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ABSTRACT. Let X be a complex Banach space. The connection between algebra homomor-
phisms defined on subalgebras of the Banach algebra ¢*(Ny) and fractional versions of Cesaro
sums of a linear operator T' € B(X) is established. In particular, we show that every (C, a)-
bounded operator T' induces an algebra homomorphism - and it is in fact characterized by
such algebra homomorphism. Our method is based on some sequence kernels, Weyl fractional
difference calculus and convolution Banach algebras that are introduced and deeply examined.
To illustrate our results, improvements to bounds for Abel means, new insights on the (C, a)-
boundedness of the resolvent operator for temperated a-times integrated semigroups, and ex-
amples of bounded homomorphisms are given in the last section.

1. INTRODUCTION

Let X be a complex Banach space. Let T' be an operator in the Banach algebra B(X) and
denote by 7 the discrete semigroup given by 7 (n) := T™ for n € Ny. The Cesaro sum of order
a>0of T, {ATT (n)}nen, C B(X), is defined by

AT (n)x=> k*(n—j)T(j)z, =x€X, neN,
j=0

where ( )

o I'Na+n

0 = formeny €N

is the Cesaro kernel. It is well-known that Cesaro sums are an important concept that appears
in several contexts and ways in the literature. For instance, in Zygmund’s book, it appeared
in connection with summability of Fourier series [30, Chapter III, Section 3.11] and in [7] in
relation with weighted norm inequalities for Jacobi polynomials and series. See also [20] and
[25]. The starting point for our investigation is this definition of fractional sum of the discrete
semigroup 7. Certain fractional sums have been used in recent years to develop a theory of
fractional differences with interesting applications to boundary value problems and concrete
models coming from biological issues, see for example [5] and [19]. Note that this definition
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coincides or is connected with other fractional sums of the discrete semigroup 7 on the set Ny,
see [4, Section 1] or [6, Theorem 2.5].

Consider ¢ : Ny — R a positive weight, that is, ¢(n + m) < Cp(n)¢(m) with C > 0, and
the weighted Banach algebra Ké (endowed with their natural convolution product). Suppose

ﬁ’f € (> (B(X)). It is well-known and easy to show that the semigroup 7 induces an algebra

homomorphism 6 : quﬁ — B(X) defined by

0(f)e =Y f)T(n)z, fely, zeX.
n=0

Note that in the case that T is a power bounded operator, i.e., 7 € £*°(B(X)), then 0 : /! —
B(X). Moreover, this homomorphism is a natural extension of the Z-transform. See Section 4
and [12] for more information on this concept.

In general, algebra homomorphisms are useful tools to treat different interesting aspects of
operator theory: algebraic relations, sharp norm estimations, subordination operators, or ergodic
behaviour (as Katznelson-Tzafriri type theorems, see [23]).

As mentioned before, it is remarkable that Cesaro sums have appeared in the literature some
time ago but until now, their relation with the theory of fractional sums and their algebraic
structure has not been noted. The first main purpose of this paper is to show how this connection
provides new insight on properties and characterizations of Cesaro sums, notably concerning
their interplay with algebra homomorphisms.

Cesaro sums are also a basic tool to define (C, «)-bounded operators, a natural extension of
power-bounded operators. We recall that a bounded operator T' € B(X) is called (C, «)-bounded
(> 0) if

sup HMA “T(n) < oo.
See [10, 27] for examples and properties of (C, a)-bounded operators. Note that if 7" is power
bounded, then T is a (C, a)-bounded operator for every a > 0. However, there are operators
that do not satisfy the power-boundedness condition, but sup,,>; LIATIT(n)|| < oo, as the
well-known Assani example shows
-1 2
(),

see [13, Section 4.7]; recently other examples have appeared in [10, 11, 27, 28, 29].

The following natural question then arises: (@) Can T induce an algebra homomorphism from
a proper subalgebra A C ¢! to B(X)?

The second purpose of this paper is to show that, surprisingly, the answer to (Q) is positive
for every bounded operator such that their Cesaro sums are properly bounded (which includes
(C, a)-bounded operators). More precisely, we construct appropriate subalgebras 7(k**1) c ¢!
and then we prove that the following assertions are equivalent:

(i) T is (C, «)-bounded operator.
(ii) There exists a bounded algebra homomorphism 8 : 7%(k%*1) — B(X) such that f(e1) =
T.

In the limit case o = 0, the following assertions are equivalent:

(a) T is power bounded.
(b) There exists a bounded algebra homomorphism 6 : /! — B(X) such that 0(e;) = T.
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(c) For any 0 < a < 1, there exist a bounded algebra homomorphism 0, : 7%(k®*1) — B(X)

such that 0,(e1) =T and sup |6, < oo.
0<a<l

This paper is organized as follows: In order to construct a suitable Banach algebra and the
corresponding homomorphism, we introduce in Section 2 the notion of a-th fractional Weyl sum
as follows:

W=f(n) => k(G —n)f(j), neNo.
j=n

see Definition 2.2 below. We state their main algebraic properties in Proposition 2.4. Then,
we introduce Banach algebras 7%(¢) as the completion of the space of sequences cp o under the

norm gy (f) := Z d(n)|Wf(n)| (Theorem 2.11). The weight sequences ¢ need to verify some
n=0

summability conditions (Definition 2.8) to prove that the space 7%(¢) is a Banach algebra. It
is remarkable that such Banach algebras extend those defined for o € Ny and ¢ = k! in [17,
Section 4]. Therefore, they are considered to study subalgebras of analytic functions on the unit
disc contained in the Korenblyum and (analytic) Wiener algebra.

Section 3 contains an interesting characterization for the Cesaro sum of powers of a given
(C, a)-bounded operator T' € B(X) solely in terms of a certain functional equation (Theorem
3.3). The obtained characterization corresponds to an extension of the well-known functional
equation for the corresponding discrete semigroup 7, namely

T'T™ =T ™ n,m € Ny.

Theorem 3.5 gives a complete answer to question (@) by defining a bounded algebra homomor-
phism 6 : 7%(¢) — B(X) given explicitly by

o

0(f)z:=> Wf(n)A™*T(n)z, fer™(¢), zeX.

n=0
This homomorphism enjoys remarkable properties. The existence of bounded homomorphisms in
these new Banach algebras completely characterizes the growth of Cesaro sums in Corollary 3.6;
in particular bounded homomorphisms from algebras 7¢(k®*1) characterize (C, a)-boundedness
(Corollary 3.7). Such connection seems to be new as well as the functional equation found in
the beginning of this section.

The Z-transform technique may be traced back to De Moivre around the year 1730. In fact,
De Moivre introduced the more general concept of “generating functions” to probability theory.
It is interesting to compare the Z-transform (discrete case) to the Laplace transform (continuous
case), see for example [12, Section 6.7]. In Section 4, we use the Widder space Cj((w, 00), X;m)
where m is Borel measure on R, introduced in [8], to give a new characterization of summable
vector-valued sequences in terms of the Z-transform in Theorem 4.1. We complete the approach
given in Section 3 involving the Z-transform and resolvent operators in Theorem 4.4.

