™ 2.
j=1
In particular,
& , d*
(4.33) = [gk_%ﬁ . Sg] 02 =0,j=01....k=1, 2z {gk_% . sg] 0)z = =,
and
dk+1 dk+1

(c) In general, for every x € D(A"1=%), i = 0,1,...,n, the mapping t (gkf%ﬁ * gai * SB)(t)x
belongs to C*([0,00); D(A)) and for everyt >0,

dk; n—1 ) p
(4.35) ak (Gp—_ap * Gai * Sg)(t)a;} = Gajr1railt) A+ (9a(n—2) * o * SEY(t) AT g,
=0

(d) For every x € D(A™), the mapping t — (gk_% * S2)(t)x belongs to C*([0,00); X) and the
equalities (4.31) and (4.33) hold.

(e) In general, for every x € D(A"™%),i=0,1,...,n, the mapping t — (gk_% * goi *S2) (t)z belongs
to C*([0,00); X) and for every t >0,

k n—1i

d ‘ B
(4.36) e (94— cp *90i ¥ S| =D guji 140t AT+ Alg g, * g0+ SO A™ .
=0

Proof. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let 1 < o <
2,8 >0 and set k := (%B], n := [B]. Note that k < n. Assume that A generates an (a, 1)”-resolvent
family Sg.

(a) We prove (4.30) by induction. If m = 0, then for every z € D(A), the equality (4.30) reads

¢
SE(t)x = Gag 4 (t)x —l—/ go(t — 8)SE(s)Ax ds, Yt >0
2 0
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which is given by Lemma 4.5(b). Assume that (4.30) holds for m — 1 for some m € N. Now, let
x € D(A™*1) € D(A™). Then using Lemma 4.5(b), we have that for every ¢ > 0,

,_.

m—

a2 45y 11O T + (gam * S7) () A"
C

?v

ga(g+j)+1<t)‘4jx + Am(gam * Sg)(t)z

3 <
Tl
- o

ga(gﬂ.)ﬂ(t)Ajg; + A" G * (g(,zﬁﬂx + go * SgAx) (t)

<
I
o

3
L

|
(]

ga(%ﬂ)ﬂ(t)ij + 9a(§+m)+1(t>‘4mx + (Ja(m+1) * Sap) (A o

<.
I
=)

M-

ga(§+j)+1(t)‘4jx + (ga(erl) * Sg)(t)Am—Hx'

<.
Il
o

We conclude that the equality (4.30) holds and this completes the proof of part (a).
(b) Let © € D(A™1). Then using (4.30) with m = n we get that for every ¢t > 0,

(95— a8 *S5)(t)a = ng+aj+1( Az + (g Ia(n+1)+k—2L *S0) (1) A" .
7=0

Therefore, using Lemma 4.5(b), we have that for all ¢ > 0,

dF N
% (gk aﬂ *S ) ] Zgaj+1 )A SL""( a(n—'rl) aﬂ *Sﬂ)(t)A +1£L'
7=0

:Zgaj+1(t)Aj!L‘ + (ga(n_g) * go * Sg) (t) A"y

Jj=0

=Y Gair1 (VAT + (gup_ sy * (S5 — gap 1)) () A"

2

=0

=3 et (DA + (40, * SDOA™T — gan i (DA™
=0
-1

3 kv

= Gajt+1(t )ij-l-(g (n— *S Pt Az,

=0

and we have shown (4.31). Since A"z € D(A), it follows from (4.31) and Lemma 4.5 that % [(gkf%ﬁ xS (t)x| €

C([0,00); D(A)). Hence, (gk_.%g * SPY(t)x € CF([0,00); D(A)). Since g1(0) = 1 and ga;41(0) = 0 for
every j =1,2,...,n — 1, the equalites in (4.33) follow from (4.31).
By Remark 4.4 and Lemma 4.9, A generates an («a, a)?-resolvent family P2 and for every x € D(A),
SE(t)z € C([0,00); D(A)) N C*((0,00); X). Now, let z € D(A™*!). We have to show that (g, as *
2
SBY(t)x € CF+1(]0,00); X) and (4.34) holds. It follows from (4.31), (4.5) and the fact that S(t)A"x €
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C([0,00); D(A)) N C((0,00); X), that for every t > 0,

Jk+1 n—1 ] .
(G *SDOT =Y a (VAT + (942, * (55))(DA"]
j=1

= "if Jaj (t)Alz + {ga(n_g) * (g% A"x + IF’QA”“J:) (t)}
j=1

=3 Gai (DA + (g, 2y *PRY(HA™ 2
j=1

=Y gaj(t) Az + (Ga(n—2) 4ot * SEYt) A"z e C([0,00); X),
j=1
and we have shown (4.32). Therefore, (g;,_as * SEY(t)x € CFF1([0,00); X). It also follows from (4.32)

that
dk+1

pr==) [gk_% * Sg] (0)x = 0.
Now, using (4.33) we get that
Jk+1 5 d* 5
T |91 % Ghmp #8E| O)x = Zx [g,_ep S2] (O =2
and this completes the proof of part (b).
(c) Let x € D(A"*1=%), i = 0,1,...,n. Proceeding as in the proof of part (b) we get that for every
t >0,

n—1

(9ai * 9p_as *S)O)T =Y Girajrait1 (AT + (G y a2y * ga * SD(HA™ .
=0
This implies that for every ¢ > 0,
dk n—t ) )
= |90 % _ap *SD) 2] = Y agraini AT + (gyu_g) * g0+ SHHA™ s

3=0
Using Lemma 4.5, the preceding equality shows that (gq; * Gpp—mp * SE)(t)x € C*([0,00); D(A)) and one
has the equality (4.35).

(d) Let € D(A™). Proceeding as in part (b), we also get the equality (4.31) and this implies that
(gk_%ﬁ *S2)(t)x € CF([0,00); X) and (4.33) holds.

