PERIODIC SOLUTIONS OF ABSTRACT FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH INFINITE DELAY

HERNAN R. HENRIQUEZ AND CARLOS LIZAMA

ABSTRACT. We characterize the existence of periodic solutions for a class of abstract retarded func-
tional differential equation with infinite delay. We apply our results to the nonlinear equation

z'(t) = Az(t) + L(wt) + N(z¢) + f(t), tER,

where A : D(A) C X — X is a closed operator defined on a Banach space X, L is a bounded linear
map, N : B — X is a continuous function defined on an appropriate phase space B and f € LP(T, X).

1. INTRODUCTION

Motivated by the fact that abstract retarded functional differential equations (abbreviated, ARFDE)
with infinite delay arise in many areas of applied mathematics, this type of equations has received
much attention in recent years. In particular, the problem of existence of periodic, almost periodic and
asymptotically almost periodic solutions has been considered by several authors. We refer the reader
to the books [6, 7], and to the papers [11, 12, 13, 3, 15, 4, 10, 2] and the references listed therein for
information on this subject.

In this work we are concerned with the existence of periodic solutions for a class of linear and
semi-linear abstract retarded functional differential equations with infinite delay.

Let X be a Banach space endowed with a norm || - ||. In this paper we study the existence of
periodic solutions for the class of abstract functional differential equations described in the form

(1.1) 2/ (t) = Az(t) + L(zy) + f(t), t € R.

In this description z(¢) € X and the history z; : (—o00,0] — X, given by z:(0) = z(t + 6) for 6 <0,
belongs to some abstract phase space B defined axiomatically. We will assume that L : B — X is a
bounded linear map and A : D(A) C X — X is a closed linear operator. Moreover, f : R — X is a
locally p-integrable and 2m-periodic function for 1 < p < co.

As usual, we represent by [D(A)] the Banach space D(A) endowed with the graph norm
Izllipcay = [lz]l + [ Az].

A similar problem for equations with finite delay has been considered in [8]. In this note we will
show that we can extend the Theorem 3.4 in [8] to include the infinite delay case.

Next we recall the basic concepts necessary to obtain our results. Let Y, Z be Banach spaces. In
what follows, we denote by L(Y, Z) the Banach space of bounded linear operators from Y into Z, and
we abbreviate this notation to £(Y") in the case Y = Z. We begin with the concept of R-boundedness
(see [1, Definition 3.1]).
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Definition 1.1. A family of operators T = {T; : i € I} C L(Y,Z) is said to be R-bounded if there
is a constant C > 0 and p € [1,00) such that for each finite set J C I, T; € T, y; € Y and for
all independent, symmetric, {—1,1}-valued random variables £; on a probability space (2, M, 1) the
inequality
| Z eiTiyillLr 0,2y < O] ZgiyiHLP(Q,Y)
i€J i€
is verified. The smallest of the constant C is called R-bound of T and is denoted by R(T).

To complete these concepts we define the UMD spaces. But, since we just will use some results
from the literature, it is enough for us to present a simple definition of UMD space. A Banach space
Z is said to be UMD if the Hilbert transform is bounded on LP(R,Z) for some (and then for all)
1<p<oo.

Next we denote T the group defined as the quotient R/27Z. We will use the identification between
functions on T and 27-periodic functions on R. Specifically, in what follows for 1 < p < oo we denote
by LP(T,Y) the space of 27m-periodic p-integrable functions from R into Y. Similarly, the notation
WLP(T,Y) stands for the Sobolev space of 27-periodic functions f : R — Y such that f' € LP(T,Y).
Moreover, g will be used to denote the conjugate exponent of p.

2. EXISTENCE OF PERIODIC SOLUTIONS OF ARFDE WITH FINITE DELAY.

In this section we study the existence of periodic solutions of a linear ARFDE with finite delay 2.
Specifically, we will be concerned with the equation
(2.1) z'(t) = Ax(t) + F(z¢) + f(t), t € R,
where the function z; : [-27,0] — X is given by 4(0) = z(t+6) for -2r <0 <0, A: D(A) C X — X
is a closed linear operator and f : R — X is a locally p-integrable and 2m-periodic function, for
1<p<oo.