Finally, in Section 5 we suggest several applications, counterexamples and final comments on
this paper. A straightforward application is the obtention of the Abel means by subordination
to the Cesaro sums, as Theorem 5.1 shows. This point of view allows the improvement of
some previous results given in [26]. Some results presented in this paper are inspired by similar
ones obtained for a-times integrated semigroups, see [15]. In Section 5.2, we show a natural
connection between both concepts. In Section 5.3, we present some counterexamples of algebra
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homomorphisms defined on certain Banach algebras which cannot be extended to some larger
algebras. A future research line, the extension of the celebrated Katznelson-Tzafriri to (C, a)-
bounded operators, is commented on in Section 5.4.

Notation. We denote by {e, }nen, the set of canonical sequences given by ey (j) = 6, ; where
0pn,j is the known Kronecker delta, i.e., 6, ; = 1 if n = j and 0 in other case. Let X be a Banach

oo
space and /P(X) the set of vector-valued sequences f : Ny — X such that ZH f(n)]|P < oo, for

n=0
1 < p < o0; and ¢y o(X) the set of vector-valued sequences with finite support. When X = C
we write £ and cgo respectively. It is well-known that ¢! is a Banach algebra with the usual
(commutative and associative) convolution product

(fxg)(n)=>_fln—j)g(), neNo.
=0

We write f*" = fx f*=D for n > 2, f*! = f and f*0 = ¢y; in particular e, = e" for n € Ny.
Consider ¢ : Ny — RT a positive sequence, and Z(lb is the Banach spaced formed by complex
sequences f : No — C such that >y #(n)|f(n)| < oo.

Throughout the paper, we use the variable constant convention, in which C' denotes a constant
which may not be the same from line to line. The constant is frequently written with subindexes
to emphasize that correspond to some parameters.

2. WEYL DIFFERENCES AND CONVOLUTION BANACH ALGEBRAS

In this section, we define certain spaces of sequences that correspond to an extension in two
different directions of those considered in the recent paper [17, Definition 4.2]. We consider a
positive order of regularity in Weyl differences (Definition 2.2) and different order of growth of
Weyl differences (Definition 2.8). These spaces correspond to Banach subalgebras of the space
¢! and are important to obtain a further characterization via homomorphisms for Cesaro sums
in the next section.

We consider the usual difference operator Af(n) = f(n+ 1) — f(n), for n € Ny, its powers
AL = AFA = AAF, for k € N, and we write A°f = f and Al = A. Tt is easy to see that

i k
A*f(n) = Z(—l)’f—j( .)f<n 1i),  neM,
j=0 J
see for example [12, (2.1.1)] and then A™ : ¢y — coo for m € Ny. In addition, for o > 0, we
consider the well-known scalar sequence (k*(n))>2, defined by

T -1
(n+ ) <n—|—a >, n € No.

ka = = =
() = ST+ 1
In the classical Zygmund’s monograph, the numbers k%(n) are called Cesaro numbers of order
a ([30, Vol. 1, p.77]) and written by k%(n) = A2~!. However the notation as function k% will
facilitate the understanding of this paper. The kernels k% may equivalently be defined by means
of the generating function:

a—1

o
1
2.1 E*n)z" = ——, |z <1, a>0,
(2.) O e Tl
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and satisfy the semigroup property, that is, k* * k% = k8 for o, 8 > 0. Furthermore, the
following equality holds: for o > 0,

na—l
(2.2) k() = T (14 0(%)), nen,

([30, Vol. I, p.77 (1.18)]) and k“ is increasing (as a function of n) for a > 1, decreasing for
1>a>0and k'(n) =1 for n € N ([30, Theorem I11.1.17]). It is straightforward to check that
k*(n) < kP(n) for 8 > a > 0 and n € Ny. The Gautschi inequality states that

s _T(z+1) _
2.3 I=s 2 2 1)t-s >1, 0 1
(2.3) T <P(w+s)<(x+) , x>1, <s<l1,
([18]), which implies that
(7’L + 1)0(71 nafl
— < k® N, 0 1.
T'a) < (n)<F(a)’ n €N, <a<

Note that when o = 0 we have

K (n) = alirg1+ k%(n) = ep(n), n € Np.

Lemma 2.1. For a > 0, there exists Cy > 0 such that
E*(2n) < Cok®(n), n € Np.
In particular for 0 < a < 1, the following inequality holds
11—«

O¢+12 20( a+1 1 )
E*T(2n) < 2% (n)( +2(1+a)>’ n € Ny

Proof. The proof of the first inequality is straightforward by the inequality (2.2). To show the
second inequality, we use the known doubling equality for the Gamma function

1
n@r@+§):2kh¢ﬂx%x Rz > 0,
to obtain that
TS +L+nI(g+1+n)
L(a+1+n)(5+n)

I'(a+1+2n)

KT (2n) T(a+1)0(2n+ 1)

= 29+ (n)

) n =z

We apply the Gautschi inequality (2.3) to get that
I'($+1+n 1
( 2 T3 ) < o

S+ +n),
r(L+n) (g +n
F(%+1+n) —a
Tatitn < (a+n)2,

for 0 < o < 1 and we conclude that

kOt (2n) < 2°k°T (n) <1+—2é¥;f2)>3<12“k“+100 (1-%‘1_(1)>a7

forn>land 0 < o < 1. O
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The Cesaro sum of order « of a Sequence f is defined by
AT f(n) = Zkan—j n € Nog,a > 0.

Again we prefer to follow the notation A~f(n) instead of S¥~! used in [30]. Note that

A= Bf = kP« (A=2f) and then A=*A—F = A=+ = A=PA~ for a, > 0, for more

details see again [30, Vol. I, p.76-77]. Note also that lim+ AT%f(n) = f(n) for all n € Ny with
a—0

a > 0.
We write W = —A, W™ = (—=1)"A™ for m € N. The operator W has an inverse in ¢,
o0

= Z f(j) and its iterations are given by the sum

> I'(j —n+m)
JZFJ—TL-}- kaj—n ), n € Ny,

for each scalar-valued sequence f such that Z |f(n)[n™ < oo, see for example [17, p.307].

n—=
These facts and the clear connection with the Weyl fractional calculus motivate the following
definition.

Definition 2.2. Let f: Ny — X and a > 0 be given. The Weyl sum of order o of f, W% f is
defined by

W=f(n Zko‘j—n ) n € Ny,

whenever the right hand side makes sense. The Weyl difference of order o of f, W f, is defined
by

Wof(n) .= WPW == f(n) = (=1)"A"W M= f(n),  ne N,
for m = [a] + 1, whenever the right hand side makes sense. In particular W< : ¢gg — ¢o for
a e R

Remark 2.3. Note that the definition of W is dependent of m = [a] + 1, but we can write
Wef(n) = WmWw= =) f(n) = W'W- 2 f(n),  neN,

for | > m = [a] + 1 with [ € N, whenever the right hand side makes sense, since W~! is the
inverse operator of W and Proposition 2.3 (v) holds.

