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1. INTRODUCTION

Many phenomena in physical sciences and engineering, and increasingly
in other areas, are modeled by evolutionary partial differential or integral
equations. Due to the importance of these models for the design and predic-
tion of behavior of concrete systems, a wide range of mathematical methods
have been developed over three centuries to study the properties and the
qualitative behavior of the corresponding differential equations.

The following model is typical of the above statement:

‘w = Au(t,z) + f(t,z), t >0, x € Q,
%32) +y(2)ult,z) = g(t, 2), t > 0, z € I, (1.1)

u(0,z) = up(z), = € Q.

This corresponds to the inhomogeneous heat equation with non-homoge-
neous Robin, Neumann or Dirichlet boundary conditions. Other equations
of interest are the transport equation, the Navier Stokes equations and the
Schrédinger equation. In many cases, one has to study nonlinear models
associated to the above systems.

Increasingly, it has been realized that properties of many phenomena oc-
curring in real life problems are not adequately described by evolution equa-
tions of integer order (typically 1 or 2) in time. Such is the case for phenom-
ena with memory effects, anomalous diffusion, polymer science, rheology,
material science, fractals and control theory. The references [10, 15, 16, 17,
28, 30, 32, 35] cover several of these phenomena and demonstrate the im-
portance of the fractional model. We remark that time fractional evolution
equations are a special case of more general classes of integral and integro-
differential equations. They are treated in a thorough way in the monograph
[37] by J. Priiss, including several applications to models in physics, most
notably viscoelasticity.

We shall be concerned with the following linear differential equation of
fractional order:

DXu(t) = Au(t) + f(t), t>0, 0<a<l, (1.2)

in which D is the Caputo fractional derivative (see (2.2) below). Here X is a
complex Banach space, A is a closed linear operator in X and f : [0,00) — X
is a given function. The use of the Caputo fractional derivative for the
evolution problem has the advantage that the initial condition is formulated
in terms of the value of the solution » at 0. This has physically significant
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interpretations in concrete problems. In the case of the Riemann-Liouville
fractional derivative, one needs to know the solution in a right neighborhood
of 0.

Our aim is to construct a basic theory for the solutions of this equation
along with applications to some partial differential equations modeling phe-
nomena from science and engineering. To study the existence, uniqueness
and regularity of the solutions of Problem (1.2), in general, one needs an
operator family associated with the problem. For example, the theory of
strongly continuous semigroups has been developed to deal with the case
a = 1. In case A does not generate a semigroup (if « = 1), the concept of
exponentially bounded S-times integrated semigroups has been used in the
treatment of Problem (1.2). In [4, Section 2.1], an operator family called
S, has been introduced to deal with the fractional case, that is, 0 < a < 1.
More precisely, the family (S, (t)) associated with the closed linear operator
A on a Banach space X has been defined to be a strongly continuous family
S ¢ [0,00) = L(X) such that, || fot Sa(8)z ds|| < Me“t for some constants
M,w >0, {\* : Re(\) >w} C p(A), and

[e.e]
AN — ATl = / e MS,(H)xdt, Re(\) >w, =€ X.
0

It turns out that (S1(¢)) is a strongly continuous semigroup. Unfortunately,
this theory does not include the case of exponentially bounded S-times inte-
grated semigroups. Consequently, the results obtained in [4, Chapters 2 and
3] cannot be applied to deal with the following problem in LP(Q2) (if g # 0)
which is the fractional order version of Problem (1.1):

Dfu(t,z) = Au(t,z) + f(t,z), t >0, 2€Q, 0<a<]l,

W2 |y ult2) = 9(1,2), 1> 0, 2 € 09, (1.3
ovy

u(0,2) = up(z), = € Q.

Here, Q C RY is an open set with boundary 99, A is a uniformly elliptic
operator with bounded measurable coefficients formally given by

N N N
Au = Z D; ( Z a; ;Diu + bjU) — <Z c;Diu + du) (1.4)
j=1 i=1 i=1

and
N

9 N

j=1 =1
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where v denotes the unit outer normal vector of 2 at 92 and ~y is a nonneg-
ative measurable function in L>(952).

In this paper, we introduce an appropriate operator family in a general
Banach space associated with Problem (1.2) that will cover all the above
mentioned cases. This family will be called (a, 1)P-resolvent family (Sg (1))
(see Definition 4.2 below) where 0 < ae < 1 and # > 0 is a real parameter as-
sociated with the operator A. The case = 0 and a = 1 corresponds to the
heat equation with A generating a semigroup. The family SO (0 < a < 1)
corresponds to the family S, introduced in the reference [4] and mentioned
above (see also [20, 21] for related results). The family S5 (8 > 0) and o = 1
corresponds to the theory of exponentially bounded S-times integrated semi-
groups and is well-understood (see the monograph [2, Section 3.2] and its
bibliography). We use this framework to treat the homogeneous (f = 0 in
(1.2)) as well as the inhomogeneous problems (under appropriate conditions
on fin (1.2)). Some related work appears in the reference [11] where however
the operator family 55 and its analytical and operator theoretic properties
are not considered. We shall in fact consider the case where the operator A
is a LP-realization of a more general uniformly elliptic operator in divergence
form (as the one in (1.4)) with various boundary conditions (Dirichlet, Neu-
mann or Robin). We obtain a representation of mild and classical solutions
in terms of the operator family S2. Our results apply to the situation where
the closed linear operator A satisfies the following condition: There exist
w > 0 and v > —1 such that

(A= A)7H < M\, Re(\) > w. (1.5)

In particular, this includes the case of almost sectorial operators (in which
—1 < v < 0) studied in [40] using a certain functional calculus. In fact,
several operators of interest (as the one involved in the non-homogeneous
boundary conditions in Problem (1.3) or the Schrédinger operator iA, on
LP(RY), p # 2) which do not generate strongly continuous semigroups are
generators of integrated semigroups. Operators of this type have been used
in [26, 27] in the study of age structured population models in the LP-context.
More examples will be presented in Section 8 below.

The paper is organized as follows. In Section 2, we present some prelim-
inaries on fractional derivatives, the Wright type functions and the Mittag-
Leffler functions. In Section 3 we use the Laplace transform to motivate the
introduction of the operator family which will be used in the sequel. Section
4 is devoted to the definition and several properties of the resolvent family
S2. In the short Section 5 we characterize the resolvent family S8 through
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the regularized fractional Cauchy problem. The homogeneous (fractional)
abstract Cauchy problem is solved in Section 6. The conditions on the ini-
tial data that ensure solvability of the problem agree with the classical case
a = 1. We take up the inhomogeneous (fractional) abstract Cauchy prob-
lem in Section 7. We are able to deal satisfactory with this problem under
natural conditions on the initial data and the inhomogeneity. In the case of
generators of integrated semigroups relating to the case a = 1, the inhomo-
geneous problem is studied in [2, Section 3.2]; our results agree with this. In
fact, we are able to deal with the full range 0 < a < 1. In the final Section
8 we present various examples of problems where the results of the previous
sections apply.

2. PRELIMINARIES

The algebra of bounded linear operators on a Banach space X will be
denoted by L(X), the resolvent set of a linear operator A by p(A4). We
denote by g, the function g,(t) := %,t > 0, a > 0, where I' is the usual
gamma function. It will be convenient to write gg := Jg, the Dirac measure

concentrated at 0. Note the semigroup property:

Jat8 = Ja * gp, @, B = 0. (2.1)

The Riemann-Liouville fractional integral of order oo > 0, of a locally
integrable function u : [0,00) — X is given by:

IPu(t) := (go * u)(t) := /0 9ot — s)u(s)ds.

The Caputo fractional derivative of order o > 0 of a function u is defined by
¢

DSu(t) == M ul™ () = / Gm—a(t — 8)ul™(s)ds, (2.2)
0

where m := [«] is the smallest integer greatest than or equal to «, u(™ is
the m!-order distributional derivative of u(-), for example if we assume that

u(+) has locally integrable distributional derivatives up to order m. Then,
n

when a = n is a natural number, we obtain D} := ——. In relation to the

Riemann-Liouville fractional derivative of order o, namely Df*, we have:

—_

m—

Dy f(t) = DF (£(8) = D FPO)giaa(0). >0, (2.3)

k=0
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where m := [« has been defined above, and for a locally integrable function
u: [0,00) = X,

dm

D u(t) == @ |, Im—a(t — s)u(s) ds, t>0.
The Laplace transform of a locally integrable function f : [0,00) — X is

defined by

provided the integral converges for some A € C. If for example f is ex-
ponentially bounded, that is, there exist M > 0 and w € R such that
()] < Me*t, t > 0, then the integral converges absolutely for Re()\) > w
and defines an analytic function there. The most general existence theo-
rem for the Laplace transform in the vector-valued setting is given by [2,
Theorem 1.4.3].

Regarding the fractional derivative, we have for « > 0 and m := [«], the
following important properties:

m—1
D f(A) e (O} (2.4)
k=0
and
m—1
o m—k— 1 m—ao
D) =°F0) = 32 (1o )0, (25)

The power function \* is uniquely defined as A* = |\|*'¥8WN) | with —7 <
arg(\) < 7.

Next, we recall some useful properties of convolutions that will be fre-
quently used throughout the paper. For every f € C([0,00); X), k € N and
a > 0, we have that for every ¢t > 0,

dk
gk [Gkra * ) (O] = (ga * f)(2). (2.6)

If f € CY(]0,00); X), then for every a > 0, we have that for every ¢ > 0,

4 (g0 = D) = 901 S0) + (g » 1)) (27)
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Let k € N. If u € C*¥1([0,00); X) and v € C*([0,0); X), then for every
t>0,
dk k—1
Tk [(wxv)(2)]

u* == (1w (0) 4 (u x v ®)) (1)

(g + W) ®VDO)] + (s o®)(@).  (28)

The Mittag-Leffler function (see e.g. [16, 17, 35, 38]) is defined as follows:
o0 Zn
Lo =) w7 0, 8 €C, C. 2.9
5(2) T;)F(om+ﬁ) a>0, B¢ z € (2.9)
By [35, Formula (1.135)] if 0 < a < 2, N € N\ {1} and p is a real number
such that

a7 < p < min{m, ar},

2
then E, g has the following asymptotic expansion:
N
1 18 L 1 1 1
E =—za e — - 0[7} 2.10
aﬁ(z) az € = F(ﬁ _ a]) 2 + 2N+1 ( )
as |z| — oo, |arg(z)| < p and
N
1 1 1
E =— - 0[7} 2.11
a’ﬁ(Z) jzl F(ﬁ _ Oé]) 2] + ZN+1 ( )

as |z| — oo and p < |arg(z)| < . The following Laplace transform formula
related to the Mittag-Leffler function (see e.g. [35, Formula (180), page 21])
will be useful:

/ e Mgaktst gy eng - FATP g e (219
: s PEEmLE ¢
Using this formula, we obtain for 0 < a < 1 :

DY Eq1(2tY) = zE41(2tY), t>0,z€C, (2.13)

and the identity

d
pn w1 (2tY) = 2171 B, o (2%).
To see the latter, it is sufficient to write
1 1p,o aet
—1 _ _
L(1" 7 Baa () ) = 15 = - P — 1],
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and invert the Laplace transform. It follows from (2.13) that for every z € C,
the function wu(t) := Eq1(2t*) is the solution of the scalar valued problem

Dfu(t) = zu(t), ¢t >0,

satisfying u(0) = 1. Letting v(t) := t* 1 E, o(2t*)z, t > 0, € X and using
the Laplace transform, it is easy to see that

v(t) = gal(t)x + 2(ga * v)(t). (2.14)

It follows from (2.10) and (2.11) (see also [4, Formula (2.9)]), that if w > 0
is a real number, then there exist some constants C', Cs > 0 such that

1 1
@ [e%

Eui1(wt®) < 01e™® ) and Fyq(wt®) < C2e™, t >0, a € (0,2), (2.15)

and the estimates in (2.15) are sharp. Recall the definition of the Wright
type function [17, Formula (28)] (see also [35, 38, 42]):

O, (2) = nzo mr(_;ﬁnl — (2.16)

0 < o < 1. This has sometimes also been called the Mainardi function. By
[4, p.14] or [17], ®,(t) is a probability density function, that is,

®,(t) >0, t>0 and / O, (t)dt =1,
0

and its Laplace transform is the Mittag-Lefller function in the whole complex
plane. We also have ®,(0) = ﬁ, and as t — +o00, ®, has the following
asymptotic expansion
M-1
B (t) = Ya*1/2e*Y< 3 Ay O(Y’M)), O<a<l,  (2.17)

m=0

for any M € N, with Y = (1 — a)(a®t)/(=%) where A,, are real numbers
(see e.g. [17, Theorems 2.1.1, 2.1.3 and 2.1.4] and [42])

Concerning the Laplace transform of the Wright type functions, the fol-
lowing identities hold:

—A%s S —«
e = (amfba(st )) (), 0<a<l, (2.18)

and

o 1
AdLem XS E(t—a<1>a(st_°‘)) (\), 0<a<l. (2.19)
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See [17, Formulas (40) and (42)] and [4, Formula (3.10)]. We notice that
(2.18) was formerly first given by Pollard and Mikusinski (see [36, 17] and
references therein).