(e) Let z € D(A"~?),i = 0,1,...,n. Proceeding as in part (c), we get that (g, as * gai * S3)(t)z €
2
C*(]0,00); X) and the equality (4.35) holds. The proof of the lemma is finished. O

5. RESOLVENT FAMILIES AND THE REGULARIZED ABSTRACT CAUCHY PROBLEM

In this section we show that the above defined resolvent family S? is necessary and sufficient to solve

the regularized abstract Cauchy problem
D&o(t) = Av(t) + g%“(t)x7 t>0,1<a<2 >0,
v(0) = v'(0) =0,

where A is a closed linear operator with domain D(A) defined on a Banach space X. By a classical solution
of (5.1) we mean a function v € C([0,00); D(A)) N C*(]0,00); X) such that (ga_q * v) € C?([0,0); X)
and (5.1) is satisfied.

The following is the main result of this section.

(5.1)

Theorem 5.1. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let
1< a<2andf >0. Then the following assertions are equivalent.
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(i) The operator A generates an (v, 1)?-resolvent family S2 on X.
(ii) For all x € X, there exists a unique classical solution v of Problem (5.1) such that (ga—q * V') (%)
is exponentially bounded.

Proof. Let A, o and 8 be as the statement of the theorem.
(i) = (ii): Assume that A generates an (o, 1)”-resolvent family S? on X and let z € X. Define

v(t) := (ga * SP)(t)z = /0 go(t — 5)SE(s)x ds, t>0.

Then v(0) = 0 and by Lemma 4.5 we have that v € C([0,00); D(A)). Since v'(t) = (ga_1 * SE)(t)z, we
have that v € C1([0,00); X) and v/(0) = 0. Since for every t > 0,

(g2—a * 0)(t) = (92-a * ga * SQ)(t)z = (g2 * S{) (),
it follows that (ga_q *v) € C?([0,00); X). Since v(0) = v'(0) = 0, it follows from (2.1) and (2.3) that for
every t > 0,

d2
Dfv(t) =(g2-a *v")(t) = =5 [(92-a ¥ 0)(1)]
2
=z [(92%82) ()] = 85(H)x = Alga + SO (B + gop ., (D)2
=Av(t) + gaT@_H(t)x.

Hence, v is a classical solution of (5.1). Since (g1 * S2)(t) is exponentially bounded and for every = € X,
t>0,
(92— *0")(t) = (92-a * ga—1 *S5)(H)x = (g1 * S) (),

it follows that (ga_q * v')(¢) is exponentially bounded. Assume that (5.1) has two classical solutions
v and ve and set V := v; —va. Then V € C([0,00); D(A)) N C1([0,00); X), V(0) = V'(0) = 0,
(go_a*V) € C%([0,00); X), (g2_a * V)(t) is exponentially bounded and D¢V (t) = AV (t) for every ¢ > 0.
Taking the Laplace transform, we get that for Re(\) > w (where w is the real number from the above
mentioned exponential boundedness), (A% — A)V(A) = 0. Since (A* — A) is invertible, we have that
\7()\) = 0. By the uniqueness theorem for the Laplace transform and by continuity, we get that V(¢) = 0
for every ¢t > 0. We have shown uniqueness of solutions and this completes the proof of part (ii).

(ii) = (i): For x € X, we let S, g(t)x := DYv(t,z) where v(¢,z) is the unique classical solution of
(5.1). Using (2.1) and the fact that v(0) = 0 = v’(0) we get that for every ¢t > 0,

(Ga * Sa.p)(t)x = (9o * Dfv)(t) = v(t,z) — v(0,2) — V' (0, 2)t = v(¢t, x).
Hence, (go * Sa,p)(t)z € D(A) for every x € X, t > 0, and one has the equality
(5.2) A(ga * Sa,p)(t)x + g%gﬂ(t)x = Av(t,z) + g%gﬂ(t)x = Su p(t)z.

By the closed graph theorem we also have that S, g(t) € £(X) for t > 0 and we note that S, 5(t) is
strongly continuous on [0, 00). Since by hypothesis (ga—q *v’)(¢) is exponentially bounded and given that
for every z € X, t > 0,

(g1 % Sa,p) (V)7 = (g1 * g2—a * V")(t) = (g2—a *v')(2),
we have that (g1 %S, g)(t)z is exponentially bounded. By the uniform exponential boundedness principle
[3, Lemma 3.2.14], we have that there exist some constants M,w > 0 such that

(5.3) 1(g2—a * V) B = [I(g1 * Sap) (]| < Me*', >0, z € X.

Taking the Laplace transform on both sides of the equality (5.2) we get that for Re(A) > w (where w is
the real number from the above mentioned exponential boundedness),

AN8, (N — 8o s(Nz = —A~F "1z,
Multiplying the preceding equality by A* we get that

~

(A = A)80 s(N)z = A~ TNy,
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The preceding equality shows that (A* — A) is surjective. To prove injectivity, suppose that (A\* — A)z = 0
for some z € D(A) and Re(\) > w, that is, Az = A%z for Re(\) > w. It is enough to consider that
Az = X% for A real and A > w. Then setting v(t) = (gif+a * E)(t)x where E(t)r = FEqu1(A*t)z,
we prove that v is a solution of Equation (5.1). Obviously v € C([0,00); D(A)) N C*([0,00); X) and
(g2—a *v) € C%(]0,00); X). Using (2.8), we have that for every ¢t > 0,

DF(t) =02 * g [ (94 B)0)2] = (903 # B)(0)e = g * (01 + N"g # B)) (1)

=gap 41 (D)2 + (gap o * E) )\ z = 9ap 1 (D)@ + (gaz 4o * E)(t)Az
=gas 1 (e + A(gag , , * E) ()T = gas ,, (D)7 + Av(t).