Observe that if o € Ny, the Weyl difference of order a coincides with the definition given in
[17, Section 4]. Some general properties are shown in the following proposition.

Proposition 2.4. Let f € coo(X). The following assertions hold:
(i) For a,f >0, WoWBf =Ww-(ath) f — w-Bw—of.
(ii) For o> 0 and n € Ny, we have limél+ W=%f(n) = f(n).
(iii) Fora >0, WeW=f =W-*Wef = f.
(iv) For a> 0 and n € Ny, we have lim+ Wef(n) = f(n).
a—0
(v) For all a, 8 € R we have WOWP f = WotB f = Whwef,
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Proof. (i) It is clear using the Fubini theorem and the semigroup property k®t% = k x k? for
a, > 0.
(74) Tt is sufficient to apply that f has finite support and hm+ E“(7) = ep(j) for j € Np.
a—0

(i7i) We write m = [a] + 1. Applying part (i), for n € Ny, we have that
WEW™ f(n) = WW =W f(n) = WW f(n) = f(n),
since W™ is the inverse of W™ in ¢y o(X), see [17, Section 4]. On the other hand,
W=eWef(n) = wletl=mpyy=—m=lyymyy—m=a) ¢y — yy—(atl=mpylyy—m=a) r(y)

_ W—(a-‘rl—m)W—(m—a)f(n) _ Z ka-ﬁ-l—m(j _ n)W—(m—a)f(j + 1)
j=n

= W)= Y kTG —n = YW g ()

j=n+1
= W) W (4 1) = (),

where we use part (i).
(iv) Tt is sufficient to apply that f has finite support and lim k'~%(j) =1 for j € Nj.

a—07t
(v) It is simple to check using the previous results. O

Ezample 2.5. (i) Let A € C\{0} be given and define py(n) := A=*D for n € Ny. An easy
computation shows that the sequence p) is a pseudo-resolvent, that is, it satisfies the
Hilbert equation

(1= A)(pr * pu)(n) = pa(n) — pu(n), n € No.
Moreover, the following identity holds
pa * (Aeg — e1) = eo, A e C\{0}.

We claim that the functions p) are eigenfunctions for the operator W< for o € R and
|A| > 1. In fact, we have, by (2.1), that

—a _ y—(n+1) ol N\—]
W™ px(n) = A ;ok A7 = oparm):.  nelo.
By Proposition 2.4 (iii), we obtain that
A—1)¢
Wap)\ = ()\a)p)\a ‘)\’ > ]-7

proving the claim.
(ii) Let @ > 0 and n € Ny be given. We define

vy k*n—73), j<n
hn(J) Z:{ 0 ( j) :;.>n.

The functions h2 are denoted by I'¢~! for o € Ny in [17, Section 4]. Note that h% € co
for n € Ny. Moreover, h € span{e; | 0 < j < n}, h§ = eg, h§ = aeg + e1, hY =

n
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lim, g+ h{ = ep, and

n n

(24)  h2G) =k n—j) = Sk (n—Deli) = Sk (n—Deil(j),  0<j<n.

=0 =0
Then for all 8> 0 it is easy to check that W= ho = hAP e,

W g (j Zkﬁ@*]h&) het),  jeNo.

Using Proposition 2.4 (iii), we obtain that
W) =h5~P(@), G EN,
for 0 < 8 <« and n € Ny.

The following remark shows an interesting duality between the operator A~ and W™,
Similar results may be found in [1, Section 4] and [2, Theorem 4.1 and 4.4].

Remark 2.6. Let f,g € cp0, we consider the usual duality product (, ) given by

= f(n)g(n)
n=0

By Fubini theorem, we get that (W~ f, g) = (f, A~%g) and consequently,
(fr9) =W f,A7%) = (A" f,W"g).

The next lemma includes an equality which is an important tool for further developments in
this paper. The proof runs parallel to the proof of the integer case given in [17, Lemma 4.4]
and, therefore, we do not include it here.

Lemma 2.7. Let f,g € cop and a > 0 be given, then

We(f % g)(n Zwa 3) Y kK p—n+ )W (p)
p=n—j
- Z W) Y k*(p—n+5)Wf(p).
j=n+1 p=n+1

The following definition is inspired by [15, Definition 1.3].

Definition 2.8. Let a > 0 be given. We say that a positive sequence ¢ belongs to the class
Wa,loc if there is a constant ¢y > 0 such that

J Jj+p
(2.5) D4 D> Kl +p—n) <cpdi)dlp),  1<j<p.
n=0 n=p+1

We denote by w, the set of nondecreasing sequences ¢ € wq 1o Which are of exponential type
and satisfy ig%(kaﬂ(n))*lqﬁ(n) >0
n>

Examples of sequences in the set w, are the following ones:



CESARO SUMS AND ALGEBRA HOMOMORPHISMS OF BOUNDED OPERATORS 9

(i) any nondecreasing sequence ¢ satisfying max(k“*t1(n), ¢(2n)) < M¢(n) for some M > 0
and for each n > 0 (in particular ¢(n) = n?(1 + n#) with 8+ p > o and 8, > 0 and
¢(n) = kY(n) with v > a4+ 1).

(i) ¢(n) = k*T(n)p(n), where p is a positive weight.

(iii) ¢(n) = k¥T1(n)e* for all v, A > 0 and n € N.

a—1

I(a)’
n®~!. The particular case ¢(n) = k®T!(n) will play a fundamental role in this paper. Observe
that in this case we obtain explicitly the value of the constant ¢4 in (2.5).

By the property k%(n) ~ see formula (2.2), equivalent examples may be given in terms of

Lemma 2.9. For 0 < a < 1, the following inequality holds

J Jjtp N
e

@ a+1 2a+1 1 = 1 a+1/ -\ .a+1 l<i<n

;+n§1 ()RS (jp—n) < < <+2(1+a)> )k (N (p), 1<j<p

Proof. For 1 < j < p, and a > 0, we have that

J
Zka ka+1 G+p—n) < ka+1(j+p)zka(n):ka+1(j+p)ka+1(j)

n=0
]er Jj+p
z k,oc ka-l—l ] +p— TL) < koz-l—l Z ka < ka-‘,—l( ) (ka—i—l(] +p) - k,a—l—l(p)) )
n=p+1 n=p+1

As k**1 is an increasing sequence, we have k(5 + p) < k*t1(2p) for j < p and we apply the
Lemma 2.1 to conclude the proof. O

Proposition 2.10. Let 0 < a < 3 and ¢ € wq o be given. The following properties hold

(1) wa,loc C Waloe and wg C wq.

(ii) (k:a * qb)(Zn) < cgd?(n) for all n € N.

iii) k%(n) < cgp(n) < a™ for alln € N and some a > 0.
(iv) k%2%(2n) < co?(n) for all n € Ny and some ¢ > 0.

(v) ¢(n+1) < Cp(n) for some C > 0 independent of n € N.
(vi) kP € wy loc if and only if B > a+ 1.