The following formula on the moments of the Wright function will be

useful:
> r 1
/ PPy (2)dy = LPFD
0 Flap+1)

The preceding formula (2.20) is derived from the representation (2.16) and
can be found in [17, formula after (38)]. Note that in this reference the
notation M(x,a) := ®,(x) is used. For more details on the Wright type
functions, we refer to the papers [4, 17, 28, 42] and the references therein.
We note that the Wright functions have been used by Bochner to construct
fractional powers of semigroup generators (see e.g. [43, Chapter IX]).

p>0, 0<a<l. (2.20)

3. MOTIVATIONS

In this section we discuss heuristically the solvability of the fractional order
Cauchy problem (1.2). We proceed through the use of the Laplace transform
and derive some representation formulas that will serve as motivation for the
theoretical framework of the subsequent sections.

We assume that 0 < a < 1. In view of (2.3), we may rewrite (1.2) as:

u(t) = A(ga * u)(t) + (9o * f)(t) + u(0), t > 0. (3.1)

Suppose that u is exponentially bounded, e.g. |lu(t)]| < Me** (w € R
and M > 0) or more generally (g1 * u)(t)|| < Me*t, and satisfies (1.2).
If (g1 * f)(t) is also exponentially bounded, then we can take the Laplace
transform on both sides of (3.1), and this yields for Re(\) > w,

(A = A)a(A) = F(A) + A% Lu(0). (3.2)
The above relation (3.2) can be rewritten as:
AN = (A% — A)7LF) + A2 1A% — A)Lu(0), (3.3)

provided that {A\*: Re(\) > w} C p(A).

If we now assume that the operator A generates an exponentially bounded
[-times integrated semigroup (T(t)) on X for some > 0, then there exist
some constants w,M > 0 such that | T3(t)z|| < Me*!||z|, z € X, t > 0,
{AeC: Re(N) >w} Cp(A) and

A=Atz = )\B/ e MTys(t)zdt, Re(\) >w, =€ X. (3.4)
0
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Then {A*: Re(\) > w} C p(A) and we get from (3.4) that,
(A% — A)Tg = Ao /O T eI (dt, Re(\) > w, z€ X, (3.5)
Substituting (3.5) into (3.3), we get that for Re(\) > w,
a(\) = A8 /0 h e () F(N) dt + AP A1 /O h e T (t)u(0) dt. (3.6)
Using (2.18) we get from (3. 6) and Fubini’s theorem that for Re(\) > w,
_yoB / / Rt )Ty () F N s
+ A7 IAO‘B/ / Sa+1 Qo (ts™)Tp(t)u(0)dtds
=\f / / Do (ts™)Tp(t) f(N)dsdt
DTRG0 / e / %%(ts*a):r’ﬁ(t)u(omtds. (3.7)
0 o S

Setting

< as o ~
TP (t)z :—/O Wi)a(st )Ts(s)zds and T2 (t)z := (g1-a * T2)(t)x

t >0, z € X, we get from (3.7) that, for Re(\) > w,

A0 = APT2 (A)u(0) + NPT + F(N).

The above identity shows that we can find a solution u(t) of (1.2) whenever
we can prove the existence of an operator family whose Laplace transform
coincides with A*#TY (N).

4. RESOLVENT FAMILIES AND THEIR PROPERTIES

The following two definitions are motivated by the discussion in the pre-
vious Section 3. They are an extension of the one considered in [1] and [4],
respectively.

Definition 4.1. Let A be a closed linear operator with domain D(A) defined
on a Banach space X and let 0 < o < 1,8 > 0. We say that A is the
generator of an (o, a)®-resolvent family if there exists a strongly continuous

function PP : [0,00) — L(X) (resp. P : (0,00) — L(X) in case 0 <
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a(f+1) < 1) such that, ||(g1 * Pg)(t)” < Me*t, t > 0, for some constants
M,w >0, {\* : Re(A\) >w} C p(A), and

A —A) e = )\O‘*B/ e MP2(t)xdt, Re(\) >w, z€X.
0

In this case, PP is called the (o, )P -resolvent family generated by A.

Definition 4.2. Let A be a closed linear operator with domain D(A) defined
on a Banach space X and let 0 < a < 1,8 > 0. We call A the generator
of an (a,1)P-resolvent family if there exists a strongly continuous function
Sh [0,00) — L(X) such that, ||(g1 * Sg)(t)” < Me*t, t > 0, for some
constants M,w > 0, {\* : Re(\) > w} C p(A4), and

AN — A) Tl = NP / e MSB(t)xdt, Re(\)>w, ze€X.
0

In this case, SE is called the (v, 1)B-resolvent family generated by A.

We will say that P2 (resp. S4) is exponentially bounded if there exist
some constants M,w > 0 such that ||Pg(t)H < Me*', VYVt >0, (resp.
1S5(t)|| < Met, ¥t >0).

It follows from the uniqueness theorem for the Laplace transform that an
operator A can generate at most one (a,1)? (resp. (a, a)?)-resolvent family
for given parameters 0 < o < 1 and 8 > 0.

We shall write («,1) and (o, @) for (o, 1)? and (o, @)?, respectively.

Before we give some properties of the resolvent families defined above, we
need the following preliminary result.

Lemma 4.3. Let f : [0,00) = X be such that there exist some constants
M >0 and w > 0 such that ||(g1 * f)(t)|| < Me*t, t > 0. Then for every
a > 1, there exist some constants My > 0 and w; > 0 such that ||(gq *
HO)| < Myesrt, t > 0.

Proof. Assume that f satisfies the hypothesis of the lemma and let o > 1.
We just have to consider the case a > 1. Then for every t > 0,

(g DO = g1 0+ DO < [ s ()41 s

= Me*! /t ie_ws ds < Me*! Ll
N o D(a—1) - I'(a)

for some constants M7,w; > 0 and the proof is finished. ]

< Mye*t,
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Remark 4.4. Let A be a closed linear operator with domain D(A) defined
on a Banach space X andlet 0 < a <1, 8> 0.
(a) Using Lemma 4.3, we have that if A generates an («,a)’-resolvent

family P, P’ , then it generates an (o, 1)%-resolvent family S8 given by
S8tz = (g1—a * PP)(t)z, t>0, z € X. (4.1)

(b) By the uniqueness theorem for the Laplace transform, a (1, 1)-resolvent
family is the same as a Cg-semigroup, a (1, 1)5-resolvent family is the same
as an exponentially bounded S—times integrated semigroup. We refer to the
monograph [2] (especially Chapter 3 and Chapter 6) and the corresponding
references for a study of the concept of integrated semigroups. Integrated
semigroups have been applied systematically to the study of age-dependent
population models in the papers [26, 27] by Magal and Ruan, and [39] by
Thieme. A detailed study of the fractional Cauchy problem is carried out in
[4, 5] for the case 8 = 0 (see also [40] for the situation with almost sectorial
operators).

Some properties of (Pg (t)) and (Sg(t)) are included in the following
lemmas. Their proof uses techniques from the general theory of (a,k)-
regularized resolvent families [24] (see also [1, 4, 25]). It will be of crucial use
in the investigation of solutions of fractional order Cauchy problems in Sec-
tions 5, 6, and 7. The proof of the analogous results in the case of strongly
continuous semigroups may be found in [2, Chapter 3]. The case § = 0 is
included in [21]. For the sake of completeness we include the full proof.

Lemma 4.5. Let A be a closed linear operator with domain D(A) defined
on a Banach space X. Let 0 < a < 1,8 > 0 and assume that A generates
an (o, 1)8-resolvent family S2. Then the following properties hold:

(a) SE(t)D(A) C D(A) and ASL(t)x = S5(t)Ax for all z € D(A), t > 0.
(b) Forallz € D(A), Sh(t)x = ga5+1(t)x+/0t Ga(t—5)ASB (s)xds, t > 0.
(¢c) For allz € X, (go * S2)(t)z € D(A) and

Sg(t)a: = gap+1(t)x + A/Ot ga(t — 5)S5(s)zds, t > 0.
(d) S5(0) = gaps1(0). Thus, S5(0) =1 if =0 and S5(0) =0 if > 0.

Proof. Let w be as in Definition 4.2. Let A\, > w and z € D(A). Then
x= (I —p *A)~ 1y for some y € X. Since (I —pu~*A)~! and (I — A~*A4)7!
are bounded and commute, and given that the operator A is closed, we
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obtain from the definition of Sg that,

Sive = [ eNSe)e de = SANU - )y
0

= (I = A)y A8 e (A = A) Ly = (1 — @A) 15PNy

- / e M(T — AL SB )y dt.
0

By the uniqueness theorem for the Laplace transform and by continuity, we
get that

Sit)e = (I —p *A) ' SE(y = (I — p=*A) ' SEOT — p Az, (4.2)
V t > 0. It follows from (4.2) that S5(t)z € D(A). Hence, Sh(t)D(A) C
D(A) for every t > 0. It follows also from (4.2) that AS5(t)z = Sh(t)Ax for

all z € D(A) and t > 0 and we have shown the assertion (a).
Let x € D(A). Using the convolution theorem, we get that

/ e Mgappr () dt = X" e = ATPNTT A — A) I - A A
0
=S5PN I =A%)z = 8Nz — AP (\) Ax

:/Ooee—xt[sg(t)x_/tga(t—s)Sg(s)Ax ds|.

0

By the uniqueness theorem for the Laplace transform we obtain part (b).

Next, let A € p(A) be fixed, z € X and set y := (A — A)"lx € D(A).
Let z := (go * S5)(t)z, t > 0. We have to show that z € D(A) and Az =
SE(t)x — gap+1(t)x. Using part (b) we obtain that

2= (A= A)(ga * S ()Y = Mga * S5)(t)y — A(ga * S5)(t)y
= A(ga * S5) )y — (S5(t)y — gap+1(t)y) € D(A).
Therefore,
Az = NA(ga % S3)(t)y — ASE()y + gag1(t) Ay
=X |(ga * ASD) )y — SE(E)y + gapr1()y| + SE ()2 — gapir (t)x
= S5(t)x — gapi(t)z,

and we have shown part (c).
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Finally, it follows from the strong continuity of S5 (t) on [0,00) and from
the assertion (c) that S5(0)z = 9ap+1(0)z for every x € X. This implies all
the properties in (d) and the proof is finished. O

The corresponding result for the family Pg is given in the following lemma.
Its proof runs similar to the proof of Lemma 4.5.