We have shown that v is a solution of Equation (5.1). Since all the solutions v of Equation (5.1) satisfy

the estimate (5.3), we must have this estimate for the solution v(t) = (gas_, , * E)(t)z just found. But
2

using (2.6) we have that

- & A\anpan
E® =Y fansD
— T(lan+1)
which gives
(g2-a *V)(t) = (gos_, * B)(t)x ==+ e =tTTE w (A )
“ ElE — T(an+ %L +2) 7 +2 ’

and hence by (2.9), [|(g2_a * v')(t)|| < Me*||z|| and this estimate is sharp. Therefore we can only have
the estimate (5.3) if = 0. We have shown that (A* — A) is injective, hence is invertible and

SNz = A" T ALY — A) e,
that is, for Re(\) > w, and = € X,

oo
AT — A) Tl = 2T / e NSy 5(t)x dt.
0
Hence, A generates an (a, 1)?-resolvent family S? and by the uniqueness theorem for the Laplace trans-
form and by continuity we have that S5 (t)z = S, s(t)z for every € X, t > 0. We have shown the
assertion (i) and the proof is finished. O

Remark 5.2. (a) We notice that in Theorem 5.1, the assertion (ga_o*v")(t) is exponentially bounded
agrees with the limiting cases @ = 1 in which the conclusion reads (g1 *v’)(t) = v(t) is exponentially
bounded (see e.g. [3, Theorem 3.2.13]), and o = 2, in which we have that v'(¢) is exponentially
bounded. An example showing that the exponential boundedness assumption cannot be omitted
is included in [3, Remark 3.2.15(b)] for the limiting case oo = 1.

(b) We mention that if the family S? is exponentially bounded, then the solution v in Theorem 5.1
is exponentially bounded as well.

6. RESOLVENT FAMILIES AND THE HOMOGENEOUS ABSTRACT CAUCHY PROBLEM

In this section we use the above defined resolvent families to investigate the existence, regularity and
the representation of solutions of the homogeneous abstract Cauchy problem

{Dgu(t) = Au(t), t>0,1<a<?2,

(6.1) w(0) = 2. w(0) =y,

where A is a closed linear operator with domain D(A) defined on a Banach space X and z,y are given
vectors in X.

Definition 6.1. A function u € C([0,00); D(A)) N C*([0,00); X) is said to be a classical solution of
Problem (6.1) if ga—ao * (u — u(0) — u/(0)g2) € C?([0,00); X) and (6.1) is satisfied.
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We adopt the following definition of mild solutions.

Definition 6.2. A functionu € C([0,00); X) is said to be a mild solution of (6.1) if I?u(t) := (ga*u)(t) €
D(A) for every t >0, and

t
U(t):$+ty+A/ Ga(t — s)u(s) ds, Yt >0.
0

We have the following uniqueness result.

Proposition 6.3. Let A be a closed and linear operator with domain D(A) defined on a Banach space
X and let 1 < a < 2. Then the following assertions hold.

(a) Ifu is a classical solution of (6.1), then it is a mild solution of (6.1).
(b) If (A\* — A) is invertible for Re()\) large enough, and if a mild solution u exists and (g1 * u)(t) is
exponentially bounded, then it is unique.

Proof. Let 1 < a < 2 and let A be a closed linear operator with domain D(A) defined on a Banach space
X.

(a) Let u be a classical solution of (6.1). Since u € C(][0, ) D(A)), we have that (g, * u)(t) €
C([0,00); D(A)). Since D¢u(t) = Au(t), that is, (ga_a *u”)(t) = Au(t), we have that (g *ga_o xu”)(t) =
A(ga * u)(t), ie., (g2 *u”)(t) = A(ga * u)(t). Hence, u(t) — u(0) — tu'(0) = A(gq * u)(t) for every t > 0
and we have shown that v is a mild solution of (6.1).

(b) Assume that (6.1) has two mild solutions v and v and set U := v —v. Then U € C([0,0); X),
(9o *U)(t) € D(A) for every t > 0 and U(t) = A(g, * U)(¢). Taking the Laplace transform, we get that
(I —A=*A)U(X) = 0 for Re(\) > w (where w > 0 is the real number from the exponential boundedness
of (g1 *u)(t)). Since (I — A\~*A) is invertible, we have that U(A) = 0. By the uniqueness theorem for the
Laplace transform and by continuity, we get that U(t) = 0 for every ¢ > 0. Hence, u(t) = v(t) for every
t > 0. The proof is finished. O

Remark 6.4. We mention that to prove the existence of solutions of Problem (6.1), we proceed by direct
construction and make minimal use of the Laplace transform.

The following result is the main result of this section.

Theorem 6.5. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let
l<a<2,8>0andsetn:=[8], k:= f%ﬁ] Assume that A generates an (a,1)?-resolvent family SB.
Then the following assertions hold.
LY ] a8
(a) For every x,y € D(A™Y), the function u(t) := D,> SE(t)x + D,> (g1 * S2)(t)y is the unique
classical solution of (6.1).
Y] a8
(b) For every x,y € D(A™), the function u(t) := D,*> SE(t)x + D, (g1 * SE)(t)y is the unique mild
solution of (6.1).

Proof. Let A, a, B, n := [B] and k := (%B] be as in the statement of the theorem. First we prove

existence of classical and mild solutions.
(a) Let z,y € D(A™!) and set u(t) :=

that u € C([0,00); D(A)) N C([0,0); X),

N‘Q

as
SB(t)x + D,? (g1 * SB)(t)y. Tt follows from Lemma 4.19

Dt
u(0) = = and «/(0) = y. Since u(0) = z, v/(0) = y, using
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Lemma 4.19 and Lemma 4.5, we have that for every ¢t > 0,

n—1

g2—a * (u—u(0) — u'(0)g2)(t) =g2—a * Z Jajr1(t) Az + (Ga(n—2)* Sa) (A e —x
7=0
n—1 )
+goa® | D Gajr2OATY + (9,541 * SO A"Y — ty
3=0
n—1 )
= Z gajJrSfoc(t)A]x + (ga(n7§)+27o¢ * Sg)(t)Anm
j=1
n—1 ]
+ D Gajra-aOAY + (go-2)s5-0 * SD(HA™Y
j=1

= Gaj4s-alt) Az + (Ja(n—2)42 * S2)(A™ 'z

J=1

(6.2) + Y Gajra-aB)AY + (gugus)45 * SDHA™ Y.