Proof. (i) Since k%(n) > k®(n) for all n € Ny, then Wa loe C Waloe and wg C wq for > a > 0.
(ii) It is enough to take j = p in (2.5) in order to obtain the inequality.
(iii) By part (ii), we have that

E*(n)p(n) < (k% % ¢)(2n) < csd?(n), n €N,

and we get the first inequality. For n € N, we apply the inequality (2.5) n — 1 times to obtain
that

cpp(n) = csk*(0)p(n — 1+ 1) < Gp(1)g(n — 1) < (cpp(1))"

(iv) We combine parts (ii), (iii) and the semigroup property of kernels k% to conclude that
cod?(n) > (k* * ¢)(2n) > ¢/ (K> % k*)(2n) = k**(2n), n € Ny,

for some ¢ > 0.



10 ABADIAS, LIZAMA, MIANA, AND VELASCO
(v) Take j =1 and p=mn € N in (2.5) to get

1

$(n+1) =k*(0)p(n+1) < > k*(m)d(n+1—-m) <csd(1)p(n), neN,

m=0
(vi) If k9 € Wa,loc then we can apply (2.2) and part (ii) to get

a+p-1 2(8-1)
o 8 9 _ a+p 9 20é+/6 1 n 'n .
(k% % kP)(2n) = K77 (2n) ~ (oz—l—ﬁ) F2(ﬂ)’ neN

We conclude that 3 > a + 1. Note that k*t! ¢ Wa,loc and then kP e Wa,loc for B > o+ 1. By
application of part (i) we conclude the proof. O

For o > 0, and ¢ € wq ¢, we define the application gy : co,0 — [0, 00) given by
Z¢ IWef(n)l,  f€cop

Note that for &« = 0 the above application corresponds to the usual norm in Eé. In the case of

¢ = kL we write g, instead of grat1 and qo = || |1 for @ > 0. By (2.2), the norm g, is
equivalent to the norm ¢, given by

Galf) = 1FO)] + D n W f(n)].
n=1

The last formula was considered for the case a € Ny in [17, Definition 4.2].
Part of the following result extends [17, Theorem 4.5]. Their proof is similar to those given
in [15, Proposition 1.4]. We include it in the following for the sake of completeness.

Theorem 2.11. Let a > 0 and ¢ € wq,ioc be given. The application q4 defines a norm in co
which satisfies

as(f * 9) < Cyap(f) q5(9), f.9 € cop,

where the constant Cy > 0 is independent of f and g.
We denote by 7%(¢) the Banach algebra obtained as the completion of coo in the norm qg. In
the case that ¢ € w, then

(i) the operator A is linear and bounded on 7%(¢), in other words A € B(1%(¢)).
() 7(0) = 7 (k) = 8 and ingo- 0u(1) = Il for 1 € oo,
(iii) for 0 < a < B, TA(kPHY) — 7o (ko).
(iv) for0 < a < 1,

wls )< (20 (14 2(11;0;)> 1) wlDaal fe )
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Proof. 1t is clear that g, is a norm in ¢y . Now, applying Lemma 2.7 we have

Gwlfvg) < (ZZ RIS Z) (0 —n+ )W) W (p)

n=0 j=0 p=n—j n=0j=n+1p=n+l

- (XX % 555 3 )tk -+ WG 0)

j=0n=jp=n—j j=1n=0p=n+1
< p+] 00 oomln

IS ) W) (p — n+ )W) W ()

j=0 p=0 n=max(j,p) J=1p=1 n=0
< ¢(0)[Wg(0)|[W*f(0 |+C¢ZZ¢> PIW*gDIWf ) < Cpas(f) a6(9)
j=1p=1

where we use Fubini’s Theorem twice and the inequality (2.5) to show the first inequality.
Now let ¢ € w, be given.
(i) It is clear that A is a linear operator. Moreover,

Z¢ IWEf(n) =W f(n+ 1) < qs(f) + Y dln = D[WF(n)] < 244(f),
n=1

for f € 7%(¢).
(ii) It is clear that 7%(¢) — 7%(k®T!) < ¢1. Moreover, by the Monotone Convergence Theo-
rem and Proposition 2.4 (ii), we have

a—0t a~>0+

lim g¢o(f) = lim Zka“ WWerm) =Y If@l=Ifl,  f€coo
n=0

(iii) Let f € ¢, and 0 < a < 3 be given, then

alf) = D KT IWL(m) =) k(0 Izkﬁ (= n)WF()]
n=0 n=0

< Z\Wﬂf |Zk“ n)k**(n Zkﬂ“ DIWPFG)] = as(f),

where we have applied Proposition 2.4 (v) and the semigroup property of k.
(iv) This inequality follows from Lemma (2.8). O

Example 2.12. Note that {h$}nen, C 7%(¢) where ¢ € wq joc- By Example 2.5 (ii) we have
(0.9]
4s(h) = ¢(n) for all n € Ng. Then the series ZWO‘f(n)h% converges on 7%(¢) for every

n=0
f € 7(¢). By Proposition 2.10 (iii)

fm)] < D7k (n—m)|[We(f) |<c¢2¢ W (f)(n)| < coas(f),  m e N,
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whenever k¢ or ¢ is non-decreasing function, i.e., for a« > 1 or ¢ € w,. We conclude that
(o)

f=Y Wf(n)hy on ().
n=0

Let_¢ € wq be such that ¢(n) < Ca™ for some a > 1. Then py € 7%(¢) for |A\| > a, where the
sequences p) are defined in Example 2.5 (i), and

A -1

2L D>
[Al*([Al = a)

qs(pr) <C

In the particular case ¢ = k7, we have py € 7*(k”) for |A\| > 1 and, for v > « + 1, we obtain

A= 1peap-et

where we have applied Example 2.5 (i) and the formula (2.1).

3. CESARO SUMS AND ALGEBRA HOMOMORPHISMS

In this section, and the following, we display our main results. The algebra structure of
Cesaro sums are presented in several ways: A functional equation (Theorem 3.3), an algebra
homomorphism (Theorem 3.5) and a characterization by means of pseudo-resolvents (Theorem
4.4). Note that this approach in fact characterizes the growth of Cesaro sums, as Corollary 3.6
and Corollary 3.7 for (C, a)-bounded operators show. We recall the following definition.

Definition 3.1. Given a bounded operator 7' € B(X), the Cesaro sum of order a > 0 of T,
{A™*T (n)}n>0 C B(X), is defined by

AT (n)x := (k**T)(n)x = Zka(n — )T, xz € X, néeN.
=0

Note that we keep the notation 7 (n) = T™ for n € Ny.

Ezample 3.2. The canonical example for Cesaro sum of order « in Banach algebras 7%(¢) (in
particular in £') is the family {h$}nen, given in Example 2.5(ii). Note that {h{}, cn, C 7%(¢)

with ¢ € wq joc, see Example 2.12. If we denote £(n) = e]” then by equation (2.4) we get
hS = A=*E(n) for n € Ny.