Lemma 4.6. Let A be a closed linear operator with domain D(A) defined
on a Banach space X. Let 0 < a < 1,8 > 0 and assume that A generates
an (o, a)B-resolvent family Pg. Then the following properties hold.

(a) PY(t)D(A) C D(A) and APE(t)x = P2 (t) Az for allz € D(A), t > 0.
t

(b) Forallz € D(A), P2 (t)x = ga(ﬂﬂ)(t)x—i—/ Go(t—s)APP(s)xds, t >
0

0.
(c) For allx € X, (gq * Pf)(t)a: € D(A) and Pf(t):n = ga(p+1)(t)T +

t
A/ ga(t — 8)P2(s)xds, t > 0.
0

(d) If B8 > 0, then for every x € D(A), we have

1 im t1—aB+1) pb —
Moy’ f0r=e
ifa(B+1) <1, P2O)s =z if a(f+1) = 1 and PL(0)x = 0 if
a(f+1) > 1.
If (B + 1) > 1, then all the above equalities hold for all t > 0.

Proof. Let just give a short justification of the assertion (d). If z € D(A),
then all the properties in (d) follow from (b). We obtain the assertion (d)

for every x € D(A) by density of D(A) in D(A). O

We notice that it follows from Lemma 4.6 (d) that P (t) exhibits a singular
behavior at the origin if a(8 + 1) < 1. In any case, ¢ — ||P2(t)z|| is in
L} [0,00) for every z € X.

Remark 4.7. Let A be a closed linear operator with domain D(A) defined
on a Banach space X. Let 0 < a <1 and 8 > 0.

(a) If A generates an (a, 1)? = (a, 1)-resolvent family S,, then it follows
from Lemma 4.5 (c) that D(A) is necessary dense in X. In that case, if A
also generates an (o, @)? = (a, a)-resolvent family P,, then all the properties
in Lemma 4.6 (d) hold for every z € X.

(b) We notice that if A generates an (o, 1)P-resolvent family S5 and D(A)
is dense in X then this does not necessary imply that 5 = 0 (see Section 8).
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(c¢) The examples presented below in Corollary 4.14 and in Section 8 show
that in general (8 > 0) the domain of A is not necessary dense in X.

(d) An operator family S(¢), ¢ > 0, is called non-degenerate if for z € X
the property S(t)x = 0 for all ¢ € (0, 7] (where 7 € (0, 0o]) implies that x = 0.
The (@,1)” and (a, a)®-resolvent families S8 and P2 are non-degenerate.
This is a direct consequence of Lemma 4.5(c) and Lemma 4.6(c).

The following result shows some regularity properties of the family S5 in
case A generates a family Py

Lemma 4.8. Let A be a closed linear operator on a Banach space X and let
0<a<1,B>0. Assume that A generates an (o, a)’-resolvent family p?
and an (o, 1)P-resolvent family S2. Then for every x € D(A) the mapping
t— Sg(t)a: is differentiable on (0,00) and

(S5 (t)z = gap(t)z + P (t)Az, t>0. (4.3)

Proof. Let x € D(A). Then it is clear that the right-hand side of (4.3)
belongs to C((0,00),L£(X)). Applying the Laplace transform to both sides

of (4.3) and using the fact that S5(0) = 0, we have that for Re(\) > w
(where w is the real number from the definition of S8 and P? )s

(S2)Y (N (@) = ASEA)(x) = M TPNTEOS — A) e = A9 (x* — A) L,
On the other hand we have that for Re(\) > w,

Gap(Nx + PEO) Az = X0z 4 AP\ — A) " Ax
= A" - X7 L ATENYNY — A) Tl = AN (N — A) L

By the uniqueness theorem for the Laplace transform and continuity of the
right-hand side of (4.3), we conclude that the identity (4.3) holds. O

The following result presents the extrapolation property of the families
52 and P2 in terms of the parameter .

Proposition 4.9. Let A be a closed linear operator on a Banach space X
and let 0 < a < 1,8 > 0. Then the following assertions hold.

(a) If A generates an (o, a)P-resolvent family PO”?, then it generates an
(v, @)B -resolvent family P for every B/ > B and

PZ (1) = (gagpr_p) * PO (t)z, V>0, z € X. (4.4)
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(b) If A generates an (o, 1)%-resolvent family Sg, then it generates an
(o, 1)? -resolvent family S5 for every B > B and

S () = (gar—p) * SO )z, Yt>0, z € X. (4.5)

Proof. Let A be a closed linear operator on X, 0 < a <1 and g > 0.
(a) Assume that A generates an (o, a)®-resolvent family P2. Then, by
definition, there exists w > 0 such that {\* : Re(\) > w} C p(A) and

(A — A) " = )\aﬁ/ e MPP(t)xzdt, Re(\) >w, z€X. (4.6)
0

Let 8/ > 3 and let p? " be given by the right hand side in (4.4). Then using
Lemma 4.6(c) we have that for every x € X and t > 0,

P ()2 : = (gawr—p) * P2 (t)x
= ga(ﬂ/+1) (t)ﬂf + A <ga(ﬁ’—,8+1) * Pg) (t)CC

Hence, P2 is strongly continuous from [0,00) into £(X) if (8 +1) > 1
and from (0,00) into £(X) if 0 < a(f’ + 1) < 1. By (4.4), we have that for
every x € X and t > 0,

(91 % PY)(0)x = (9a(pr—s5)41 % P (D),

and since by hypothesis [|(g1 * P,f)(t):cH < Me*!||z|| for some constants
M,w > 0, it follows from Lemma 4.3 that there exist some constants M’, w' >
0 such that ||(g; * Pgl)(t):cH < M'e*t||z||. Next, using (4.6), we have that
for Re(\) > w, z € X and ' > g,

(A — A) "l = \P / e MPE () adt = NP N BH) / e NP8 () xdt
0 0

= )\aﬁ,/o e_At(ga(B—ﬁ’) * Pf)(t):ndt

Hence, A generates an (v, a)? -resolvent family P " given by (4.4) and we
have shown (a).

(b) The proof of this part follows the lines of the proof of part (a) where
now we use Lemma 4.5. 0

The following example shows that a generation of an (o, 1)? or (a, a)®-
resolvent family does not imply a generation of an (a/,1)% or (¢/,a/)P-
resolvent family for 0 < o < o/ < 1. That is, in general, an extrapolation
property in terms of the parameter o does not always hold.
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Example 4.10. Let 1 < p < oo and A, a realization of the Laplacian in
LP(RYN). Tt is well-known that A, generates an analytic Cp-semigroup of
contractions. Hence, for every € > 0, there exists a constant C' > 0 such
that

_ C
I = Ap) 7 < o A€ X, (4.7)

where for 0 < v < m, Xy :=={2€ C:0 < |arg(z)| < v}. Let 0 < a < 1,
0 € [0,7) and let the operator A, on LP(R™) be given by A, := A, It
follows from (4.7) that for \e™® € ¥,

- i - —i - c
IO = Ap)7H = I = eA,) 7 ] = [[(Ae™™ = Ap) 7! < o
Therefore, if 5 <6 < (1 —$)m, then p(A4,) D Xar and
C
- 4) < S Ae S (48)

Al

By [4, Corollary 2.16] or [6, Proposition 3.1], the estimate (4.8) implies that
A, generates an (a, 1)-resolvent family on LP(RY). Hence, by Proposition
4.9(b), A, generates an («, 1)’-resolvent family on LP(RY) for any 8 > 0.
Such problems are also treated in [5]. Moreover, the technique for con-
structing the solution operators through a contour integral representation is
adapted in the recent paper [40] to handle the case of almost sectorial op-
erators. But if 0 < a < %, by inspecting the location of the spectrum of A,
we see that A, does not generate an exponentially bounded (1, 1)8-resolvent
family, that is a S-times integrated semigroup on LP(RY), for any 3 > 0.

Remark 4.11. In view of the asymptotic expansion (2.17) of the Wright
function (see [17, Theorems 2.1.1, 2.1.3 and 2.1.4] and [42]), for a locally
integrable function f : [0,00) — X which is exponentially bounded at in-
finity, and for any 0 < o < 1, the integral [ ®(7)f(7) dr converges. This
property will be frequently used in the following without further mention.

Concerning subordination of resolvent families we have the following pre-
liminary result.

Lemma 4.12. Let A be a closed linear operator on a Banach space X. Let
0<a<1,B>0. Then the following assertions hold.

(a) Assume that A generates an (o, )®-resolvent family P5. Let 0 <

a/

o <a,0:=2% and set

(o.9]
P(t)x := O'ta_l/ sy (s) P2 (st%)xzds, t >0, z € X. (4.9)
0
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Then (g1 * P)(t)x is exponentially bounded. Moreover, (g1 * P)(t)x =
P(t)x where

> os _
P(t)x := /0 taﬁ@”(‘gt ")(g% « P9Y(s)xzds, t >0, z € X. (4.10)

(b) Assume that A generates an (a,1)P-resolvent family S8 Let 0 <

!
o <a,0:=% and set

>~ 1
S(t)e = / (st ) g1+ S (ads, 1> 0,2 X (A1)
0 [eg
Then S is exponentially bounded. Moreover, S(t)x = (g1 * S)(t)x
where
S(t)x = / Dy (s)S2(st%)x ds, Yt>0, z € X. (4.12)
0

Proof. Let A, o and [ be as in the statement of the lemma.

(a) Assume that A generates an (a, a)?-resolvent family P and let 0 <
o <a,0:=%andxr € X. Let P(t) be given by (4.9). By hypothesis, there
exist M,w > 0 such that [|(g1 * PS)(t)z|| < Me“!||z|| for every z € X. We
show that there exist some constants M7, w; > 0 such that for every z € X,
(g1 * P)(t)z| < Mie¥rt||z||, t > 0. Using (4.9), Fubini’s theorem, (2.20),
(2.9) and (2.15), we get that for every ¢ > 0, after a change of variable,

| [ perw i < [T @] [* P21z ar|

00 . o0 1o\ 00
< Ml [T (o) ds = arfel 32 IS [T s
n=0 :

n

o
(wt?)" T(n+1) 1
< Mol 3 g gy =S M el
2

for some constant M; > 0, proving the claim. Taking the Laplace transform
by using (2.18) and Fubini’s theorem, we have that for Re > w and = € X,

/ e MP(t)x dt :/ e)‘t/ 081 Dy (st7) (g1 * PP)(s)xds dt
0 0 o 17T o

= / e A75(g1 % P2)(s)wds = XTIATYEONY — A) e,
0 o
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Similarly, we have that for Re > w and =z € X,

/OO e Mgy x P)(t)x dt = X1 /OO e MP(t)x dt

0 0

= )\1/ Pg(T)x/ e M t:; O, (1t77) dt dr = /\1/ e ™ PR (r)x dr
0 0 0

= A IAYPO0Y — A) e

By the uniqueness theorem for the Laplace transform and by continuity, we
have that (g1 * P)(t)z = P(t)x for all t > 0 and € X and this completes
the proof of part (a).

(b) Assume that A generates an (a, 1)%-resolvent family S5 and let 0 <
o <o, 0= %/ and z € X. Then there exist M,w > 0 such that (g1 *

SEY(t)z| < Me®t||z||, z € X, t > 0. Since 1> 1, it follows from Lemma 4.3
that there exist some constants M7,w; > 0 such that for every z € X, t > 0,

(g2 * S2) ()] < Mie||]. (4.13)

Using (4.11), (2.20), (4.13), (2.9), (2.15) ans proceeding as in part (a), we
have that

—  (wit?)" to?
Sit)x|| < M —— =MFE [ad < Me*1
15(8)x]| < 1H13||T;)F(m+ D 1Eg 1 (wit?)[x]] < Me™t |z,
for some constant M > 0 and this completes the proof of the lemma. U

Next, we present the principle of subordination of the families 55 and Pf
in terms of the parameter .