J=1

Using (6.2) and Lemma 4.19 we get that for every t > 0,

d? & ; n
22 |92 (u—u(0) — Ul(o)gz)} (1) =) gajt1-a(t) Az + (Ya(n_g) * Se) (A e
i=1

+ Z 9aj+2fa(t)Ajy + (ga(nfg) * Sg)(t)An—Hy

j=1

€ C([0,00); X).
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Hence, g2_qo * (u — u(0) — v/ (0)g2) € C?([0,0); X). We have to show that u satisfies (6.1). Using (4.32)
in Lemma 4.19, we get that for every ¢ > 0,

ap ap
Dfu(t) =DgD,* Si (1) +DfD,* (g1 * SE) )y
dk+2 dF+2
=02—q * [dtk+2 (gk_%ﬁ * Sg) (t)x + ) (gk_% * g1 * Sg) (t)y]

d | A
T Zgaj(t)AJ:v + (Ga(n—8)ra—1* SE) () Az

j=1

=92—a *

+ 920t | 9ai(OVAY + (g 5)1a-1 *SDHA™ Y
_‘7:1

+ D 9ot (DAY 4 (9,0, s) % 91 xS (DA™ Ny

= Zgaj+l(t>Aj+1m + (Gan-sy * Sa) (A" e
=0

+ Z Jaji1 () ATy + (ga(n_g) g1 * SL)(t) A"y

2

n—1
+A [ Jait1 (DAY + (9o ) * 91 ¥ S5) (1) A"y

7=0
aB 8 apB 8
=A Dt2 Sa(t)x + th (gl * Sa)(t)y

=Au(t)

and this completes the proof of the existence part in the assertion (a).

a8 a8
(b) Let x,y € D(A™) and set u(t) := D,> SE(t)z+D,> g1 *S2(t)y. Using (4.31) in the proof of Lemma
4.19 we get that for every ¢ > 0,

d* d*
u(t) =25 |(9_sp * SDO] + Zx (9o * 91 %Sy
n—1
= Z 9aj+1(t)ij + (ga(n_g) * Sg)(t)A”x

j=0

n—1 )
(6.3) + D Gagr2(VATY + (g8 * 01 *S2) (1) A"y,

=0
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It follows from (6.3) and Lemma 4.19 that u € C([0, 00); X). Using (6.3) we get that for every ¢ > 0,

n—1
I u(t) = (ga * u)(t) = D Gajr1+a(DAT + (9up,_s5) % 9o ¥ SO (DA™
=0
n—1 )
(6.4) + Z Jaj+24+a t)Aly + (ga(n_g) * g1 * Jo * S'g)(t)A"y.
=0

It follows from (6.4) and Lemma 4.5 that I7u(t) € D(A) for every ¢ > 0. Using Lemma 4.19, Lemma 4.5
and (4.35), we have that for every ¢ > 0,

n—1 n—1
u(t) =Y Gajr1 (AT + (g0 sy *SDOA™ T+ gajra(O)AY + (9uiu_s) * 91 % SD) (DA™Y
7=0 =0
n—1 ) n—1 )
a4ty Y gag1 (AT + (g p) FSDOAD Y a2 ATy + (g0, * 91+ SDOA™Y
j=1 j=1
n—1 .
=r+ty+ A Z Jajr1 (AT o + (ga(nfg) «SEY(t) A"z
j=1
n—1 )
+A D Gajr2(OA T Y 4 (9ap0 sy * 91 ¥ SD(HA™ Ny
j=1

n

=r+ty+ A Z Goj1(t) AT o + (ga(n%) * ga + Sg) (A"

j=1

A D gajra() AT Y+ (9o 2) * 91 % 9o * SO)(H) A"y

j=1

n—1

=T + ty + A Z Jaj+14a (t)ij + (ga(nfg) * Ja * Sg)(t)Anx
7=0

n—1

+ A D GagraraOATY + (9o 2) * 91 % 9o * S3) () A"y
j=0

n—1

=z + ty + Aga * Z Jajr1(t) Az + (a(n-s) * Sa)HA"e

=0

n—1

+ Aga * | D Gajr2OATY + (9,2 * 91 #S2)(H) A"y
§=0
6.5)
=z + ty + A(ga * u)(t).

Hence, u is a mild solution of (6.1) and this completes the proof of the existence part in the assertion
(b).

It remains to show the uniqueness of solutions. Let x,y € D(A™) and let u be a mild solution. We just
have to show that (g7 * u)(t) is exponentially bounded. Using the first equality in (6.5), we have that for
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every t > 0,
n—1 n—1

(915 0)(0) = 3 Ggsa AT + (90141 *SDVOA T+ Y Gaysa(DV ATy + (g3, * 92 * SL) (DA™,
Jj=0 j=0

Using Lemma 4.3 we get from the preceding equality that there exist some constants M,w > 0 such that
for every t > 0,

(g1 * w)()I < Me* Y (|| ATz + | A7yll).
§=0

We have shown that (g * u)(¢) is exponentially bounded. Now, Proposition 6.3 implies the uniqueness
of mild and classical solutions. The proof of the theorem is finished. |

Remark 6.6. We observe that although in (6.1) we have the Caputo fractional derivative D, the solution
ap a8
is given by the Riemann-Liousville derivative D,> SZ(t)x + D, (g1 * SB)(t)y. If %’B is not an integer,
ap ap
then the function D,> SZ(t)z + D,> (g1 * S2)(t)y is not a solution of (6.1), unless x =y = 0.

7. RESOLVENT FAMILIES AND THE INHOMOGENEOUS CAUCHY PROBLEM

In this section we study the solvability and the representation of solutions of the inhomogeneous
fractional order abstract Cauchy problem

{Df‘u(t) = Au(t)+ f(t), t>0,1<a <2,

(7.1 u(0) = 2, w(0) =y,

where A is a closed linear operator with domain D(A) defined in a Banach space, f: [0,00) = X is a
given function and x,y are given vectors in X.

Definition 7.1. A function u € C([0,00); D(A)) N C1([0,00); X) is said to be a classical solution of
Problem (7.1) if go—a * (u —u(0) — u/(0)t) € C?([0,00); X) and (7.1) is satisfied.

We adopt the following definition of mild solutions.