The following theorem characterizes sequences of operators which are Cesaro sums of some
order v > 0 for a fixed operator T'.

Theorem 3.3. Let o > 0 and T, {1, }nen, C B(X). The following assertions are equivalent.
(i) T, = A=*T (n) for n € Ny.
(ii) Ty =T + ol and the following functional equation holds:

n+m n—1
(3.1) T =Y k(n+m—uwTl,—> kn+m-uwTl, n>1meN,,.
u=0

u=m



CESARO SUMS AND ALGEBRA HOMOMORPHISMS OF BOUNDED OPERATORS 13

Proof. Assume (i). We prove the identity (3.1). Indeed, for n € N and m € Ny, we have

n m n m-+j
7.1, = ZZka(n—j)ka( TJH:ZZICO‘ NEY(m+ 75 —uw)T
§=0 i=0 J=0 u=j
n m+j n j—1
= D> D k- (m+j—w)T" =D k¥ (n— )k (m+j — u)T"
7=0 u=0 7j=1u=0
n n j—1
= > k= )Ty — > >k (n— )k (m+j —u)T™
=0 j=1u=0
Observe that
n j—1 n—1 n
S K=k m4 - w)T =) Yk (n— §)k*(m+ j — u)T"
j=1u=0 u=0 j—u+1
n—1n—1
=> D k- wk*(m+n—1)T Zkam—l—n—leal—u
u=0 [=u
n—1

and the equality (3.1) follows. This proves the claim. Conversely, assume (ii). Define
Sy, = Zko‘(n —T?, neN,.

It is clear that Sy = Ty = I (the equality Ty = I is easily deduced from the hypothesis) and
S1 =T + ol = T;. Inductively, we suppose that S,, = T;,. Then using that S, satisfies (3.1), we
have that

Sp+1 + k4(1)S, —k“(n+ 1)1 = 5,5 =T, 11 = Typ1 + k“(1)S, — k*(n+ 1)I.
Then we conclude that T, 41 = Sp+1, and consequently T,, = A7 (n) for all n € Ny. O

Remark 3.4. If {T),}nen, C B(X) is a sequence of bounded operators which satisfies the equality
(3.1) then the operator defined by 7" := T — a/ is called the generator of {7}, } nen,. By Theorem
3.3, T, = A*T (n) where T(n) = T™ for n € Ny. In particular, note that {h$},en, satisfies
(3.1) in 7%(¢), see Example 3.2, and the generator is the element e;.

The following theorem is one of the main results of this paper.

Theorem 3.5. Let a > 0 and T € B(X) be such that ||A~*T (n)|| < C¢(n) for n € No with
¢ € Waloe and C > 0. Then there ezists a bounded algebra homomorphism 6 : 7%(¢) — B(X)
given by

0(f)z:=> Wf(n)AT(n)z, x€X, fer%0)
n=0
Furthermore, the following properties hold.

(i) 8(hY) = AT (n) for all n € Ny. In particular, 0(eg) = I and 0(e1) =T.
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(ii) For each f € 7%(¢) such that Af € 7%(¢p) we have TO(Af)x = (I-T)0(f)x

X. a
1 o

Hz =Y WPfn)A-
n=0

(iv) If |T|| < a for some a > 0, then 6(f)x = > f(n)
L for each |\| > a.

particular, O(py) = (AN —=T)~

Proof. Note that the map 6 is well-defined, linear and continuous.

—f(O)x, T €

< 00, for some 0 < a < 3 and V¥ € wg e, then () — 7%(¢)

BT (n), reX, fer’@).

T™(x), for f € 7%(¢) N LL.. In

10CH)z] <

Moreover,

Cqa(f)||z]], for all f € 7%(¢) and = € X. To see that 6 is an algebra homomorphism is suf-
ficient to prove that 6(f x g) = 0(f)8(g) for f,g € coo. Indeed, by Lemma 2.7, we get that

oo

0(f = g)x =Y W*(f*g)(n)
n=0

oo n

=> ) W)

n=0 j=0
oo 00

=) W)

n=0j=n+1

We apply Fubini theorem to get that

O(f x gz = W
7=0

+) W)
=0

= W)
j=1

- W)
j=1

AT (n)z
>k (p—n+ )WL (p)A T (n)x
p=n—j
S° K p et WO R)A T ().
p=n-+1
J p+i
@)D W)k (p—n+ AT (n)z
p=0 n=j
00 pt+J
> W Zka (p—n+ AT (n)x
p=j+1
ZWO‘f Zkap n+j)ATT (n)z
p=1
Z Wef(p Zkap n+j)ATT (n)z.
p=j+1
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Therefore

p+j  p—1
*W—ZW“ ZW“f (Z Z)’f“? n+ §)AT (n)z + Wg(0)W f(0)z

p=1

oo p+j  j—1
—i—ZWag(j) > wetp <Z Z)kap n+j)AT (n)z

p=j+1

= Z weg( Z W F(p) AT () AT (j)x + Weg(0) W f(0)a
p=1

LWG) 3 WA T AT () = 07 )0(g)a,
j=0 p=j+1
where we have used the identity (3.1). This proves the claim. We now verify that the properties
(1) — (iv) hold.
(¢) Note that WA = e, see Example 2.5 (ii), and then §(hS) = A™*7T (n) for n € Ny. As
= hp and e; = h{ — ahf, it is clear that O(eg) = I and f(e;) =T
(i7) Let f € 7%(¢) be such that Af € 7%(¢) and € X. We have that

[e.9] o0

TOAf)x = T(Z Wef(n+ DA T (n)z — Y W f(n)A"’“T(n)x)

=N Wef(n+1) (AT (n+ 1)z — k*(n +1) TZW“f “T(n)x

=T -T)0(f)z — WL(0O) AT (0)x — Z Wef(n+ 1)k%(n+ 1)z
n=0

= (I - )z — Z W f(n)k®(n)x = (I = T)0(f)x — f(0)a,

where we have applied that TA™*7 (n) = A~*7T (n+1)—k%(n+1) and Z Wef(n)k%(n) = f(0)

n=0
for f € 7(9).

(#31) Suppose that :éll\% W

straightforward to check that 77°(¢)) < 7%(¢) and

< oo for some 0 < o < B and ¥ € wg o, then it is

Z Wef(n)A™T (n)x = Z W2 f(n)A=PT (n)z, ferPW),zeX,
n=0 n=0

where we have applied Proposition 2.4 (v) and Remark 2.6.
(iv) Let a > 0 be such that || T|| < a. Then o(T) C {z € C | |z| < a}. For f € 7%(¢) N€Ln, we
apply Remark 2.6 to get

oo

0(flz=>_ f)T"(x), =zeX.

n=0
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1T
In particular py € 7%(¢)NL(a™) for [A| > aand O(py)z =~ > ~—z=AN-T)"lzforz e X. O

n=0

Corollary 3.6. Let a > 0, ¢ € w, and 0 : 7*(¢) — B(X) be an algebra homomorphism. Then
there exists T € B(X) such that

0(flz =) Wf(n)AT(n)z,  fer(9), z€X;
n=0

in particular O(hY) = A=T (n) for n € Ny and 0(py) = (A —T)~L for |A| > ||T||.