The existence of periodic solutions for this equation when F : LP([-2m,0], X) — X is a bounded
linear map was studied in [8]. In this paper we use the following concept of solution.

Definition 2.1. Let 1 < p < co and let f : R — X be a locally p-integrable function. We say that
z: R — X is a strong LP-solution of equation (2.1) if x(-) € C(R,[D(A)]) N WLP(R, X) and (2.1)
holds a.e. fort € R.

The equation (2.1) is usually studied on the space C([—2w, 0], X). For this reason, we assume that
F is a bounded linear map from C([—2m, 0], X) into X that can be extended to a bounded linear map
F: LP([-27,0],X) — X. Hence, we can consider the equation

(2.2) 2'(t) = Az(t) + F(z) + f(t), t € R,

It is clear that a 2m-periodic solution of (2.2) is also a 2m-periodic solution of (2.1). Moreover, if
er(0) = ™ for —2m < 0 < 0 and k € Z, then

~

Bz = F(epx) = Fepx).
We denote oz(A) = {k € Z : ikI — A — By, has no inverse}. We have the following result.
Theorem 2.1. Let X be a UMD space and 1 < p < co. Assume that F' can be extended as a bounded
linear map on LP([—2m,0],X). Then the following conditions are equivalent:

(a) For every function f € LP(T, X) there exists a unique locally p-integrable and 27 -periodic strong
solution of (2.1).

(b) 07(A) = ¢ and {ik(ikI — A — By)~' : k € Z} is R-bounded.
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Proof. Assume that for every function f € LP(T,X) there exists a unique locally p-integrable and
2m-periodic strong solution of (2.1), say x(+). Then, by the assumption on F, we have that x(-) is also
the unique locally p-integrable and 27-periodic strong solution of (2.2). Hence, (b) follows from 8,
Theorem 3.4]. Conversely, assume that oz(A) = ¢ and {ik(ikI — A — By)™' : k € Z} is R-bounded.
From [8, Theorem 3.4] we obtain that for every function f € LP(T,X) there exists a unique locally
p-integrable and 27-periodic strong solution z(-) of (2.2). Since F is an extension of F, we conclude
that z(-) is the unique solution of (2.1), proving (a). O

3. EXISTENCE OF PERIODIC SOLUTIONS OF ARFDE WITH INFINITE
DELAY.

In this section we apply the Theorem 2.1 to study the existence of periodic solutions of equation
(1.1) with infinite delay. To get our objective we need an appropriate phase space.
We use an axiomatic definition of the phase space B, which is similar to the one used in [5].

Specifically, B will be a linear space of functions mapping (—o0, 0] into X endowed with a seminorm
I - Iz and verifying the following axioms.

(A) Ifz: (—00,04+a) = X, a > 0,0 € R, is continuous on [0,0 + a) and z, € B, then for every
t € [o,0 + a) the following conditions hold:
(i) x4 isin B.
(i) | () 1< H | 20 |15
(i) || @ < K(t— o) sup{]| a(s) [l: 0 < 5 < £} + M(t — ) || 25 |15,
where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is locally bounded
and H, K, M are independent of z(-).
(B) The space B is complete.

Usually the definition of phase space includes the axiom
(A1) For the function z(-) in (A), the function ¢ — x; is continuous from [0, 0 + @) into B.

However because we are studying the existence of strong solutions for the equation (1.1) this axiom is
not relevant and we can replace it by a weaker one.

Example 1. The phase space Cy(X).

Let g be a positive continuous function on (—o0,0]. Let B = Cy(X) be the space consisting of all

”('0((2))” is bounded on (—o0,0]. We assume that g
Y

satisfies conditions (g-1) and (g-2) in the terminology of [5]. This means that

t+0
(g-1) The function G(t) = sup M
0<—t 9(0)
(g-2) g(0) — oo as 8 — —oo.