Theorem 4.13. Let A be a closed linear operator on a Banach space X and
let 0 <a<1,8>0. Then the following assertions hold.
(a) If A generates an (o, a)®-resolvent family P2 then it generates an
(o, /)P -resolvent family Pf, for each 0 < o/ < a and for x € X,

O[/

Pf,(t)a: = ot"l/ s, (s)PP(st%)x ds, ¥t >0, where o:=—. (4.14)
0 o

(b) If A generates an (a, 1)%-resolvent family Sg, then it generates an
(o, 1)B-resolvent family Sg, for each 0 < o' < « and for everyx € X,

/

S’g, (t)r = / D, (5)S2(st%)x ds, Yt >0, where o:= « (4.15)
0 (&%
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Proof. Let A be a closed linear operator on a Banach space X and let
0<a<1,3>0.

(a) Assume that A generates an (o, a)?-resolvent family PY. Let 0 < o/ <
a and let Pf, be given by (4.14). Then it is clear that Pf, is strongly con-
tinuous from (0, 00) into £(X). We show that Pf,(t) is strongly continuous
at 0if o/ (8+1) > 1. Since PS(t) ~ Ja(p+1)(t) = F(a(lﬁﬂ)to‘(ﬁ*l)*l ast — 0,
we get from (4.14) that

Rﬁ()Nta‘%‘“W+” S oG ey o,

We have shown that Pg, (t) is strongly continuous at 0 if /(84 1) > 1. By

Lemma 4.12 there exist some constants M,w > 0 such that ||(g; *Pf,)(t)x” <
Me“t||z|| for every z € X and t > 0. Now, it follows from (4.6) and (2.18)
that {A\* : Re()\) > w} C p(A4) and for Re(\) > w, = € X,

(A — A) g = A / e PA (1)t
0

:)\O‘%/ e)‘tatal/ sBq(s) P2 (st%)xds dt:)\alﬁ/ ef)‘tng(t)CL‘ dt.
0 0 0

Hence, A generates an (o, o’)?-resolvent family Pf ! given by (4.14) and we
have shown part (a).

(b) Now assume that A generates an (a, 1)5-resolvent family SE. Then
by definition, there exists w > 0 such that {A*: Re(\) > w} C p(A) and

AT — ATl = NP / e MSB(t)x dt, Re(\) > w, Vo € X. (4.16)
0

Let 0 < o < « and let Sg, be given by (4.15). Then it is clear that Sg, is
strongly continuous from [0, c0) into £(X). By Lemma 4.12 there exist some

)-
constants M,w > 0 such that ||(g1 * Sﬁ Y(t)z|| < Me*t||z|| for every x € X

and ¢t > 0. It follows from (4.16) and (2.19) that {\* : Re(\) > w} C p(A)
and for every z € X and Re(\) > w,

AT — A) g = 2N / eS8 (1)t

— 2B / e / 5)S2(st%)xds dt = AP / e NS0 (t) dt.
0

Hence, A generates an (o, 1)-resolvent family Sg,/ given by (4.15). The
proof of the theorem is finished. O
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We have the following result as a direct consequence of Theorem 4.13.

Corollary 4.14. Let 0 < a <1, 8> 0 and let A be a closed linear operator
on a Banach space X. If A generates an exponentially bounded [5—times
integrated semigroup (T3(t)), then A generates an (o, )B-resolvent family

(P2(t)) given by
oo g .
Pl(t)r = a /0 (st T(s)ads (4.17)
* T
—a /0 ()Tt adr, £ 0, 2 € X,

and is exponentially bounded away from 0.
Let (S5(t)) be the associated (v, 1)P-resolvent family generated by A which
exists by Remark 4.4 (a). Then

SB(t)x = /000 7%, (st ) Tg(s)xds = /000 O (7)T(Tt*)adr, (4.18)

t >0, x € X, and is exponentially bounded . In particular, it follows from
(4.17) and (4.18) that (PS(t)) and (S5(t)) are analytic for t > 0.

Proof. We just have to show that Pg is exponentially bounded at oo and
that 55 is exponentially bounded. By hypothesis, there exist some constants
M,w > 0 such that ||Ts(t)z|| < Me“!||z| for every ¢ > 0 and z € X.
Therefore, using (4.18), (2.20), (2.9), (2.15) and using the same procedure
as in the proof of Lemma 4.12, we have that for every t > 0 and = € X,

1
IS5 (@&)zll < Mie™™ |||,

for some constant M; > 0 and we have shown that Sg is exponentially
bounded. Now, let tg > 0 be fixed. Similarly, using (4.18), (2.20), (2.9) and
(2.15), we have that for every t > tp and x € X,

1 3
[P @)zl < Mo = Bao(wt®) < My 2],

for some constant M; > 0. Hence, Pg is exponentially bounded at oo and
the proof is finished. O

Operators with polynomially bounded resolvent in a right-half plane gen-
erate integrated semigroups. Namely, if A satisfies (1.5), then A generates
an exponentially bounded integrated semigroup (see [2, Theorem 3.2.8] and

[31]).
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We notice that if § = 0, that is, A is the generator of a Cy-semigroup,
then the representations (4.17) and (4.18) have been obtained in [4, 21].

Remark 4.15. We notice the following facts.

(a) As we have mentioned in Remark 4.7, in general, generators of inte-
grated semigroups are not densely defined [2, Remark 3.2.3, p.123]. We refer
to [2, Chapers 3 and 6] and [26, 27] for some examples.

(b) In general generators of resolvent families even in the case 5 = 0 are
not stable under bounded perturbations. In the case § = 0, an example
in [4, Example 2.24] shows that they need not be stable by perturbations
by scalar multiples of the identity (that is, ¢I where ¢ € C). Therefore
the resolvent families obtained through Corollary 4.14 are of special interest
since they are stable under the perturbations by multiple of the identities.
Other admissible perturbations have been studied, see e.g. [2, p.232], [18,
Theorems 3.1 and 3.3|, [22] and the references therein.

We have the following result which can be viewed as an extension of
Lemma 4.12. It may also be of interest in its own right.

Lemma 4.16. Let A be a closed linear operator on a Banach space X. Let
O0<a<l, >0 andp>0. Then the following assertions hold.

(a) Assume that A generates an (a,a)P-resolvent family PP Let0 <
o <a<l,o0:= % and let Pf, be the (o, )P -resolvent family
generated by A. Then

* os _
/0 ﬁq)g(st 7)(gu * P2)(s)xds = (guo * Pf/)(t):n, t>0,zeX. (4.19)
(b) Assume that A generates an (o, 1)8-resolvent family SE. Let 0 <
o <a<l,o:= %/ and let Sg, be the (o, 1)B-resolvent family
generated by A. Then

oo
1 —0
/0 > ®a(st™7) (g + SP)(s)zds = (guo * S°)(1), t >0,z € X.  (4.20)
Proof. Let A, a, 8 be as in the statement of the lemma, x € X and u > 0.

(a) Assume that A generates an (o, o)?-resolvent family P2 Let w be the
real number from the definition of Pg . Let 0 < o < a. Taking the Laplace
transform, we have that for Re(\) > w and z € X,

—

(Guo * PNz = XHOA"0PO = A) g = ymro—oB(\e

/

— Az (4.21)
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On the other hand, using (2.18) and Fubini’s theorem, we obtain that for
)>wand z € X,

o0
/ —At/ to+1 o(st77) (g * Pﬁ)(s)xds dt = /0 e (g * Pg)(s)xds
o(u+ap) )\ao' - A) ll‘ _ )\—Ju—alﬂ()\o/ _ A)_ISL‘. (422)

Using (4.21) and (4.22), the equality (4.19) follows from the uniqueness
theorem for the Laplace transform and by continuity.
(b) Similarly, for Re(\) > w and = € X,

(Gop * S2)(N)x = NTORT BN (N Ay~ (4.23)
Using (2.19) and Fubini’s theorem, we obtain for Re(\) > w and z € X,
/ _’\t/ a(5t77) (g * SE)(s)ads dt (4.24)

ot / N gy 5)(s)ads
0
_ /\a—l)\—ua—alﬁ))\a/—o')()\a, _ A)_ll' _ )\—Uu—a’ﬁ)\a/_l()\a/ . A)_1$.

Using (4.23) and (4.24), the equality (4.20) also follows from the uniqueness
theorem for the Laplace transform and by continuity. O

The following result on the regularity properties of 55 is crucial and will
be used several times in the subsequent sections to obtain our main results.

Lemma 4.17. Let A be a closed linear operator with domain D(A) defined
on a Banach space X. Let 0 < o < 1,8 > 0, k := [af], n := [B] and

assume that A generates an (o, 1)P-resolvent family 55. Then the following
properties hold:

(a) Let m € NU{0}. Then for every x € D(A™) and V't > 0,

m . t
Sa(t)e = Zga(ﬁ-l-j)-‘rl(t)ij +/0 Ga(ms1)(t — 5)S5 () A" ds. (4.25)
§=0
(b) For every x € D(A™), the mapping t — (gr—ap * Sg)(t)x belongs
to C*([0,00); D(A)) and

dk n—1
ik [(gk g * SH)(t) ] Zgajﬂ A2 + (ga(np) * SO () Az, (4.26)
7=0
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Moreover, for 7 =0,1,...,k—1,
& d*
- B — -
(kg < SE)O)2 =0, and
(c) In general, for every x € D(A™1=%), i = 0,1,...,n, the mapping
t = (Jk—ap * Gai * SEY(t)a belongs to C*([0,00); D(A)) and
dk
|91 9o+ S2) (0)2] (4.28)

=" Gajt14ai )AL + (Gagnp) * go * S2) () Az,

[Gh—ap * SP1(0)x = 2. (4.27)

|
S

<.
Il
o

(d) For every x € D(A™), the mapping t — (gr—aB * Sg)(t)ﬂc belongs to
C*([0,00); X) and the equalities (4.26), (4.27) hold.

(e) In general, for every x € D(A" "), i =0,1,...,n, the mapping t —
(Gk—aB * Gai * Sg)(t)m belongs to C*([0,00); X) and

dk
% [(gk_a@ % goi * SP) (1) (4.29)

n—

= gaiitai A+ Algan-s) * o * S (HA™ .

Proof. Let A be a closed linear operator with domain D(A) defined on a
Banach space X. Let 0 < o« < 1,8 > 0 and set k := [af], n := []. Assume

that A generates an (a, 1)%-resolvent family S,
(a) We prove (4.25) by induction. If m = 0, then for every z € D(A), the
equality (4.25) reads

t
SP()x = gapi1(t)T + / galt — 5)S2(s)Ax ds, ¥t >0
0
which is given by Lemma 4.5(b). Assume that (4.25) holds for m—1 for some

m € N. Now, let z € D(A™) C D(A™). Then using Lemma 4.5(a)-(b),
we have that

3

Sat)e = ga@+i)+1 (VAT + (gam * S2)(t) A"z

S o
Ll

Ja(a+)+1 (1) AT+ A™ g (gang + ga * SgA:::) (t)

<.
I
o
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= Ga(g+i) 1O+ (Gagmr) * S5 A .
7=0

We conclude that (4.25) holds and this completes the proof of part (a).
(b) Let x € D(A™*!). Then using (4.25) with m = n and (2.1) we get
that for every ¢ > 0,

(gk ap * S ) L= ng—I—a]-H( )A T+ (ga(n+1)+k aB * Sﬂ)( )An-i—lx'
7=0

Therefore, using (2.6) and Lemma 4.5(b) we have that for all ¢ > 0,

d* - ' n
ok [(gk—aﬁ * Sg)(t)l"} = Zgaﬂl(t)AJf’«“ + (Ga(nt1)—ap * S5) () A"
=0

Zgajﬂ Az + (Ga(n_p) * A™(Sh — gap+1))(t)z
0
—1

: <.
Il

gaj+1(t)Aj1: + (ga(n—ﬁ) * Sg)(t)AnJ:’

<.
Il
=)

and we have shown (4.26). Since A"x € D(A), it follows from (4.26) and
Lemma 4.5 that jtk (Gr—ap * SE)(t)x € C([0,00); D(A)). Hence, (Gr—ap *
S2)(t)x € C*([0,00); D(A)). Since g1(0) = 1 and ga;4+1(0) = 0 for every j =
1,2,...,n — 1, the identities in (4.27) follow from (4.26) and this completes
the proof of the assertion (b).