Proof. Take T := 6(e1). Note that e; = h{ — ah§, see Example 2.5 (ii), and hf = A7*E(n) for

n € Ng where £(n) = e]", see Example 3.2. By Example 2.12, f = Z W< f(n)hy for f € 7%(¢).
j=0
We apply the continuity of 8 to get

O(hg)e = k*(n —j) (B(er)) & = AT (n)a
=0

and hence
O(f)z=> Wf(n)b(hd)w=> W*f(n)A™*T (n)z,
n=0 n=0
for x € X. By Theorem 3.5 (iv), we conclude the proof. O

By Theorem 3.5 and Corollary 3.6, we obtain the following characterizations of (C, a)-bounded
and power-bounded operators.

Corollary 3.7. Let T € B(X) and a > 0 be given. The following assertions are equivalent:

(i) T is a (C, «)-bounded operator.
(ii) There exists a bounded algebra homomorphism 6 : 7%(k®T1) — B(X) such that 0(e1) = T.

In the limit case, the following assertions are equivalent:

(a) T is power bounded.
(b) There exists a bounded algebra homomorphism 6 : ¢* — B(X) such that 0(e;) = T.
(c) For any 0 < a < 1, there exist bounded algebra homomorphisms 0, : 7% (k%) — B(X)

such that 0o (e1) =T and sup |[|0,] < oc.
0<axl

Proof. Due to the previous results, we only have to check that (c) implies (b). Indeed, since the
map 0, is an algebra homomorphism then 6, (e,) = T™, 0,(f) is well defined for f € ¢po and
is independent of . Let C' > 0 be such that supg_,1 ||fa|l < C. We define 0(f) := 0,(f) for
f € co0 and some given a € (0,1). Then ||0(f)] = [|0a(f)]| < Cqa(f) for f € cpp. By Theorem
2.11 (ii), we get that ||0(f)|| < C| fll1, for f € cop. The result now follows by an argument of
density. O
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4. THE Z-TRANSFORM AND RESOLVENT OPERATORS

Let f: Ny — X be a scalar sequence on a Banach space X. We recall that the Z-transform
of a given sequence f : Ny — X is defined by

(4.1) f2) =S fmye
n=0

for all z such that this series converges. The set of numbers z in the complex plane for which
the series (4.1) converges is called the region of convergence of f. The uniqueness of the inverse
Z-transform may be established as follows: suppose that there are two sequences f, and g with
the same Z-transform, that is,

Y fm)zm =) gn)z", |zl >R
n=0 n=0

It follows from Laurent’s theorem that f(n) = g(n) for n € Ny.

Let ¢ : Ny — (0,00) be a sequence such that ¢(n) < Ca™ for some C' > 0 and a > 0. To
follow the notation given in [8], we write w = log(a) where w is a bound for the counting measure
supported on Ny, i.e., €y € Ké for A\ > w where €)(n) := e™*" and n € Ng. Let C*((w, o), X)
be the space of X-valued functions on (w,oc0) infinitely differentiable in the norm topology of
X. For r € C*((w, ), X), set

|7 lwpw := sup{ m—— Ir® ) | k€ No, A > wl,
1Beall1,0

where S \(n) = nfe=*" for n € Ny and A > w. The Widder space C33((w,0), X; ¢) is defined
by

CRe((w,00), X;6) = {r € C=((w,00), X) | [Irllwsgeo < 00}
Endowed with the norm || - |[w,¢w, the space Cj((w,00), X;¢) is a Banach space, see more
details in [8, Section 1]. A direct consequence of [8, Theorem 1.2] is the following result.

Theorem 4.1. Let ¢ : Ng — (0,00) be a sequence such that ¢p(n) < Ca™ for some C > 0 and
a > 0. For a vector-valued sequence f : Ng — X the following assertions are equivalent.

. 1S ()]l
i) sup <
(> neNp ¢(n) B
(ii) There exists 0 : Ké — X such that 0(Apy) = f(A) for A > a.
(iii) foexp € Cip((log(a), 0), X ).
Proof. (i) = (it) The mapping defined by 6(g) := >.o";g(n)f(n) where g € £<1i> satisfies
the required condition. (i1) == (i) We define h(n) := 6(e,) for n € Ny. It is clear that
[[2(n)
d

< 00, an
neNg ¢(n) ’

FA)=00pa) = > 0(ex)N"=0h(}),  |A>aq,
n€Ng
from which we conclude that h(n) = f(n) for all n € Ny. This proves (i). Now we prove that
(19) == (4i3). Due to [8, Theorem 1.2]|, we have

0(en) = 0(exp()Pexp(ny) = (foexp)(p),  p>log(a),
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and (iii) is proved. (iii) == (i) Suppose that f oexp € C53((log(a),0), X; ¢). Again by [8,
Theorem 1.2], there exists a bounded homomorphism 6 : 61 — X such that 9(6#) = (foexp)(p)
for u > log(a). Since €,(n) = e ™" = etpeu(n), we conclude that 0(Apy) = f(A) for A\ >a. O

Remark 4.2. Note that Theorem 4.1 is closely connected to [8, Theorem 4.2], where the repre-
sentability of functions of the Widder space Cjp ((w, 00), X; m) through functions of L*° (R, X; m)
is proved under the assumption that the Banach space X has the Radon-Nikodym property
(RNP). The RNP is a well-known property in the theory of Banach spaces. This property is
also true for closed subspaces (hereditary property) and is enjoyed by any reflexive space, any
separable dual space, and any ¢!(T") space, where T is a set. See definitions and more details in
[3, Section 1.2].

In the well-known scalar version, namely X = C, the following Z-transforms are obtained
directly:

en(z) = 277 z#0, n € Np;

B = gige FI>T
z

pa(z) = A1 2| >

hg(z) = Y k(-2 z#£0.
§=0

IAI X e C\{0},

It is also well-known that

(4.2) (f *9)(z) = f(2)9(2),

for all z such that f(z) and g(z) exist. For properties on the Z-transform we refer, for instance,
to the book [12, Chapter 6]. In particular, given o > 0 and f : Ny — X such that f(z) exists
for |z| > R, then

Za

(A= f)(2) = G-1)@

We denote by ,f(m) := f(n+ m) for all m,n € Ny. The next technical lemma for the Z-
transform will be used in the forthcoming Theorem 4.4. We observe that similar results hold
for the Laplace transform, see for example [24, Proposition 4.1].

f(z),  |z| > max{R,1}.