With the norm in B defined by

continuous functions ¢ : (—o0,0] — X such that

is locally bounded for ¢ > 0.

()
= su
”90”9 6‘318 g(e)

the space B is a phase space that satisfies (A1) ([5, Theorem 1.3.2]).
Example 2. The phase space C. x LP(p, X)

Let > 0, 1 < p < oo and let p : (—oo,—r] = R be a nonnegative measurable function
which satisfies the conditions (g-5), (g-6) in the terminology of [5]. Briefly, this means that p is
locally integrable and there exists a non-negative, locally bounded function v on (—o0,0] such that
p(§+6) <~v(&)p(0), for all £ <0 and § € (—oo, —7) \ N¢, where N¢ € (—o0, —7) is a set with Lebesgue
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measure zero. The space C, x LP(p, X) consists of all classes of functions ¢ : (—o00,0] — X such that
© is continuous on [—r, 0], Lebesgue-measurable, and p || ¢ ||P is Lebesgue integrable on (—oo, —r).
The seminorm in C,. x LP(p, X) is defined by

-r

1/p
p(6) 1 (6) I” a8)
The space B = C,. x LP(p, X) satisfies axioms (A), (B) and (Al). Moreover, when r = 0 and p = 2, we

1/2
can take H = 1, M(t) = v(—t)"/? and K(t) =1+ (f?t p(0) d9) , for ¢ > 0. See [5, Theorem 1.3.8]
for details.

H¢Mwmwﬂhr§0§m+(/

— 00

To establish our results, we will need additional properties of the phase space B. In this work we
discuss two possibilities.

We next denote by Cpo(X) the space of continuous functions from (—o0,0] to X with compact
support. We consider the following axiom for the phase space B ([5]).

(C2) If a uniformly bounded sequence (™), in Cpo(X) converges to a function ¢ in the compact-
open topology, then ¢ belongs to B and |[|¢™ — ¢|lg — 0, as n — co.

It is easy to see ([5]) that if the axiom (C2) holds, then the space of continuous and bounded
functions Cp((—00,0], X) is continuously included in B. Thus, there exists a constant @ > 0 such
that

lells < Qllello, ¢ € Co((—00,0], X).

Furthermore, in this case ([5], Proposition 7.1.5) the function K(-) involved in axiom (A) can be
chosen as the constant Q).

As an example, we mention that if the function g satisfies the conditions (g-1) and (g-2), then the
space Cy(X) defined in Example 1 satisfies the axiom (C2) ([5, Theorem 1.3.2]). In a similar way, if

[~ p(0)d6 < oo, then the space C, x LP(p, X) also satisfies the axiom (C2).
Assume now that B satisfies the axiom (C2). Let L : B — X be a bounded linear map. Let
Cor([=2m,0], X) = {¢ € O([-2m,0], X) : ¢(0) = p(=27)}.

For ¢ € Cor([—27,0], X) we write ¢ for the 2m-periodic extension of ¢ to (—o0,0]. Since ¢ € B, we
can define F' : Car([—27,0],X) — X by

(3.1) F(p) = L(9)-
We consider the following condition.

(H1) There is a bounded linear map F : LP([—2m,0], X) — X that is an extension of F.
We can establish the following result of existence.
Theorem 3.1. Let X be a UMD space and 1 < p < co. Assume that the phase space B satisfies axioms
(A1) and (C2) and that the condition (H1) holds. Then the following conditions are equivalent:
(a) For every function f € LP(T,X) there exists a unique 2m-periodic LP-strong solution of (1.1).
(b) 07(A) = ¢ and {ik(ikl — A — L)~ : k € Z} is R-bounded.
Proof. Assume that for every function f € LP(T,X) there exists a unique 2w-periodic LP-strong

solution z(-) of (1.1). Since B satisfies the axiom (C2) we can define F' : Cor([—27,0,X) — X
according to (3.1). It is clear that F' is a bounded linear map. By hypothesis (H1), there is a bounded
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lincar map F : LP([-2m,0], X) — X that is an extension of F. We consider now the following functional
differential equation with finite delay 27,

(3:2) y'(6) = Ay(t) + Fly) + f(1), tER,

where for this equation y, denotes the function y.(6) = y(t + 6) for —27 <6 <0.