(c) Let x € D(A™"1=%) i =0,1,...,n. Proceeding as in the proof of part
(b), we obtain that

n—1—1

(G * Gre—aup * Sﬁ) t)e = Z Ih+aj+ait(t )Ajm + (9k+a(n B) * 55)(16)14"_%.
7=0

Using Lemma 4.5(b) and (2.6), the preceding equality implies that
dk n—1—1

dtk [(Gai * Gr—ap * S/J’ Z Gojroi1(t Az + (g Ja(ng) * Sﬁ)(t)A”—i;U
7=0
= ZgajJraiJrl(t)AjI' + (ga(n—ﬂ) * o ¥ Sg)(t)A”"'l_ix,
7=0

Hence, goi * gr—ap * S2)(t)x € C*(]0,00); D(A) and one has (4.28).
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(d) Let z € D(A™). Proceeding as in part (b), we also get (4.26) and this
implies that (gr_ap * SPY(t)x € C*([0,00); X) and (4.27) holds.

(e) Let z € D(A™"), i = 0,1,...,n. Proceeding as in part (c), we
obtain that (gx—as * gai * SEY(t)x € C*([0,00); X) and (4.29) holds and this
completes the proof of the lemma. O

5. REGULARIZED ABSTRACT CAUCHY PROBLEM

In this section we show that the existence of the above defined resolvent
family SP s necessary and sufficient for the well-posedness of the regularized
abstract Cauchy problem

{]D)?v(t) = Av(t) + gapr(Dx, t>0

v(0) =0, (5.1

where A is a closed linear operator with domain D(A) defined in a Banach
space X, that we assume throughout this section without any mention.
The following is the main result of this section.

Theorem 5.1. Let 0 < a <1 and 8 > 0. Then the following assertions are
equivalent.

(i) The operator A generates an (a,1)P-resolvent family S on X.

(ii) For all x € X, there exists a unique classical solution v of Prob-
lem (5.1) such that (g1—o * v)(t) is exponentially bounded. That is,
CAS C([Ov OO); D(A))7 gl—a *V € Cl([07 OO);X)7 (glfa * U)(t) is expo-
nentially bounded, and (5.1) is satisfied.

Proof. Let A, o and 8 be as in the statement of the theorem.

(i) = (ii): Assume that A generates an (o, 1)P-resolvent family S on X
and let x € X. Define

0(t) == (go * SP)(t)x = /0 ga(t —5)S2(s)x ds, t>0.

Then v(0) = 0 and by Lemma 4.5(c) we have that v € C([0,00); D(A)).
Since for every t > 0,

(610 0)() = (910 * go * S2)(B)z = (g1 % S2) (t)ar = /0 S5 (s)x ds,

it follows that g;_o * v € C1([0,00); X). Using (2.7) and Lemma 4.5(c), we
get that for every ¢ > 0,

d

DF0(1) = (91 ) (1) = 5 (g1 0) (1) = o [(o1 % SD(D))] = SE (1)
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= A(ga * S5) ()7 + gapi1()z = Av(t) + gapr1(t).

Hence, v is a classical solution of (5.1). Since (g7 * Sg)(t) is exponentially
bounded and
(g1-a ¥ 0)(t) = (91-a * ga * S3) (t)x = (91 % S7) (1),

it follows that (g1_o * v)(t) is exponentially bounded. Assume that (5.1)
has two classical solutions v; and vy and set V := v; —vy. Then V €
C([0,00); D(A)), V(0) =0, (g1-a*V) € C*([0,0); X) and D¢V (t) = AV (¢)
for every ¢ > 0. Taking the Laplace transform on both sides of this equal-
ity, we get that for Re(\) > w (where w is the real number from the above
mentioned exponential bound), (A* — A)V(A) = 0. Since (A® — A) is invert-
ible, we have that ‘7()\) = 0. By the uniqueness theorem for the Laplace
transform and by continuity, we get that V(t) = 0 for every ¢ > 0. We have
shown uniqueness of solutions and this completes the proof of part (ii).

(ii) = (i): For z € X, we let S, 5(t)x := Dffv(t, ) where v(t, ) is the
unique solution of (5.1). By the closed graph theorem, S, g(t) € £(X) for
every t > 0 (see the proof of Theorem 3.2.13 in [2]). Moreover, (S, g(t)) is
strongly continuous. Using (2.3) and the fact that v(0) = 0 we get that

(Ga * Sap)(t)x = (go * Dfv)(t) = v(t,z) —v(0,2) = v(t, z).
Hence, (g * Sa,)(t)x € D(A) for every x € X and one has the identity

A(ga * Sa,8)T + gap+1(t)r = Av(t, ) + gapt1(t)z = Sa p(t)z. (5.2)
Since by assumption (g1—q * v)(t) is exponentially bounded and
(91% S06) ()5 = (91 % 910+ V)(8) = (10 % 91 % 0')(E) = (910 0) (),
we have that (g1 %S, g)(t)z is exponentially bounded. By the uniform expo-

nential boundedness principle [2, Lemma 3.2.14], there exist some constants
M,w > 0 such that

I(g1-a * V)(B)I| = (91 % Sap)(t)z]| < M2}, x € X, t>0.  (5.3)

Taking the Laplace transform on both sides of the identity (5.2), we get that
for Re(\) > w,

ANS 3(N)x — Sa Nz = =" 1g,
After multiplying both sides of the preceding identity by A%, we get that
(A* — A)8, s(N\)x = AF1Hoy,

The preceding equality implies that (A* — A) is surjective for Re(\) > w.
We show that it is injective as well. To this end, suppose (A* — A)z = 0



28 VALENTIN KEYANTUO, CARLOS LiZAMA, AND MAHAMADI WARMA

for some x € D(A) and Re(\) > w, that is Az = A%z for Re(\) > w. It
is enough to consider that Az = A%z for A real and A > w. Then setting
v(t) = (gaps1 * E)(t)z where E(t)x =t Ey o(A\*t®)x, we prove that v is a
solution of Equation (5.1). Obviously v € C([0,00); D(A)) and (gi1—q *v) €
C*(]0,00); X). Using (2.14), we have that for every t > 0,

D§o(t) = (g1-a * gap * E)(t)z
= (gozﬁJrlfa * E)(t).%’ = JofB+1—a * (ga + )\aga * E))(t)x
= ga,8+1(t)$ + A(gaﬁ-i-l * E)(t)l’ = .goe,B-l—l(t)'T + Av(t)'

We have shown that v is a solution of Equation (5.1). Since all the solutions
v of Equation (5.1) satisfy (5.3), we must have this estimate for the solution
v(t) = (gap+1 * E)(t)x just found. But using (2.9) we have that

e Z pangan o0 )\anta(n+1)—1

a(n+1)) o Ia(n+1))
which gives
(glfa * U)(t) = (gaﬂ+2—a * E) (t).’]j = ta5+1Ea,aﬁ+2()‘ata)xa
and hence by (2.15), ||(g1_a * v)(t)|| < MeM||z|| and this estimate is sharp.
Therefore, we can only have (5.3) if z = 0. Therefore, (A“ — A) is injective,
hence is invertible and
Sap(N)z = A"Pxe"1 (x> — A) ",

that is, for every x € X and Re(\) > w,
AL — ATy = \oF /0 e NSy 5(t)z dt.

Hence, A generates an (a, 1)5-resolvent family S5 and by the uniqueness

theorem for the Laplace transform and by continuity we have that Sg(t)x =
Sap(t)x for every t > 0 and € X. We have shown the assertion (i) and
the proof of the theorem is finished. O

We observe that if the family SE s exponentially bounded, then the so-
lution v in Theorem 5.1 is exponentially bounded as well.

Remark 5.2. We note that in Theorem 5.1, the assertion (gi1_q * v)(t)
is exponentially bounded agrees with the limiting case a = 1 in which the
conclusion reads v(t) is exponentially bounded (see e.g. [2, Theorem 3.2.13]).
An example showing that the exponential boundedness assumption cannot
be omitted is included in [2, Remark 3.2.15(b)] for the limiting case o = 1.
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6. THE HOMOGENEOUS ABSTRACT CAUCHY PROBLEM

In this section we use the above defined resolvent families to investigate
the existence and the representation of solutions of homogeneous abstract
Cauchy problems of fractional order. More precisely, we consider the problem

{Dgu(t) = Auft), t>0,0<a <1,

w(0) — 2, (6.1)

where A is a closed linear operator with domain D(A) defined in a Banach
space X and z is a given vector in X.

Definition 6.1. A function u € C([0,00); D(A)) is said to be a classical
solution of Problem (6.1) if g1_qo * (u — u(0)) € C*([0,00); X) and (6.1) is
satisfied.

We adopt the following definition of mild solutions.

Definition 6.2. A function u € C([0,00); X) is said to be a mild solution
of Problem (6.1) if Ifu(t) := (ga * u)(t) € D(A) for every t > 0, and

u(t) :;U—l—A/tga(t—s)u(s) ds, Yt>0.
0

Throughout this section we assume that A is a closed linear operator with
domain D(A) defined in a Banach space X. First, we show the uniqueness
of mild solutions and hence, of classical solutions.

Proposition 6.3. Let 0 < a < 1. Then the following assertions hold.

(a) Ifwu is a classical solution of (6.1), then it is a mild solution of (6.1).
(b) If (\*— A) is invertible for Re()\) large enough, and if a mild solution
u exists and (g1 * u)(t) is exponentially bounded, then it is unique.

Proof. Let 0 < a < 1 and let A be a closed linear operator with domain
D(A) defined on a Banach space X.

(a) Let u be a classical solution of (6.1). Since u € C([0,00); D(A)) we
have that (gq * u)(t) € C([0,00); D(A)). Since Df'u(t) = Au(t), that is,
(g1-a xu')(t) = Au(t), we have that (go * g1—a * u)(t) = A(ga * u)(t), i.e.,
(g1 % u)(t) = A(ga *u)(t). Hence, u(t) — u(0) = A(gq * u)(t) for every t > 0
and we have shown that v is a mild solution of (6.1).

(b) Assume that (6.1) has two mild solutions v and v and set U := u — v.
Then U € C([0,00); X), (go * U)(t) € D(A) for every t > 0 and U(t) =
A(ga * U)(t). Taking the Laplace transform, we get that (I — )\_aA)ﬁ()\) =
0 for Re(\) > w (where w > 0 is the real number from the exponential
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boundedness of (g1 * u)(t)). Since by assumption (I — A™*A) is invertible,
we have that U (A) = 0. By the uniqueness theorem for the Laplace transform
and by continuity, we get that U(t) = 0 for every ¢ > 0. Hence, u(t) = v(t)
for every t > 0. The proof is finished. O

Remark 6.4. We notice that in order to prove the existence of solutions of
Problem (6.1), we proceed by direct construction and make minimal use of
the Laplace transform.

The following theorem is the main result of this section.