Lemma 4.3. Let X be a Banach space, f : Ny — C an scalar-valued sequence and S : Ng —
B(X) an operator-valued sequence. Then

/Mf()< ()a:—)\S()> = Z)\"Zu (f % nS)(m)z, =€ X,

5 (070 = AT ) S = ZA ”Zu (uf *)m)z, x€X,

for all |\ > |u| sufficiently large.
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Proof. To show the first identity, note that,

x_zum (m+ e = " Z,ﬂs Gye=p ( x_z,ﬂs )

for v € X and n > 1. By (4.2) we get
ZA "Zu (7 w8)mha = Tl oA () = Tl (Sl + 3 A" 5
» _ o] n ~ o) anglfl ' n=1
= f(w)S(n)z N A, N S
1) S nZ_:ﬂ(Q u ;(Q ;)u j

Finally, from the identities

Z( >MZIWS w—Zu 78(j f: (’;)nzAf/ﬁ(A)x,

n=1 n=j+1

we conclude that

ZA " Z W nS) )z = 52 ) (A - nS00e ).

—

for all |A| > |p| sufficiently large and z € X. The second identity in the Lemma can be proved
similarly. O

Theorem 4.4. Let a > 0, ¢ € wy, a > 1 be given and let X be a Banach space. Suppose that
{T)}nen, C B(X) is such that Ty = I and satisfies | T,,]] < Co(n) < C'a™ for all n € Ny with
C,C" > 0. The following statements are equivalent:
(i) The operator-valued sequence {T}, }nen, satisfies the equation (3.1).
(ii) There exists a bounded algebra homomorphism 0 : 7*(¢) — B(X) such that O(hS) =
for n € Ny.
(iii) The family {R(A)}|/\|>a defined by

R(\)z := MH Z)\ nT( Al >a, z € X,

is a pseudo-resolvent.
In these cases the generator of {1y, }nen,, defined by T := Th — ol (see Remark 3.4), satisfies
that T,, = A=*T (n) for n € Ny, 0(e1) =T, {\ € C ||A\| > a} C p(T) and
RA)=X\-T7)"  |A>a

Proof. The proof (i)=-(ii) is a direct consequence of Theorem 3.3 and Theorem 3.5. To show
that (ii)=(iii), we use Corollary 3.6. Finally we prove (iii)=-(i). It is clear that
TN

R(\) = )\E&()\)’ Al > a,
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where T = {T}, }nen, and T is given by (4.1

. Since {R(A)}|x|>q i a pseudo-resolvent, then
TNTw TN

T(p)

X ~—

(,U,—)\) —~ —~ N S ) ’)\|,’H’>(l, /’L#)‘v
AR Nk () AR*(A) - pk(p)
so )
T0E) = 5 (WP GFN) - AEWEW ). Wil > e

On the other hand, note that the condition (3.1) can be rewritten as

n—+m m—1
(k% % , %) (m) — (k% « %) (m) + k“(n)T,, = Z E*(n+m —u)Ty, — Z E*(n+m —u)T,,

u=n u=0

for m > 1 and n > 0. We apply Lemma 4.3 in order to obtain, after a simple algebraic manipu-
lation, that

SN S (R ) m) — (k5 D))+ R T = LRI AR )T
n=0 m=0

w—A

9

for |A|, |¢| > @, and g # A. Then we conclude that {7}, },en, satisfies (3.1), as consequence of
the injectivity of the double Z-transform. Finally, by Corollary 3.6

RN =0(p\)=A-1T)"" |\ >aq
and we finish the proof. O

5. APPLICATIONS, EXAMPLES AND FINAL COMMENTS

In this last section, we present applications of, comments on, examples and counterexamples
to the results presented in this paper.

5.1. Bounds for Abel means. Given T' € B(X) and 0 < r < 1 we recall that the Abel mean
of order r to the operator T, denoted by A,(T), is defined by

A (D)= (1—1)) r"T(x), z€X,

n=0

whenever this series converges, see for example [26]. Denoting r(T) = limy, oo ||T ”H% the spectral
radius of 7', we have for 0 < r < Tlf) that % € p(T) and

(1-r),1 1 . 1

--T 0 1, —1}.

" (7" ), < r < min{ ’T(T)}
The next theorem improves [26, Proposition 2.1 (i)] given there for o € {0, 1}.

Theorem 5.1. Take o >0 and T € B(X). Then

A (T) =

AT)z = (1= )21 S AT ()2, 0<r < min{l, —==}.

n=0 T(T)
In the case that ||A=*T (n)|| < Ck7"(n) forn > 1 and v > « then we have
4D <C(L-r)~07%,  0<r<l.

In particular, if T is a (C, a)-bounded operator then supg<,.1 [|[A+(T)| < oo.
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Proof. Let o > 0 be given and pi1(n) = r"*! for 0 < r < 1. By Remark 2.6, we have that

1—r
r

A (T)x = (1—r) ZT”T"(:U) = Z Wo‘p% (n)A™*T (n)x
n=0 n=0

_ (1_T)a+1 - —a _ a+1 = nA—a
= sz%(nm T(n)z = (1—7)*" ) r"A™T (n)z,
n=0 n=0

where we have used Example 2.5 (i) for 0 < r < min{1, TIT)} For r = 0 is obvious.

In the case that |A=*7 (n)|| < CkY*L(n) for n > 1 and vy > «, there exists a bounded algebra

homomorphism 6 : 7%(k?7*1) — B(X) such that

0(f) = WA T(n), zeX, fer* (™),

n=0

see Theorem 3.5. Note that p1 € 7(k7*1) and A,(T) = £="0(p.), for 0 < r < 1. By formula
(2.6), we obtain that

1—r 1—r r C
Qk’erl(p%) =C r (l_r),y_i_l_a = (1_71>"/—Oc’ 0<r< 17

and we conclude the proof. O

4T < 0

Remark 5.2. If we consider ||T"|| < Cn?”, with v > 0, and using the estimate n? < I'(y +
1)k7 1 (n) which follows easily from (2.3), then we get that

[A(T)[| < CT(y+ 1)1 =7)77,

which improves the bound of [26, Proposition 2.1 (i) (2.3)]. One can use similar arguments to
improve the bound of [26, Proposition 2.1 (i) (2.4)].

Remark 5.3. An inverse result exists on Banach lattices, see [26, Corollary 3.2], which proves
that for any @ > —1 and a positive bounded operator T, {(1—7)*A,(T), 0 < r < 1} is bounded
if only if [|[A~17(n)|| < C(n + 1)%, n € Ny. In particular, T is Abel-mean bounded if and only
if it is (C,1)-bounded. Note that there are examples of positive (C,1)-bounded operators in
Banach lattices which are not power bounded, see the remarks following [26, Corollary 3.2].