It is immediate that x(-) is a 27-periodic solution of (1.1) if and only if it is a 27-periodic solution of
(3.2). Proceeding as in the Section 2, for k € Z, we define e () = e™*? for § < 0, and Lz = L(exx). It
is clear that Lyx = Brx. Hence, applying Theorem 2.1 to the equation (3.2) we obtain (b). Conversely,
assume (b). By Theorem 2.1, for every function f € LP(T, X) there exists a unique locally p-integrable
and 2m-periodic strong solution y(-) of (3.2) and, hence, it is also a solution of (1.1). This proves (a).

O

Example 3. In the space B = Cy(X), where g satisfies the conditions (g-1) and (¢9-2), let L: B — X
given by

0
where a : (—00,0] — C is a continuous function such that/ |a(0)|g(0)dl < co. Then L is a bounded

— 00

linear map. Moreover, if ¢ € Cor([—2m,0], X), then

Fo) = [ alo)so)a

— 00

o0 —2km
- Z/ a(0)p(0)do
k=0 —2(k+1)7

> /]
= a(§ — 2km)p(§ — 2km)dg
k=0 —27

= a(€ — 2km)p(€)dE.

Let 1 < p < oo and assume that

,i ( / (e — 2km)dg) " < oo,

then the function b(§) = > 7y a(§ — 2km) € LI([—2m,0]) (]9, Proposition 4.2.4] ). Consequently,
0
F(o)= [ Ople)dt, o€ Canl|=2m,01,X).
—2m
Since b € L1([—27,0]), the map F admits a bounded linear extension F : LP([—2m,0], X) — X given
by
0
Fo)= [ w@elepie ¢ L7(-2m.0.%).

—27
In this case, the operator By is given by

0
Bz = / b(0)e*zdo.
—2m
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Example 4. In the space B = Cy x LP(p, X), 1 < p < 00, assume that p(-) is a bounded function such

that f?oo p(0)dO < co. For instance, the function p(0) = €' for v > 0 satisfies these conditions. Let

L:B— X given by
0

L(g) = / a(8)(6)d,

—00

N S N OIANT
where a : (—o00,0] — C is a continuous function such that Z (/ d9> < o0o. Since
k=0

—o(k41)r P(O)1/P
—2km q —2km q 1/

[0 (o e
Zo(kt1)x P(0)9/P _o(k+1)x P(0)9/P

* Ja(o))”
| st <=

which implies that L is a bounded linear map. Moreover,

for k large enough, then

([ 1/a 2 (0 a(€ = 2km)|T N\ Va
2 ([, lote—2wmpeae)™ < supoioyte > =0

k=0 -

0<0 2kt 1y P(O)9/P
< oo,

which allows us to repeat our assertions in the Example 3.

To avoid the assumption (H1), first we introduce the appropriate space of Stepanov bounded func-
tions.

Definition 3.1. Let 1 < p < oo. We denote by BSP((—o0, 0], X) the space consisting of all measurable

0
functions ¢ : (—o0,0] = X such that sup/ lo(&)]|PdE < 0o. The space BSP((—00,0],X) endowed
6<0 Jo—2x

with the norm )

— P 1/p
lellsr = sun [ Ie@rra)

0—27

is a Banach space.

We denote X x BSP((—o00, 0], X) the space of functions ¢ : (—o0,0] — X included in BS?((—o0,0], X)
endowed with the product norm
lell = 1) + llellse-
We consider the following axiom for the phase space B.