Theorem 6.5. Let 0 < a < 1,8 > 0 and set k := [af], n = [[]. As-
sume that A generates an (o, 1)5-resolvent family S’g. Then the following
assertions hold.
(a) For everyx € D(A™), the function u(t) := DfﬁSg(t)x is the unique
classical solution of the abstract Cauchy problem (6.1).
(b) For every x € D(A™), the function u(t) := DtaﬁS’g(t)x is the unique
mild solution of the abstract Cauchy problem (6.1).

Proof. Let A, o, 5, n, k and 55 be as in the statement of the theorem.
First we prove existence of mild and classical solutions.
(a) Let z € D(A™!). By (4.26) in Lemma 4.17, we have for every t > 0,

u(t) : = D SP(t)e = d—k (gk * Sﬁ) (t)x (6.2)
t o dtk —af [e7
n—1
= Z gaj-l—l(t)ij + (ga(nfﬁ) * Sg)(t)Anx
=0

It follows from (6.2) and Lemma 4.17 that u € C([0,00); D(A)) and u(0) = «.
Using (6.2) and Lemma 4.5, we get that for every t > 0,

g1-a * (u—u(0))(t) = (g1-a * u)(t) = g2-a(t)z

n—1

= g1a* | Y gain (AT + (Gagup) * S (OA™| = ga-a()r
=0
n—1 A
= gajtz-aDA T+ gomopp1-a * [ga,8+1(t)A"$ + (ga x SE)(H)A™ 1z
j=1
= ZgajJera(t)ij + (Ga(n_py+1 * S5) () A"z (6.3)

J=1
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Using (6.3) we get that for every ¢ > 0,

d

s = w0)0)] = 3 gag1-a (A7 + (Gagums) = SO A™
j=1

e 0([0,00); X).

Hence, g1_q * (u

—u(0)) € C1([0,00); X). It remains to show that u satisfies
(6.1). Using (6.2), (

2.3), (2.7) and Lemma 4.5(b), we have that for ¢t > 0,

Dfu(t) = DgD; A8tz = DS [w (Gr—ap * Sg)} (t)x (6.4)

dk+1
=0gl-a* [W (Qk—aﬂ * Sg)} (t)x

d n—1

= g0 3| D 901 (DA + (Ga(uos) * S2) (A"
§=0

n—1 ) d

=Y Gajri-a() Az + 7 [(gl—a * Ja(n—p) * 55)(75)Anx]
j=1
n—1 )

= Z gaj+1fa(t)ij + goerlfa(t)An:E + (ga(n—ﬂ) * Sg)(t)ATH_lx
j=1
n—1 .

= Z gaj+1(t)Aj+1$ + (ga(n—ﬁ) * Sg)(t)ArH_lx
=0

= AD?’ S8 () = Au(t)
and this completes the proof of the existence part in assertion (a).
(b) Let 2 € D(A™) and set
af dk
u(t) = DPSL = Zx | (gk-as * S (B)a.
It follows from Lemma 4.17(d) that u € C(]0,00); X) and u(0) = z. Since
(by (4.26) in Lemma 4.17)

dk
IPu(t) : = (9a % DS (O = ga * |2 (ge-as * S5)] (D

n—1

= Gajt11a(DA T + (ganp) * ga * S5) () A"z,
=0
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it follows from Lemma 4.5 that Ifu(t) € D(A) for every ¢t > 0. Using Lemma
4.17 and Lemma 4.5, we have that for every ¢ > 0,

n—1
u(t) = 3 gai 11 (AT + (gagn-s) * S2) (A" (6.5)
§=0
n—1 )
=24+ A Gas1 (DA™ + (gagng) * S2)(H) A" 2]
j=1
=+ A[ZgajJrl(t)Aj_lI + (Ja(n—p) * ga * Sg)(t)A"x}
j=1
n—1 '
=2+ Aga | 3 9ot AT + (gagn-s) * STDA"] = o+ Alga *u)(1)
=0

Hence, u is a mild solution of (6.1) and this completes the proof of the
existence part in assertion (b).

It remains to show the uniqueness of solutions. Let z € D(A") and let u
be a mild solution. We just have to show that (g; * u)(¢) is exponentially
bounded. Using (6.2), we have that for every ¢ > 0,

n—1
(g1 *w)(t) = gajr2( Az + (gam—p)+1 * Sh) () A .
=0

Using Lemma 4.3 we get from the preceding equality that there exist some
constants M,w > 0 such that for every ¢ > 0,

(g * w) ()| < Me* Y || ATz
j=0

Hence, (g1 * u)(t) is exponentially bounded. Now, Proposition 6.3 implies
the uniqueness of mild and classical solutions. The proof is finished. ]

Remark 6.6. We note the following facts regarding Theorem 6.5.

(a) First, we observe that although in (6.1) we have the Caputo frac-
tional derivative Df*, the solution is given by the Riemann-Liouville deriva-
tive D™ S5 (t)z. If a3 is not an integer, then the function DS (t)z is not
a solution of (6.1), unless z = 0.

(b) Second, we have that for every z € D(A™), (gr—ap * SHt)z €
CHH1((0,00); X), that is, DI’ SE(t)a is differentiable with value in X on the
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open interval (0, 00). But, D S5 (t) is not differentiable at ¢ = 0F. Indeed,
it is well-known that for every function v € C(]0,00); X) and 0 < a < 1,

T o
lim —* o(t) = limM = v(0).
t0 gat1(t) 0 gata(t)
Since DY’ SE(0)x = z and DPP S5 (t)x is a solution of (6.1), we have that

(6.6)

D88+ °De D58 (¢ 1D S8 (1) A
lim&—lim DDy S ()leim D Sa(t) m:Aaz.
10 gat1(t) t10 Ja+1(t) 10 gat1(t)

(6.7)

The identity (6.7) shows that the mapping ¢ + D}" sl (t)z is not differen-
tiable at t = 0T if Az # 0.
(¢) Finally, although D S5 (t)z is not differentiable at ¢ = 0%, we have

d
that g1_q * p [DO"BSB( )z } is continuous at ¢ = 0, that is, D¥ D™ S5 (t)z is
continuous at ¢ = 0. Indeed, since (by (6.3)),

d DB g8 (¢ j+1 8 n+1
g1-ax o [DIPSE0)) = ;)gagﬂ DA 4 (ganp) * S8 (DA™,
it follows that

. d [ af B A — T DB By — BB
%1_{1(1) (gl_a * [Dt Sa(t)a:] ) = Ax = %E)r(l] D¥D;" S5 (t)x = D" Sh (0)1(4x |
6.8

More precisely, we have the following result.
Lemma 6.7. Let 0 < o < 1,5 > 0 and set k := [af]|, n := [B]. As-

sume that A generates an (a,1)?-resolvent family S2. Then for every x €
D(An+1),
o 50T~ goga (e _ - DPPSa(t)r —x
t—=0 Jap+1+a(t) =0 Gi+a(t)

_ 1 anab B
= %51[1) DD, S5 (t) .
(6.9)

Proof. We have to prove the first two equalities, the last one corresponds
o0 (6.8). Let x € D(A™"!). Using Lemma 4.17 we get that, for every t > 0,

Sg(t)x — Gap+1(t)x _ Z?:l ga(ﬂ+j)+1AjfU (Ga(n+1) * Sg)(t)Aan
gaﬁ-ﬁ-l-ﬁ-a(t) goc,3+1+0c(t) gaﬁ-ﬁ-l-ﬁ-a(t)

— z”: poG=1) pd g 4 If(gan * S4) () A"z
ga@—i-l—i-a(t)
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Taking the limit of the preceding equality as ¢ — 0 and using (6.6), we obtain

i S8 = a1 (D)
111
=0 gaptita(t)

= lim t2U=D Alg + lim

(LY SO A™ e o) (1)

0= =20 ami)+1(t) Jap+1+a(t)
n a(n+1) of n+1
=1lim Y *U" YAz + lim (7 Sa)(t)A T ja(n—p)
t—0 o t—0 Ja(n+1)+1 (t)
= Azx.

We have shown the first equality in (6.9). Finally, using (4.26) in Lemma
4.17 we get that for all ¢ > 0,

DL —x Yot Gagr1 (DAL I8 (gagop) * Sa) (1) A"
G1+a(t) Ja+1(1) Ja+1(t)
Taking the limit of the preceding equality as ¢ — 0 and using (6.6), we get

DM SE (e —

lim
=0 giya(t)
" Gaji1 (D) ATz I (ga(ns) * SH)(t) A"z
— lim Z]_l 9aJ+1( ) 1 lim t (Qa(n B) a)() — Az,
=0 Jo+1(t) =0 Jat+1(t)
and this completes the proof of the lemma. ]

We have the following description of the generator A of the resolvent
family Sh. We refer to [2, Lemma 3.2.2] for related results in the case
of integrated semigroups and [2, Proposition 3.14.5] in the case of cosine
families.

Proposition 6.8. Let 0 < a < 1, § > 0 and assume that A generates an
(o, 1)5- resolvent family SB. Then

A={(z,y) € X x X, S(t)x = gaps1(t) + (9o * S5)(t)y, ¥Vt > 0}. (6.10)

Proof. First we notice that since the (a,1)%- resolvent family 5% is non-
degenerate, the right hand side of (6.10) defines a single-valued operator.
Next, let z,y € X. We have to show that = € D(A) and Az = y if and only
if

Sg(t)l’ = gap+1(t)T + (ga * Sg)(t)y, vi>0. (6.11)
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Indeed, let = € D(A) and assume that Az = y. Since A generates an

(@, 1)P- resolvent family S5 and Az =y, then (6.11) follows from Lemma
4.5. Conversely, let z,y € X and assume that (6.11) holds. Taking the
Laplace transform on both sides of (6.11), we get that for Re(\) > w (where

w > 0 is the real number from the definition of Sg ),
AT — )Tl = ATl AT — A) Ty (6.12)

The identity (6.12) implies that x € D(A). Applying (A* — A) to both sides
of (6.12), we get that

Ml = AT — Az + Al = e — Az + ATy,
and this implies that Az = y. The proof is finished. O

7. THE INHOMOGENEOUS CAUCHY PROBLEM

In this section we study the solvability of inhomogeneous fractional order
abstract Cauchy problems. More precisely, we investigate the existence,
uniqueness and the representation of solutions of the following fractional
order abstract Cauchy problem:

{D(g:;;(w = Au(t) + f(t), t>0,0<a <1, 1)

where A is a closed linear operator with domain D(A) in a Banach space X
(that we assume throughout the section without any mention), f : [0,00) —
X is a given function and x is a given vector in X.

Definition 7.1. A function u € C([0,00); D(A)) is said to be a classical
solution of (7.1) if g1_a * (u — u(0)) € C1([0,00); X) and (7.1) is satisfied.

We adopt the following definition of mild solutions.
Definition 7.2. A function u € C(]0,00); X) is said to be a mild solution
of (7.1) if Ifu(t) :== (ga * u)(t) € D(A) for everyt >0, and

t t
u(t) =z + A/ Jo(t — s)u(s) ds + / 9ot —s)f(s)ds, Yt>0.
0 0
As for the homogeneous problem in Section 6, we have the following

uniqueness result. Its proof runs similar to the proof of Proposition 6.3.

Proposition 7.3. Let 0 < a < 1. Then the following assertions hold.
(a) Ifu is a classical solution of (7.1), then it is a mild solution of (7.1).
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(b) If (A\*— A) is invertible for Re()\) large enough, and if a mild solution
u exists and (g1 * u)(t) is exponentially bounded, then it is unique.

Remark 7.4. As for the homogeneous equation in Section 6, to prove the
existence of mild and classical solutions of Problem (7.1), we proceed by a
direct method without the use of the Laplace transform.