Definition 7.2. A function u € C([0,00); X) is said to be a mild solution of Problem (7.1) if Ifu(t) :=
(ga *u)(t) € D(A) for every t >0, and

t t
u(t)=x+ty+ A/ Jo(t — s)u(s) ds +/ ot —8)f(s) ds, ¥t >0.
0 0
We have the following uniqueness result.

Proposition 7.3. Let A be a closed linear operator with domain D(A) defined on a Banach space X and
let 1 < a < 2. Then the following assertions hold.

(a) Ifu is a classical solution of (7.1), then it is a mild solution of (7.1).
(b) If (A — A) is invertible for Re(\) large enough, and if a mild solution u exists and (g1 * u)(t) is
exponentially bounded, then it is unique.

Proof. Let 1 < o < 2 and let A be a closed linear operator with domain D(A) defined on a Banach space
X.

(a) Let u be a classical solution of (7.1).
C([0,00); D(A)). Since Du(t) = Au(t) + f(t
(9o # G2+ W)(E) = Alga * u)(t) + (g * (¢
u(t) —u(0) —tw'(0) = A(ga *u)(t) + (9o * () fo
of (7.1).

(b) Assume that (7.1) has two mild solutions v and v and set U := v — v. Then U € C([0,00); X),
(9o * U)(t) € D(A) for every t > 0 and U(t) = A(gq * U)(t). Taking the Laplace transform, we get that
(I —A"*A)U(X) = 0 for Re(\) > w (where w > 0 is the real number from the exponential boundedness

Since u € C([0,00); D(A)), we have that (g, * u)(t) €
), that is, (go—q * u”)(t) = Au(t) + f(t), we have that
), i.
r

(g2 % 0") () = Alga x w)(t) + (g0 * F)(0). Hence,
every t > 0 and we have shown that w is a mild solution
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of (g1 *u)(t)). Since (I —A\~*A) is invertible, we have that U()) = 0. By the uniqueness theorem for the
Laplace transform and by continuity, we get that U(t) = 0 for every ¢ > 0. Hence, u(t) = v(t) for every
t > 0. The proof is finished. O

Remark 7.4. As for the homogeneous equation in Section 6, to prove the existence of mild and classical
solutions of Problem (7.1), we proceed by a direct method without the use of the Laplace transform.

We have the following result of existence and representation of classical and mild solutions which is
the main result of this section.

Theorem 7.5. Let A be a closed linear operator with domain D(A) defined on a Banach space X. Let
1<a<2p3>0and setn:=[B], k:=[%L]. Assume that A generates an (a,1)?-resolvent family SP.
Let P2 be the (o, )P -resolvent family generated by A. Then the following assertions hold.
. ' . , P .
(a) For every f € C*([0,50): D(A)NCH1([0,00); X), £ (0), FEHD(0) € D(A™177), i = 0,1,...., 52,
if k is odd, f*V(0) € D(A"*17%), i =0,1,..., %, f@&+D(0) € DA™Y, i =0,...,5 -1, if
B
k is even, D% f(t) := (gkiaTg x f))(t) is exponentially bounded, and for every x,y € D(A™T1),
Problem (7.1) has a unique classical solution u given by

af

ap ap of
(7.2) u(t) = D, S{(t)x + D;* (g1 % SR)(t)y + D,* (PG + f)(1), t>0.

(b) For every f € C*([0,00); X), f?9(0), i =0,1,..., 5L, f+D(0) € D(A"7), i =0, 1,.%. VAL —
1, if k is odd, f@9(0), f2HD(0) € DA™Y, i = 0,1,....5 — 1, if k is even, D> f(t) =
(gk_%ﬁ x fR)(t) is exponentially bounded, and for every x,y € D(A™), Problem (7.1) has a

unique mild solution u given by (7.2).

Proof. Let A, «, B, n and k be as in the statement of the theorem. First we prove existence of classical
and mild solutions. s s

(a) Let x,y € D(A™1). Tt follows from the proof of Theorem 6.5(a) that D,> SE(t)x + D, (g1 *
S2)(t)y € C(]0,00); D(A)) N C*(]0,0); X). Moreover,

aB aB d [ as d aB
D20+ D (8O = 5 [DF82] O+ 5 [DF @1 v5D)| 0 = .

Now, assume that f satisfies the assumptions in the statement of part (a) of the theorem. Using Remark
4.4 and (2.5), we get that for every t > 0,

% 8 o 5 d* 5
Dy (B % f)(8) =D,* (ga-1+ S5+ 1) = = (94— sz * Gam1 + S5 + )(B)]

dk—l 8 8 ,

= |9 * gam1 ¥ SE)OFO)] + (9 * gam1 xS (1)
k-1 dkflfz )

=3 7 [Gemsp * 901 ¥ SDOFVO)] + (g % gamr +S% x £
i=0
k—1 dk ) i

=3 25 [Gep gam1 % giar xSDOFD O] + (g * gamr + S5+ S
i=0
k—1 dk ‘

(7.3) =3 ga# iz G e + 954 SDWOFDO)] + (9 * gam1 +E x FO)(@).
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e If k is odd, then using (7.3) we have that for every t > 0,

5 B - B (4) £(20)
D> (P = f)(t Zga aF [(gk_Lg * g x SD)(t) f (0)]
L,l dk
- Z ot 7 (01 op * 92011 xSV (0)]
+ (g _ap * ga—1 % SE = fR)(t)

2
1

s . |
Zga+z(2 @) * % [G_sp * 90+ SE)(OS(0)]
=0

k:
dF .
. R ) B (2i+1)
+ ; ga+(2—a)z+1 * dtk [(gk_LQﬂ * Joi * Sa)(t)f (0):|
+ (gkfaﬁ * Jo—1 * Sg * f(k))(t)

Using the preceding equality, Lemma 4.19(c) and Lemma 4.5, we get that for every ¢ > 0,

k—1
3 n—1—1

D,* (B + f)(t > Gatiti+e-myitar (DA FE(0)
a(i+j)+(2—a)i+a+1
0 j=0

=

+ ( oé(nff) (2 a)z+a Sg)(t)An_lf(zz)(o)
+ ga(z+])+(2 (y)l+a+2( )A]f (2i+1) (O)

+ 2 a1 e-aivass * SO OA T FE(0)
i=0

(7.4) +(g_as * ga—1 %SG * F@).