(S-p) The space X x BSP((—o0,0], X) is continuously included in B.

The space B = X x BSP((—o0,0], X) satisfies axioms (A), (B) and (S-p). A more general situation
is exhibited in the following example.

Example 5. Let B = Cyx L*(p, X) the space constructed in Example 2. Assume further that 1 < p <
0

2k a
00, q is the conjugate exponent of p and Z </ p(e)qd0> < 00. Then X x BSP((—00,0], X)
2n(k—1)

k=—o0
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is continuously included in B. In fact, if ¢ € X x BSP((—00,0], X), then

0
lells = |\¢(0)||+/ p(0) 1| (0)]|d6
0 21k
= |le(0)| + / p(0)|lp(0)]|d6
[ (0)]] k;m - (@)l @)l
0 27k 1/q 27k 1/p
< eI+ > ( / p<9>Qd9> ( / |w<e>|pd6>
k——oo 2m(k—1) 2mw(k—1)
0 2rk 1/a
< )| + llellse / p(6)1do
(O + [l k_z:oo< - ()
< CllellxxBsr((—o0,00,X)5
0 27k 1/q
where C' = max { 1, / p(6)1do
k:Z_OO< 2m(k—1) ( )

It is worth to point out that, in general, B does not satisfy the axiom (Al). Actually, even in the
scalar case X = R, we can take

6) = k, —277k§9§—27rk’+%
vl = 0, otherwise 6 < 0.

Let x(t) = ¢(t) for t <0 and x(t) = 0 for t > 0. For 0 <t < 27 and k € N, + < t, we have that

—271'k'+%
e — gl > / l(t +6) — p(6)||7d0

—2mk—t
—2mk—t++ —2mk+ ¢

= / kpd0+/ kPdo
—2mk—t —2rk

= 2k,

which shows that the function ¢ — z; is not continuous at ¢ = 0.

Next we assume that B satisfies the axiom (S-p). Let L : B — X be a bounded linear map. We
consider the following condition

(H2) Let z : R — X be a continuous function that is p-Stepanov bounded on (—o00,0]. Then the
function R — X, t — L(xy), is continuous.

For ¢ € LP([-2m,0],X) we write ¢ for the 2m-periodic extension of ¢ to (—o00,0]. Since @ €
BSP((—00,0],X) C B, we can define F' : LP([—27,0], X) — X by
(3.3) F(p) = L(#).

Proceeding as in the previous paragraph, applying the Theorem 2.1 to the equation (3.4), we can
establish the following result.

Theorem 3.2. Let X be a UMD space and 1 < p < oo. Assume that B satisfies the aziom (S-p) and
that the condition (H2) holds. Then the following conditions are equivalent :

(a) For every function f € LP(T, X) there exists a unique locally p-integrable and 2m-periodic strong
solution of (1.1).

(b) 07(A) = ¢ and {ik(ikl — A — L)™' : k € Z} is R-bounded.
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Proof. Suppose that for every function f € LP(T,X) there exists a unique locally p-integrable and
27-periodic strong solution x(-) of (1.1). Since B satisfies the axiom (S-p) we can define F' from the
Lebesgue vector-valued space LP([—27,0], X) to X by the relation (3.3). It is clear that F is a bounded
linear map. We can introduce now the functional differential equation with delay 27,

(34) y'(t) = Ay(t) + Fy) + (1), t €R.

Observe that z(+) is a 2m-periodic solution of (1.1) if and only if it is a 2m-periodic solution of (3.4).
For k € Z, we define e (6) = €% for § < 0 and Lyz = L(exz). Note that Lyz = Byz. Hence, applying
Theorem 2.1 to the equation (3.4) we deduce (b). Conversely, assuming (b), we have by Theorem 2.1

that for every function f € LP(T, X) there exists a unique locally p-integrable and 2w-periodic strong
solution y(-) of (3.4). But then y(-) is also a solution of (1.1), proving (a).