We have the following result of existence and representation of classical
and mild solutions of Problem (7.1) which is the main result of this section.

Theorem 7.5. Let 0 < a < 1,8 > 0 and set n := [B], k := [af]. As-
sume that A generates an (o, 1)5-resolvent family Sg. Then the following
assertions hold.

(a) For every f € CF1([0,00); X), f@(0) € D(A™17%), i =0,1,...,k,
D?ﬂf(t) = (gr—_ap* ) (t) is exponentially bounded and x € D(A™1),
Problem (7.1) has a unique classical solution u given by

u(t) = DI SP () + DXPDI~(SP « f)(t), t > 0. (7.2)

(b) For [ € CH([0,00); X), f9(0) € D(A™), i = 0,1,...,k 1,
]D)?ﬁf( t) = (gr_ap* fF)(t) is exponentially bounded and x € D(A™),
Problem (7.1) has a unique mild solution u given by (7.2).

Proof. Let A, a, 5, n and k be as in the statement of the theorem. First
we show existence of solutions.

(a) Let # € D(A™). By Lemma 4.17, DX S5(t)x € C(]0,00); D(A))
and DfBSg(O)m = x. By the proof of Theorem 6.5(a) we have that g1_q *
(DfﬁSg(t)x —x) € CY([0,0); X). Now, assume that f satisfies the hypoth-
esis in the statement of the theorem. Using Lemma 4.17, Lemma 4.5(b), the
equality (2.8), the fact that f € C*¥T1([0,00); X) and proceeding as in the
proof of Theorem 6.5, we get that for every ¢ > 0,

dk
A CANIOE ik [gk ap * (go * *(55 «f)(t) (7.3)
k n—i k
=22 9041 AT OV + D (Gatn-pyaia-ayra * S OAF(0)
i=0 j=1 =0

+ (Gh—ap * ga * S5+ fETD) ().
It follows from (7.3) and Lemma 4.5 that
DRI (88 % f)(t) € C([0,00); D(A)).
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Let u be given by (7.2). We have shown that u € C([0,00); D(A)). Using
(6.3) and (7.3), we get that for every ¢ > 0,

(910 * (u—u(0)))(t)

= Zgoaj-i-?—a(t)ij + (ga(nfB)Jrl * Sg)(t)AnJrlx
j=1

k n—i

+D > Ga(-1)+ira (DA FO(0)

i=0 j=1

+ Z Ja(n—B)+i(l—a)+1 * Sﬁ)( )An_zf(Z) (0) + (gk—a,ﬁ’ * g1 * Sg * f(k+1))(t)

Therefore,

(g = w(0)] = 3 o s1-al A0 + (gaguos) * SHHA™
j=1

k n—i

k
DD G0 1t QAT FIO) + D7 (angria-a) * SHOA™FO(0)
1=0

=0 j=1
+ (G—ap * S * fED)(). (7.4)

It follows from (7.4), Lemma 4.5 and Lemma 4.17 that gi—o * (v — u(0)) €
C*(]0,00); X). By the proof of Theorem 6.5(a) we have that

DD S8 (e = ADYP S8 (1), (7.5)
Using (7.3), (2.7) and Lemma 4.5, we get that for every ¢ > 0,
e
aneBmyl—arof — i i i B
Dy DD} (SE % F)(8) = g1 * 3 | o5 (9h-0s * 90 x (S5 D) ()]
dk+2
= 01—« * W |:(gk+1+oz * f)(t) + (gk—a/o’-i-a * Aga * Sg * f)(t)i|
dk+2
= g2 [(gk+2 5 [)(t) + (Gk+1-a * Aga * S * f)(t)}
dk+1
= f(t) + TR [(gkfaﬁ % Aga * S} % f)(t)}
= f(t) + AD}D{ (ST + £)(0)- (7.6)
Combining (7.5) and (7.6), we have that for every t > 0,

D§u(t) = DFDPSE (H)a + DEDP DI (SE * f)(1)
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= AD}S{(t)w + f(t) + ADI"Di (S + f)(¢)

= A[DPPS3 () + DPDI (S % )] + £(1) = Au(t) + £(1).
Hence, u is a classical solution of (7.1) and this completes the proof of
existence part in assertion (a).

(b) Let # € D(A"). By Lemma 4.17, DS (t)z € C([0,00); X). Tt
follows from the proof of Theorem 6.5(b) that

2D SE (e = (go * DY SE)(H)z € D(A)

for every t > 0. Assume that f satisfies the hypothesis in the statement of
the theorem. Proceeding as in (7.3) we get that for every ¢ > 0.

IEDIPDI(SE % f)(t) = go * DYPDI(SE * £)(2)

k—1n—1 k—1
= Z Zgaj+i+l (t)AJ_lf(l) (0) —+ Z(ga(n—ﬁ)-ﬂ'(l—a)—&-a * Sg)(t)An—Zf(z) (O)
i=0 j=1 —
+ (Gh—ap * ga * SZ % F®) (1), (77)

It follows from (7.7), Lemma 4.17 and Lemma 4.5 that
I3 DD (87 # £)(1) € D(A)
for every t > 0. We have shown that
Iu(t) = I DY SE () + I DDy (S # f)(t) € D(A)

for every t > 0. It follows from (6.5) in the proof of Theorem 6.5(b) that for
every t > 0,

D S8 (1) = x + A(ga * DX SP)(t)a. (7.8)
Proceeding as in (7.6) and using Lemma 4.5, we have that for every ¢ > 0,
afml—a/oB d d B
DD} (S8 )(E) = Zo | (9h-a * g0 ¥ (S8 ) ()]
dk+1
= 7 |G D)) + Aga * (ge-as * 9o * S5 ))(D)]
dk+1 3

= (ga* D)) + A(90 % 27 [(9k-as * g0+ S5 £)]) (1
= (9o * )(0) + Alge DF"D{ (57 )) (1), (7.9)

Combining (7.8) and (7.9) we get that for every ¢ > 0,
u(t) = DYPSE()x + DYPDEI(SE * £) (1)
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=2+ A(ga * DY SD) ()2 + (g0 * )(t) + A(ga + DFPDI=(SE  £)) (t)
=24 (ga+ F)(1) + Aga | DI SE (@ + DDI(SE + (1)
= 2+ A(ga * u)(t) + (ga * f)(t).

Hence, u is a mild solution of (7.1) and this completes the proof of the
existence pat in assertion (b).

It remains to show the uniqueness of solutions. Let z € D(A™) and let f
satisfy the assumptions in part (b) of the theorem. Let u be a mild solution.
It follows from (6.2) and (7.3) that for every ¢ > 0,

n—1

(g1 % u)(t) = Z Jajr2(DVA T + (gam—p)1 % S2) (1) A"z

7=0
k—1n—1—i
YD Gajrira®)ATFO(0)
=0 j=1
k—1
+ (ga(n—6)+i(1—a)+a+1 * Sg)(t)An_l_Zf(Z) (0)
=0

+ (Gh—ap * Jar1 * S5 = fP)(2). (7.10)

Since by assumption there exists some constants Mj,w; > 0 such that
1(g—ap * FON)(@)|| < Mye“tt, using Lemma 4.3, the equality (7.10) implies
that there exist some constants M,w > 0 such that

k—1n—1—1

(g1 % u)(t <Mem[§j||fva:||+2 > 147 0]
j=0 i=0 j=1
k—1
DA O ) 4 M.
=0

We have shown that (g1 * u)(t) is exponentially bounded. Now, the unique-
ness of mild and classical solutions follows from Proposition 7.3 and this
completes the proof of the theorem. O

As a corollary of Theorem 7.5, we have the following representation of
solutions in case A also generates an (o, «)-resolvent family pPs.
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Corollary 7.6. Let 0 <« < 1,8 >0 and set n:= [3], k := [af]. Assume
that A generates an (o, )P-resolvent family PS. Let S5 be the (o, 1)P-
resolvent family generated by A (which exists by Remark 4.4(a)). Then the
following assertions hold.
(a) For every f € C*1(]0,00); X), f9)(0) € D(A™1-7), j =0,1,...,k,
Dfﬂf(t) = (Gh—ap * fU(t) is exponentially bounded, and for every
r € D(A™Y), the unique classical solution u of (7.1) is given by

u(t) = D’ (sg(t)x + /0 t P3(t — $)f(s) ds). (7.11)

(b) For every f € C*([0,00); X), f9(0) € D(A™ ), j=0,1,...,k—1,
]D)?ﬂf(t) = (gr—ap * f®))(t) is exponentially bounded, and for every
x € D(A™), the unique mild solution u of (7.1) is given by (7.11).
Proof. Using Remark 4.4 we have that for every ¢ > 0,

DD (SE x £)(t) = DDy (g1—a * P2+ f)(t)

o d
=Dy ﬁgoc * @(gl—a * Pg * f)(t)

= D L (g1 # PL» D) = DEP(PE 5 1)(0),

and this completes the proof. [l

8. APPLICATIONS

In this section we give several examples where the results of the previous
sections are applied.

Throughout this section we assume that © C RY is an open set with
Lipschitz continuous boundary 0€2. Let the real valued coefficients satisfy,
aij € L*(Q), bj,cj,d € L*(Q), i,j = 1,2,...,N and v € L*(02). We
assume that vy(z) > 0 for og-a.e. z € 0N, where o is the Lebesgue surface
measure, v € L>(99Q) and that there exists a constant x4 > 0 such that

N

Z aij(l‘)&fj > ;L|f|2 for all { € RN, (8.1)

,j=1

for a.e. x € Q0. Let the operator A be given formally by

N N N
Au = Z D; ( Z a; ;Diu + bjU) — (Z c;Diu + du) (8.2)
j=1 i=1 i=1
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and let

S N N

s > (Z%‘Dz‘u + bj“) Vi,

j=1 =1

where v denotes the outer normal vector of € at the boundary 0f2.
Example 8.1 (Non-homogeneous Neumann and Robin boundary
conditions on LP). Let A be the elliptic operator given in (8.2) and let
1 < p < oco. For convenience we assume that Q C RY is connected, otherwise
we could consider each connected component separately. For 0 < a < 1, we

consider the fractional order inhomogeneous diffusion equation with non-
homogeneous boundary conditions

D¥u(t, z) = Au(t,z) + f(t, z), t>0, ze,
ma(ytz) +y(2)ult,z) =g(t,z), t>0, z€ 0, (8.3)
u(0,x) = ug(x), x €.
Here, ug € LP(2), f € C([0,00); LP(R?)), g € C([0,00); LP(0S2)) are given
functions. We consider the first order Sobolev space
HY(Q) = {u e L2(Q), /Q Vul? dz < oo}

endowed with the norm

HUHHI(Q /]u\Q dx—l—/ ]VUP da:

Let A, be the bilinear closed form in L*(£2) with domain H'(f2) defined
for u,v € HY(Q) by

N N
Ay (u,v) @ = / Z (ZaijDiu + bjU)Dj'U dx
j=1 =1

Q4
N

-|-/Q(chDju—l—du)v dx—i—/(mvuv do.

j=1
We define the linear closed operator As. on the product space L?(£2) x
L2(092) as follows:

{ (A2y) == {(1,0): uwe H'(Q), Auc L}(Q), 2% € L*(09)} 5.4)

As(u,0) = (Au, —ou fyu> .
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Let u € HY(). It is easy to check that (u,0) € D(As,) and —As - (u,0) =
(f,9) if and only if for every v € H'(1),

A, (u,v) = /va dx + /89 gv do. (8.5)

We notice D(As ) is not dense in L?(Q2) x L?(9f2) unless 88712 +~u =0 on

0f). Applying Sobolev and Hoélder inequalities we have that there exists a
constant w > 0 such that for every function u € H(Q),

A (uy ) > ’Q‘/Q\VUP dm—w/ﬂ (uf? dz. (8.6)

We define the zero boundary conditions operator A%7 on L*(Q) as follows:

{D(Agﬁ) ={ue HY(Q): Aue L}(Q), 2~ +yu =0} a7

A9 Ju = Au.