Using (7.4) we get that for every t > 0,

d Lo a
% |:D (P5 * f :| = Z Z Yo z+j)+(2_a)i+a(t)A]f(21) (0)
Jj=

N \
-

+ (goz(n B)+(2—a)it+a—1 * Sg)(t)An_lf(zl) (0)

=~ =
= O

5 —1ln—1—i

+ Z Z Go(itf)+(@—ayitat1(t)AT FEFD(0)

i=0 ;=0
kLo
+ D o 2)12-apiva * SDOA T FEHI(0)
1=0
(7.5) + (Gp_zp * gam1 *SD)OF P (0) + (9 ap * gar * S5+ FEHD) ().

Now, it follows from (7.
() € C([0,00); D(A)) N ([0, 00); X).

aB
4), £7.5), Lemma 4.19, Lemma 4.5 and the hypothesis, that D,> (P2 x
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e If k is even, proceeding as for the case k odd and using Lemma 4.19, Lemma 4.5 and the hypothesis,
we also get that D:TB(PQ * f)(t) € C([0,00); D(A)) N CL([0,00); X).
From (7.4) and (7.5), it is clear that D& (P8 « £)(0) = % {D:Qﬂ (P8 « f)} (0) = 0. We have shown that
u € C([0,00); D(A)) N CY([0,00); X), u(0) = x and u'(0) = y. By the proof of Theorem 6.5(a) we have
that go_g * {D:;Sg(t)m —z+ D:Tﬁ (g1 *SE)(t)y — ty} € C%([0,00); X). Using (7.4), we have that if k is
odd, then for every t > 0,

k—1 .
5 n—1—1

g0 DF L0 =3

=0
k

d2

pTe] Jo(iti)+(2—a)iv1 (AT FED(0)

Jj=C
—1

2 Gatn- )+ -ayi * S OA"FE(0)
=0

k—1
< —ln-1—

+ )Y Gati+e—a)i+2 (AT FETD(0)
i=0 =0

k—1

2

1
p> (g“(”*g)ﬂ?w)iﬂ*Sg)(t)An_if(%H)(O)
i=0

+ (g_az * SR FP(0) + (g4_as * S5+ fETV) ().

ap
We get a similar formula if k is even. Therefore, (go_o * D,? (P2 x f)) € C%([0,00); X) and hence,
(g2—a * (u — u(0) — ' (0)g2) € C%([0,00); X). It also follows from the proof of Theorem 6.5(a) that for

every t > 0,

apf

ag aB ap aB
(7.6) D7 [0 8200 + DF (g1 +8D(0] = 4| D 2000 + D a1+ 5210
Using Lemma 4.5, we get that for every ¢t > 0,
o o8 6] o o8 8
DD, (P, + f)(t) =DiD;* (ga—1 * S, * f)(t)

d? a8 5

= (92a * a2 [Dt2 (Ga—1 %S, * f)}) (t)
dk+2

T dikt2 |:(gk+2—%ﬁ—a % Go1 % SO * f)(t)}
dk+2

= g2 [(gmz # F)(t) + (9pya—op * Aga—1 * SE « f)(t)}

k

=f(t) + ACC;? [(gk_%g * Qo1 * Sg * f)(t)}

(7.7) —f(t) + AD;” (P2 « )(t).

It follows from (7.6) and (7.7) that D¢u(t) = Au(t) + f(t) for every ¢ > 0. Hence, u is a classical solution
of (7.1) and this completes the proof of the existence part in the assertion (a).

aB aB
(b) Let z,y € D(A™). Tt follows from the proof of Theorem 6.5(b) that D,> S2(t)x+D,> (g1%S8)(t)y €
ap aB
C([0,00); X) and that I} [DtZ SE(t)x + D,* (g1 *SE)(t)y| € D(A) for all t > 0. Assume that f satisfies
the hypothesis in the statement of part (b) of the theorem. Using (7.4), Lemma 4.6, Lemma 4.5 and
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Lemma 4.19, we have that if k is odd, then for every ¢ > 0,

£ ap
L'Dy? (]P)g * f) (t) =ga * D,? (90&1 * Sﬁ * f) (t)
L
- Z Z 9a(i+j)+(2—a)i+a+1(t)Aﬂf@Z)(o)
i=0  j=0
Bl
Y Gam-g)4e-ayisa *SDOAT I (0)
i=0
%_2 n—1—1
+ Z Z ga(i+j)+(2fa)i+oc+2(t)Ajf(QH‘l)(0)
i=0 ;=0
kL2
* Z (ga(”*§)+(2*a)z‘+a+1 xS (1) A1 p ()
i=0
(78) + (gk_% * Ja_1 * Jo * Sg % f(k))(t) c D(A)

We get a similar formula if k£ is even. Hence, for every ¢ > 0,

ab

aB aB
Ifu(t) = If D, S(t)x + I Dy (g1 %SE)(8)y + I7 D, (P f) (t) € D(A).
It follows from (6.5) in the proof of Theorem 6.5 that for every ¢ > 0,

aB apB

af af af af
(79) D SE(t)z+ D, (g1 *SE) )y =a+ty+ A {(ga «D,” SP)(t)z + (g0 * Dy” (g1 *SE))(t)y| -

Proceeding as in (7.3) and using Lemma 4.5 and (2.3), we have that for every ¢t > 0,

ap d*
DT (B4 f) (1) =27 (9o * 9o+ S2% £)()]
k
(90 % 00 £)(0) + Alga # g2 % 91 282 1)(0)]
k
=(gon PO+ Agec 7 [0 o % 901 %55 D)D)
(7.10) —(gu % F)(8) + Algax D* (B % £))(0).

Combining (7.9) and (7.10), we get that for every ¢t > 0,

u(t) =DF SE(t)a + D;F (g1 +S2)(t)y + D (BE + f) (1)
=z + ty + A(ga * u)(t) + (ga * f)(1).