U
Example 6. Let B=X x BS?P((—00,0],X), 1 <p<oo. Let L: B— X be given by

e —2km 1/q
where a : (—00,0] — C is a continuous function such that Z (/ |a(9)|qd9) < oo and
k=0 —2(k+1)7
o —2k7 1/q
(/ (a(60 — 1)) — a(@)|d8) " =0, h 0.
k=0 —2(k+1)7

Since

0 —2km
1Ll < Z/ |a(0)][1¢(0) |6

=0 —2(k+1)m

S kT Vg, [—2km »
: alo)lde / ©(0)[Pdo
,;)(/mﬂﬁ' @ras) ([, le@lras)
> —2km 1/q
= a(0)|*de Pllsp
([, 1a0) il

which implies that L is a bounded linear map. Moreover, let x : R — X be a continuous function that
is p-Stepanov bounded on (—o0,0]. Then, for h > 0, we have

Llzen—a) — /0 a(0)(x(t — h+ 0) — w(t + 0))d0

o h
= / [a(6 — h) — a(0)]z(t + 0)dd + / a(s — h)z(t + s)ds
oo 0

which implies that

o —2km 1/q —2km 1/p
Lwen -zl < S ([ la@-n)-a@pas) " ([ fate+o)pas)
k=0 “—2(k+1)m —2(k+1)m
h
+|| / a(s — h)x(t + s)ds||
0
0 —2km 1/q h
< (/ la(6 — h) — a(0)|qd9> l|lzellse + || / a(s — h)x(t + s)ds||
k=0 —2(k+1)7 0
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converges to zero as h — 0. A similar estimates holds for h < 0. Consequently, L also verifies the
condition (H2). In this case, we can also represent By as

0
Byx = / b(0)e*0 zdh
—27
for an appropriate function b(-).

As an application of our results, in what follows we consider a nonlinear problem. We assume that
the assumptions of Theorem 3.1 are fulfilled, so that the linear equation (1.1) has a unique 27-periodic
strong LP-solution for all f € LP(T,X). We introduce the space E = C(T,[D(A)]) N WLP(T, X)
endowed with the norm

lullz = llullse + [[Atloc + [|2 I,
where || - || denotes the norm of uniform convergence and || - ||, is the norm in LP(T, X). It is clear
that F is a Banach space.

Let us denote by P : LP(T,X) — E to the map defined by P(f) = u, where u is the 2w-periodic
strong LP-solution of (1.1). It is clear that P is linear. Moreover, if the sequence (uy, ), € E converges
to u for the norm in E, then u,; — u; as n — oo for the norm in B and for all ¢ € R. This implies
that P is closed. Hence, by the closed graph theorem, P is continuous.

We next consider the nonlinear equation
(3.5) 2/ (t) = Ax(t) + L(z¢) + N(xy) + f(t), t € R,

where N : B — X is a continuous function and f € LP(T, X'). We can establish the following immediate
consequence.

Corollary 3.1. Assume that the hypotheses of Theorem 3.1 are fulfilled. Suppose in addition that N
satisfies the Lipschitz condition

IN(p) = NI < klle = ¢lls, ». ¢ €B,

for a positive constant k such that | P||k(2m)'/?Q < 1. Then the equation (3.5) has a unique 27-periodic
strong LP-solution.

Proof. We define the map I' : E — E by
Tz(t) = P(f)(t) + P(N(2))(0),
where N(z) is the function given by
N(2)(t) = N(z), t € R.
It is easy to see that N:E— LP (T, X), which implies that I" is well defined. Furthermore,
Iz —Tylle IP(N(2)) = P(N(9))ll
IPIIN(z) = N (@)l oo r x)

71 ( [ TR - R

< e V) - N(yanpdt)l/p

27 1/p
20 ([l - il
0

IPIk(2m) P Q|2 — yl

IN

1/p

IN

IN
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nce I' is a contraction. The fixed point = of I" is the 27-periodic strong LP-solution of the equation
5). O
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