The operator Ag’,y is a realization of the operator A in L?(Q2) with Robin
boundary conditions and Neumann boundary conditions if v = 0.

By [3], —A%7 generates an analytic Cp-semigroup (To(t))i>0 on L?(€2).
Moreover, the semigroup Tj interpolates on LP(€2), 1 < p < oo. Hence,
there are consistent semigroups on LP(Q2) for every p € [1,00] which are
strongly continuous if p € [1,00). We denote the semigroups on LP({),
1 < p < o0, by Ty, so that the semigroup Tp on L%(Q) coincides with Tp .

Next, for 1 < p < oo, we let XP(2) := LP(Q) x LP(0R). Let Ap~ be the

operator defined in XP(2) as follows:

D(A,,) == {(u,O) € D(Azy): Aue LP(Q), 2% ¢ Lp(zm)}
Ap~(u,0) = (Au, _% - ’yu|ag) .

Let u € H'(Q). As in the case p = 2, we have that (u,0) € D(A,,) if and

only if there exists (f, g) € XP(Q) such that u is a weak solution of

{—Au:f in

(8.8)

Ou 4 =g on 0f).

Ovg

That is, u € H*(Q) and for every v € H*(Q)

A, (u,0) = /Q fodz+ /a g, (8.9)
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We claim that the operator A, . generates a once-integrated semigroup
(TP(t)) on XP(Q) given for every (f,g) € XP(Q2) and A > 0 by

TY(t)(f.9) = A/O Top(s)(A = A) 7 (f,9) ds + [T = To, ()] (A — A~ (f,9).
(8.10)

Here f(),p(t)(u,O) = (Top(t),0), where (Tp,(t)) is the strongly continuous
semigroup on LP(Q2) introduced above.

Indeed, first, let Az, be the operator on X?(2) defined in (8.4). Let w be
as in (8.6) and fix A > w. Then, for all u € H(Q),

)\/ lu* dz + A, (u,u) > min {/\ —w, ﬁ} HuH%{l(Q), (8.11)
Q 2

where p > 0 is given in (8.1). It follows from the Lax-Milgram Theorem [13,
Section 5.8] that for every (f,g) € X2(Q), there exists a unique u € H*(Q)
such that for all v € H(),

)\/uv dm+A7(u,v):/fv dw—i—/ gv do. (8.12)
Q Q o9

That is, there exists a function v € H(2) with (u,0) € D(As,) and
(A = A24)(u,0) = (Au, 0) = A (u, 0) = (£, 9)-

We have shown that A — A : D(As,) — X2(Q) is a bijection for A > w.
Assume now that f > 0 and g < 0. Let (u,0) := (A — A2,)"(f,9) and set
v:=wu". Then using (8.12), we get that

OZ/fvdx—i—/ gvdaz)\/uvdaz—}-Aw(u,v)
Q Q

0N

_ /\/ (of? dz + A, (v,0) > 0.
Q

Using (8.11), the preceding estimate implies that v = 0, that is, u < 0
a.e. on 2. We have shown that (A — Az.)~! is a positive operator. Since
every positive operator is continuous, we obtain that A — Ay, is invertible.
In particular, we have also proved that the operator As , is closed. Hence,
D(Ay ) is a Banach space for the graph norm of A, ., and by definition
of As. we have that D(As,) C HY(Q) x {0}. Since both of these spaces
are continuously embedded into X2(Q), we deduce from the closed graph
theorem that D(As ) is continuously embedded into H!(£2) x {0}. We have
shown that the operator As . is resolvent positive. Since X?(f2) is a Banach
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lattice with order continuous norm, it follows from [2, Theorem 3.11.7], that
the operator A, ., generates a once-integrated semigroup 77 on X?(Q).
Second, let 2 < p < oo and let A, . be the operator on XP(Q) defined
in (8.8). Let (u,0) € D(A,,). Then u € H'(Q) and satisfies (8.9). If
p > N/2 > (N —1)/2, then elliptic regularity (see e.g. [41, Corollary 2.9])

shows that v € C(Q2). Hence, D(A,,) C C(R2) x {0} and in particular
we have that D(A4,,) C XP(Q). If 2 < p < N, then using again elliptic
elliptic regularity (see e.g. [8, Theorem 4.1 and Corollary 4.2]), we get that
that v € LP"(Q) and u|pq € LP*(9R) where p* := pN/(N — p) > p and

px == p(N —1)/(N — p) > p. In any case, we have that D(A4,,) C XP(2).
Hence, A, - is the part of the resolvent positive operator Az in XP (€2), and
hence, is also resolvent positive. It follows from [2, Theorem 3.11.7] that

the operator A, , generates a once integrated semigroup 77 on X, (Q). Since

D(APN)XP(Q) = LP(Q) x {0}, we have that the representation (8.10) follows
from the abstract result contained in [26, Proposition 2.4].

Finally, if 1 < p < 2, then we obtain the result by using the consistency
properties of the semigroups (7 ,(t)) introduced above. The proof of the
claim is finished.

Using the above defined operator A, we have that the fractional order
Problem (8.3) can be rewritten as an abstract Cauchy problem on the Banach

space LP(Q) x LP(9R2) = XP(Q):

{]D);f“ (u(t),0) = Ap (ult),0) + (f(t),g(t)), t>0, (8.13)

(u(0),0) = (uo,0)-

Then all the results in Theorem 7.5 hold for Problem (8.13) and hence, for
Problem 8.3 with here n = k = 1.

Next, we consider the space of continuous functions.

Example 8.2 (Non-homogeneous Neumann and Robin boundary
conditions on the space of continuous functions). Let {2 be as in Ex-
ample 8.1. We notice that the space C'(£2) does not have an order continuous
norm. Let A be the elliptic operator given in (8.2). Here, for 0 < a < 1, we

consider the fractional diffusion equation
Dfu(t,x) = Au(t,z) + f(t,z), t>0, z€Q,
ou(t
QLD L yepult,s) = glt.2), t>0, €00, (314

ova
u(0,x) = up(x), x €,
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where ug € C(Q), f € C([0,00]; C(Q)) and g € C(]0,c]; C(09)) are given
functions. This problem in the case a = 1 has been investigated in [34]. We
define the operator A on X®(Q) = C(Q) x C(99Q) as follows:
D(Ans) = { (1,0) € D(A2) NX=(Q) : Aue C@), L4 € C(09)}
Aooﬂ(u7o) = (Aua _(';97: - 7u|89) >
where As . is the operator on X?(Q) defined in (8.4). The operator Au - is
a realization of the operator A with non-homogeneous Robin boundary con-
ditions and non-homogeneous Neumann boundary conditions if v = 0. By
definition, D(A ) C C(2) x {0}. By [33] (see also [41] for the case of the
Laplace operator), the space C'(2) x {0} is invariant under the resolvent of
A ~ and its part AgcmY in C'(Q) x {0} generates a strongly continuous semi-

group (Too(t))i>0 on C(£2) x {0}. Hence, Ay - generates a once-integrated

semigroup (17°(t))+>0 on X*°(Q) given for (f,g) € X>°(Q2) and A > 0 by

= ()(f,9) = A/O Too(s) (A = A) 7N (f,9) ds + [T = Too(D)](A = A) (£, 9).

Using A, we have that (8.14) can be rewritten as an abstract Cauchy

problem on the Banach space C(Q) x C(992) = X*®(Q):

{D? (u(t), 0) = Aoy (u(t), 0) + (£(£), g(1)), >0, (5.15)
(u(0),0) = (uo,0).

Hence, then the results in Theorem 7.5 hold for Problem (8.14) and hence,
for Problem (8.15) with n = k = 1.

Next, we investigate the non-homogeneous Dirichlet boundary conditions.

Example 8.3 (Non-homogeneous Dirichlet boundary conditions on
the space of continuous functions). For simplicity we assume that € is
as in Example 8.1. To investigate the non-homogeneous Dirichlet boundary
conditions in a space of continuous functions, one has to work directly with
a realization A, of A with non-homogeneous Dirichlet boundary conditions
in a space of continuous functions because the LP-regularity conditions on
the boundary data are not sufficient to obtain continuous solutions. For
0 < a < 1, we consider the following fractional order diffusion equation

D¥u(t, z) = Au(t,x) + f(t,z), t>0, x€Q,
u(t, z) = g(t, z), t>0, z € 09, (8.16)
u(0,x) = up(z), x € (),
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where ug € C(Q), f € C([0,00]; C(Q)) and g € C(]0,c]; C(09)) are given
functions and A is the operator given in (8.2). Problem (8.16) in the case
o =1land A = A (the Laplace operator) has been investigated in [2, Chapter

6]. We recall that C'(€2) does not have an order continuous norm. We define a
realization A, of the operator A with non-homogeneous Dirichlet boundary

conditions on X*®(Q) := C(Q) x C(99Q) by
D(As) = {(u,ulpn) € X*(Q) : we HY(Q), Auec C(Q)},
Ao (u, ulon) = (Au, —ulsq) -

Then (8.16) can be rewritten as a Cauchy problem on X*(2) as follows:

{Dg (u(t),0) = Ao (u(t),0) + (f(t),9(t), t>0, (8.17)

(u(0),0) = (uo, 0).
It is well-known (see e.g. [2, Chapter 6]) that the operator A, does not

generate a once-integrated semigroup on X*°(£2). It turns out that A, gen-
erates a twice integrated semigroup (7T5°(t));>0 on X*(Q) (see [2, Chapter 3
and Chapter 6]). Hence, the results in Theorem 7.5 hold for Problem (8.17)
and hence, for Problem (8.16) with n =2 and k =1if 0 < o < 1/2 and

n=k=2if1/2<a <2

To conclude the paper, we consider the time fractional order Schréodinger
equation.

Example 8.4 (The time fractional order Schrédinger equation).
First we consider the problem

{]D)?u(t,m) = iApu(t,x) + f(t,z), t>0, € RN, 0<a<l,

u(0,z) = up(z), =RV, (8.18)

where A, is a realization of the Laplace operator on L (RM), 1 < p < 0.
It is well-known (see [2, Theorem 8.3.9]) that the operator iA, generates a
Bp-times integrated semigroup on LP()) with §, := N ’% - %’ ifl<p<oo

and 31 > % if p = 1. This shows in particular that iAo generates a strongly
continuous semigroup on L?(Q2). Then the results in Theorem 7.5 hold for
Problem (8.18) with n = [3,] and k = [af,] if 1 < p < oo, p # 2 and
n=k=0ifp=2.

Next, we consider the problem

{]D){g"u(t, x) = ePAju(t,z) + f(t,x), t>0, 2eRY, 0<a<]l,

u(0,z) = ug(x), =R, (8.19)
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where the angle 6 satisfies § < 60 < (1 — %) m. Let the operator A, be given
by A, := €A, Then D(A,) = W2P(RY). We have shown in Example
4.10 that if 0 < a < %, then A, does not generates a [-times integrated
semigroup in LP(RY) for any B > 0, but A, generates an (a, 1)-resolvent
family S, on LP(RY) for every 0 < a < 1. Therefore, if 0 < o < %, then
one cannot use the concept of S-times integrated semigroup to solve Problem
(8.19). With the technique of resolvent families we are able to solve Problem
(8.19). More precisely, using Theorem 7.5, we have the following result.

e For every up € W2P(RY) and f € WH1(]0,00); LP(RY)), Problem
(8.19) has a classical solution u.

e For every ug € LP(RY) and f € L}, ([0,00); LP(RY)), Problem (8.19)
has a mild solution.
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