Hence, u is a mild solution of Problem (7.1). This completes the proof of the existence part in the
assertion (b).

It remains to show the uniqueness of solutions. Let x,y € D(A™) and let f satisfy the assumptions in
part (b) of the theorem. Let u be a mild solution. Using (6.3) and proceeding as in (7.8) we get that, if
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k is odd, then for every t > 0,

(g1 u)(

(7.11)

n—1

)= gaji2(t) Az + (Ga(n—2)41 * SEY () A™

=0
n—1 .

+ D 9ajra(OAY + (g4 5) * 92 % S () Ay
=0
k 1

—1pn—2—4
+ Z Z Ga(it+j)+(2— a)z+2( )Ajf(zl)( )
%71
+ Z (ga(n_f) +(2— a)l+1*Sg)(t)Aniliif(zi)(O)
1=0
k—1

S 2p—1—i

+ Z Z Galiti)+(@—ayi+a(t) AT FETD(0)

i=0  j=0
)

+ Y Gatne )42 misa *SE)HAIT D ()
1=0

+ (g as % ga xS x fV)(2).

31

We get a similar equality if k is even. Since by assumption (g; * S?)(¢) is exponentially bounded, and
that there exist some constants My, w; > 0 such that [|(g, as * f®))(t)]| < Mye®rt, t > 0, it follows from
2

(7.11) that if k is odd, then there exist some constants M,w > 0 such that for every ¢ > 0,

n

(g * w) (D) <M e | > (| A%x]| + | A7y]) + Z Z 1ATFEO)1+ Y A A (0]

Jj=0

k—
7*1n 2—1 Tlfl

=0

7_271 1—1i bl

+ Mewt

2

Z Z 1ATFEFDO)+ Y AT AV ) + My

=0

We get a similar estimate if k is even. We have shown that (g1 *u)(¢) is exponentially bounded. Now, the

uniqueness of mild and classical solutions follows from Proposition 7.3 and this completes the proof.

In this section we give some examples where the situations of the previous sections are applied.

8. APPLICATIONS

O

Throughout this section @ C RN denotes an open set with Lipschitz continuous boundary 0. Let

the real valued coefficients satisfy a;; € L>(Q), bj,¢j,d € L*(Q), i, =1,2,...,

there exists a constant ;4 > 0 such that

N

> aij(@)6&; > plg? forall £ € RN,

i,7=1

for a.e. x € . Let A be the elliptic operator formally given by

N N N
(81) Au = ZD]‘ (Z Clz'J'DiU + bﬂi) - (Z c;iDiu + du) .
J=1

i=1 i=1

N. We assume also that
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Example 8.1 (Dirichlet, Neumann and Robin boundary conditions on L?-spaces). For 1 <
a < 2, we consider the fractional order Cauchy problem

Dfu(t,x) — Au(t,x) = f(t, ), t>0, ze€Q,
(8.2) % +v(2)u(t, z) =0, t>0, z €090,
A
u(02) = wo(a), 20D _ ), weq

Here, ug,u; € L2(Q), f € C([0,00); L?(Q2)), A is the operator given in (8.1),

N N

% => (Z aijDi“JFbjU) “Vjs

j=1 \i=1

where v denotes the outer normal vector of © at the boundary 99 and v > 0 belongs to L>(99) of
v = oo. If ¥ = oo, then the boundary conditions in (8.2) become the Dirichlet boundary conditions
u(t,z) =0,t >0 and z € 9N (see e.g. [6, 7]).

We consider the first order Sobolev spaces

HY(Q) := {u€L2(Q),/\VU\2 dz < oo}
Q

1/2
il ey = ( / l? da + / |Vu|2dac> |
Q Q

and H}(Q) = D(Q) where D(£2) denotes the space of test functions on €.
Let A, be the bilinear form on L?(Q2) with domain H'(f2) and given for u,v € H'(£2) by

N /N N
A, (u,v) := / Z (Z ai; Diu + bju> Djv dx —|—/ chDju +du | vdx —|—/ yuv do,
Q; . Q
j=1 \i=1

= 99

endowed with the norm

H'(Q)

where o denotes the usual Lebesgue surface measure on the boundary 02, and let Ap be the bilinear
form on L?(Q) with domain Hg () and given for u,v € H(Q) by

N /N N
Ap(u,v) = / Z (Z a;; Diu + bju> Djv dx —|—/ chDju +du | v dz.
Q=1 \i=1 Q

j=1

It is easy to see that the bilinear forms A, and Ap are closed in L2(Q2). Let Ay, and Az p be the closed
linear operators in L?(Q2) associated with the form A, and Ap, respectively. That is,

{D(Am = {ue H'(), 3ve LA(Q), A (u,9) = (v, ¢)120), Vo € H(Q))
Asyu=v

and
D(Azp) == {u € H5(Q), 3ve L*(Q), Ap(u,) = (v,9)12), V¢ € Hy(Q)}
A27Du = .
One has the following more explicit description of the operators Ay , and Az p on L?(Q).
D(Ay.) = {u e H(Q), Au € L*(Q), 88% +yu =0}, Ay~ u=Au,
A

and
D(Asp) ={u€ Hy(Q): Auc L*(Q)}, Az pu = Au.



EXISTENCE, REGULARITY AND REPRESENTATION OF SOLUTIONS 33

The operator Ay 5 (resp. As p) is a realization of the operator A in L?(2) with Robin boundary conditions
and Neumann boundary conditions if v = 0 (resp. with Dirichlet boundary conditions). With this setting
Problem (8.2) can be rewritten as an abstract Cauchy problem in the Hilbert space L?({2),

Du(t) = Au(t) + f(t), t>0, 1 < a <2,
u(0) = ug, u(0),=uq,

with A = Ay or Ay p. It is well-known (see e.g. [3]) that the operators As g and Ay p generate cosine
families on L?(Q) and hence generate (o, 1)-resolvent families S,, for every 1 < a < 2. Therefore all the
results in Theorem 7.5 hold for Problem (8.2) with n =k = 0.

Next, we consider the one-dimensional case.

Example 8.2 (Elliptic operators in one-dimension). Let a € W1°(0, 1) satisfy a(x) > po > 0 for
some constant . Let b,c € L>(0,1), 1 < p < oo and let a;, 3; (j =0, 1) be complex numbers such that
(e, B5) # (0,0). For 1 < a < 2, we consider the fractional order Cauchy problem

Diu(t, z) = a(x)uee (t, ) + b(@)us(t, z) + c(z)u(t, ) + f(t,x), >0, z€(0,1),
(8.3) ajug(t, j) + piu(t,j) =0, 7 =0,1, t >0,
w(0,2) = up(x), ur(0,2) = uy(x), x € (0,1).

Let Ap be the operator defined on L?(0,1) by
D(A,) :={ue W?P(0,1) : ayu/(j) + Byu(j) =0, j=0,1}, Ayu = a(z)u” + b(z)u’ + c(x)u.

The operator ﬁp is a realization of A (given by Au = a(x)u” + b(x)u’ + ¢(x)u) on LP(0,1) with Dirichlet
boundary conditions if a; = 0,8; # 0 (j = 0,1), with Neumann boundary conditions if a; # 0,5; = 0
(j = 0,1) and Robin boundary conditions if a;; # 0,5; # 0 (j = 0,1). With the same assumption on
o, B;, a realization Ay of A with Dirichlet boundary condition on Cy(0,1) := {u € C[0,1] : u(0) =
u(1) = 0} or with Neumann and Robin boundary conditions on C10, 1] is given by

D(goo) = {u e C?0,1] : a;u/(j) + Bju(j) =0, j=0,1}, Awu = a(x)u” + b(x)u' + c(z)u.

By [10, 30] the operator /Tp generates a cosine family on LP(0,1) and goo generates a cosine family on
C[0,1] (on Cy(0,1) if it is Dirichlet boundary condition). The case of Wentzell (or dynamical) boundary
conditions on LP(0,1) x C and on C[0,1] has been investigated in [1, 31]. Therefore, one has the same
results for Problem (8.3) as the ones given in Example 8.1. More precisely, letting X, := LP(0,1) (or
L?(0,1) x C in the case of Wentzell boundary conditions) if 1 < p < oo and X = C]0,1] (or Cy(0, 1)
in the case of Dirichlet boundary condition), then all the results in Theorem 7.5 hold for Problem (8.3)
with n =k =0.

Example 8.3 (Elliptic operators on general P-spaces). For simplicity we assume that Q C RV
(N > 2) is bounded. For 1 < a < 2, we consider the fractional order Cauchy problem

Dfu(t, z) = Ault, z) + f(t,x), t>0, z€Q,
t
(8.4) aqg(y’ 2) +y(2)u(t, z) = t>0, z €090,
A
ou(0, )

u(O,x) = 'U,O(iL'), = ul(x)v z €.

ot
Here, ug,u; € LP(Q), f € C(]0,00); LP()), for some p € [1,00) (p # 2), or ug,u; € C(Q), f €
C([0,00];C(Q)) are given functions, and the operator A is given in (8.1). Let A be the closed linear
operator in L?(£2) introduced in Example 8.1. Recall that A=A, ~ Or A= Ay p. For 2 < p < oo, we let
A, denote the part of the operator As 4 in LP(€2) and for 1 < p < 2, we let A, be the closure in LP(2)
of the operator B defined by

D(B) ={u € D(A2~)NLP(Q), Au € LP(Q)}, Bu= Az u = Au.



34 VALENTIN KEYANTUO, CARLOS LIZAMA, AND MAHAMADI WARMA

The operator A, is a realization of the operator A in LP({2) with Robin boundary conditions, Neumann
boundary conditions if v = 0 and Dirichlet boundary conditions if v = co. By [30, 42], the operator A,

generates a J-times integrated cosine family (C3(¢)) on LP(2) with 8 := N ‘% — %‘ Hence, all the results
in Theorem 7.5 hold for Problem (8.4) with n := [f] and k := f%l
Letting A, be a realization of the operator A with Robin, Neumann or Dirichlet boundary conditions

on L>(Q), we have that A, generates a -times integrated cosine family on L°(€2) with 8 = £ and
one can also apply Theorem 7.5. We notice that D(A) is not dense in L ().

Next, we consider the case of the Laplace operator on some special open subsets of RY.

Example 8.4 (The Laplace operator on some special open sets). Let 2 :=RY or Q:= (0,1)" C
RN and let A, be a realization of the Laplace operator on LP() (p # 2) with Dirichlet, Neumann or
Robin boundary conditions defined above. By [17, 24, 30] the operator A, generates a -times integrated

cosine family on LP(Q) with g = (N —1) |3 — % . Therefore, one has the same results as in Example 8.3
with here 8 = (N — 1) ‘% - %’.

As in the previous example, here also, letting A, be a realization of the Laplace operator with Robin,
Neumann or Dirichlet boundary conditions on L>°(2), we have that A, generates a S-times integrated
cosine family on L*°(§2) with 8 = % and one can also apply Theorem 7.5. We also notice that D(A)
is not dense in L>°(Q).

We conclude the paper with an example involving a Schrédinger like operator.
Example 8.5. We consider the fractional order Schrédinger like equation
Deu(t, x) = e Apu(t,z) + f(t,z), t>0, z e RV, 1 <a <2,

u(0,x) = uo(x), % =u(z), z€RN.

(8.5)

Here, the operator A, is a realization of the Laplace operator on LP(R"), 1 < p < oo, the angle 0 satisfies
<0< (1—2)m Let A4, :=¢e"A,. Then D(4,) = W2P(RY). We have shown in Example 4.11 that
A, generates an (a, 1) = (a, 1)%resolvent family S, on LP(RY). Using Theorem 7.5 we get the following
result of existence of solutions to Problem (8.5).

e For every f € C([0,00); W2P(RY)) N CY([0,00); LP(RY)) and ug,u; € W2P(RY), Problem (8.5)
has a classical solution wu.
e For every f € C(]0,00); LP(RY)) and ug,u; € LP(RY), Problem (8.5) has a mild solution .
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