5.2. a-Times integrated semigroups and Cesaro sums. Now, let A be a closed linear
operator on X, o > 0 and {S,(t) }+>0 C B(X) an a-times integrated semigroup generated by A,
that is, S, (0) = 0, the map [0,00) — X, r — S, (r)z is strongly continuous and

1 t+s s

— (/ (t+s—r)* 1Sy (r)adr — / (t+s— r)a_lSa(r)xdr> , z € X,
I'(e) \Ji 0

for ¢,s > 0; for @ =0, {So(t) }+>0 is a usual Cyp-semigroup, So(0) = I and Sp(t + s) = Sp(t)So(s)
for t,s > 0. In the case that {S,(t)}+>0 is a non-degenerate family and | S, (t)|] < Ce** for
C >0, w € R, then there exists a closed operator, (A, D(A)), called the generator of {S,(t) }+>0,
such that

Sa(t)Sa(s)x =

(5.1) A=Atz = )\O‘/ e~ M8, (t)xdt, RA > w, z e X.
0
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Moreover the following integral equality holds

tO{
5.2 So(s)xds = - t>0 X.
(5.2) / Jrds = Su(l)r — e 120, we
For more details see [22].

Theorem 5.4. Suppose that {Sq(t) }+>0 is an a-times integrated semigroup genemted by (A, D(A))
such that ||Sa(t)|| < Ce*t with 0 < w < 1. Then 1 € p(A) and for R := (1 — A)~!, R(n) = R"
we have

AT*R(n)x = (I—A)/
0
—tyn—1
= / #Sa(t)xdt + B )z — k2T (n — 1)z, n>1 xzelX,

In particular if {Sa(t)}i>0 has temperated growth, i.e. ||Sa(t)|| < Ct* fort >0, then (I — A)~!
is a (C,«)-bounded operator.

Proof. Let A € p(A) be given. We have

_ttn

So(t)zdt, n € Ny,

n.

(=)™ d" N )
S LG G 2y (A=4)7
On the other hand, for R\ > w, we apply formula (5.1) to get that
(_1)n dn tn

Yo y—ay -1 — f)\t
ST A= A e /0 —e NS (D, we X,

Finally, we set A = 1 to conclude the first equality. Now for n > 1, we have that

00 o—tyn —ttn 1
AT*R(n)x = / —Sa ()xdt+A/ < )/ Sa(s)xdsdt
0 n.

[ee] efttn 1
= Sy (t)zdt + kT — kott x, z e X,
| Gt ()~ K+ (1)

where we applied the equality (5.2).
In the case that ||S.(¢)|| < Ct®, we use the second equality and that the sequence k®*! is

A—O[
increasing to conclude that sup W < oo and (I — A)~!is a (C,a)-bounded operator.
n€Ng n
|

Classical examples of generators of temperated a-times integrated semigroups are differential
operators A such that their symbol A is of the form A = ia where a is a real elliptic homogeneous
polynomial on R" or a € C*°(R™\ {0}) is a real homogeneous function on R™ such that if a(t) = 0
then ¢ = 0, see [21, Theorem 4.2], and other different examples in [21, Section 6].

Remark 5.5. In the case of uniformly bounded Cp-semigroups, i.e. {T'(t)}+>0 C B(X) such that
sup, [|T(t)|| < oo, the resolvent (1 — A)~! is power-bounded due to

oo tn—l .
1-A)"x = e "T(t)xdt, r e X.
(A-ay7w= [ s
Note that Theorem 5.4 includes a natural extension of this fact: the resolvent (1 — A)~! is a
(C, a)-bounded operator when A generates a temperated a-times integrated semigroup.
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We may also consider the homomorphism 6 defined in Theorem 3.5, and in this case
O(Af)e = —A0(f)z — (I - A)f(0)z,  fer* k), zeD(A),

when A generates a temperated a-times integrated semigroup. This equality shows that if we
know the generator A, we can transfer properties between f and Af for sequences in 7(k*+1).

5.3. Counterexamples of bounded homomorphisms.

Ezample 5.6. In [9, Section 2] there is an example of a positive, Cesaro bounded but not power
bounded operator 7' on the space ¢!. As the author comments in [10, Section 4. Examples],
one has |T"||; < Kn/In(n) where K is the uniform bound of the Cesaro averages of T'. In this
example 7" is also a contraction in £*°. In [13, Section (VI)], it is proved that sup,~q |7"|, >

(2’“)% for any £ > 1 and 1 < p < co. We conclude that T is not power bounded in 7 (1 < p < c0)
and T is Cesaro bounded in /7 (1 < p < oo0) . By Corollary 3.7, there exists a bounded
homomorphism 6 : 71(k?) — B(¢P) such that §(e1) = T which extends to § : £! — B(¢P) if and
only p = oo.

Ezample 5.7. In [28], a simple matrix construction, which unifies different approaches to the
Ritt condition and ergodicity of matrix semigroups, is studied in detail. Consider the Banach
space X := X @ X with norm

|21 ® 22| xox == Vzl]? + lz2l]?, 1@ 32 € X

Let the bounded linear operator ¥ on X be defined by the operator matrix
T T-1
T= ( Al )
where T' € B(X). In [28, Lemma 2.1], some connected properties between 7' and ¥ are given.
Now we consider X = ¢? and the backward shift operator 7' € £(¢?) defined by

T(z)(n):=z(n+1), x € (% n e Ny.

By [28, Example 3.1], ||Z"|| > 2n and ¥ is a (C, 1)-bounded operator. We apply Corollary 3.7 to
conclude that there exists an algebra homomorphisms 6 : 71(k?) — B(X) such 6(e;) = T which
does not extend continuously to ¢!. In [28, Remark 3.2], the growth ||T"|| > 2n is pointed at as
the fastest possible for a Cesaro bounded operator.

Ezample 5.8. In [26, Proposition 4.3], the following example is given. For any v with 0 < v < 1,
there exists a positive linear operator 1" on an Li-space such that

"T(n) T (n)

SUPH 7 (n) | = but SUPHW

| < oo forall §> 7.

By Corollary 3.7, we conclude that there exists a bounded algebra homomorphism 6 such that
0 : P(kPH) — B(X) for all B > 7, 6(e;) = T, and the homomorphism # does not extend
continuously to the algebra 77(k7*!) with 0 < v < 1.

Ezample 5.9. In [26, Proposition 4.4 (i)], the following operator is constructed. Let dimX = oo.
For any integer 7 > 0, there exists a bounded linear operator 7" on X such that

A=U+DT (n) AT (n)

2 Wy oo, but 2 £
<o P S e

|=00 for0<~y<j+1
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By Corollary 3.7, we conclude that there exists a bounded algebra homomorphism 6 such that
6 : Tt (kI+2) — B(X), 6(e1) = T, and the homomorphism 6 does not extend continuously to
the algebra 77(k7T1) with 0 < v < j + 1.

Ezample 5.10. In [26, Proposition 4.4 (ii)], the following operator is constructed. Let dimX = oc.
There exists a bounded linear operator 7" on X with »(7") =1, ||| = 2, and

T (n)

A (T)]|<1—-7r, 0<r<1; and Sup|| () || =00, forj>1.
. 1 i1 A_]T(n) .
Since k’(n) < k7 (n) for n > 0, we also conclude that HWH =00 for j > 1 and the
n

converse of Theorem 5.1 does not hold for v < a.

5.4. Application to Katznelson-Tzafriri type theorems. Let A(T) be the regular convo-
lution Wiener algebra formed by all continuous periodic functions f(t) = >0 f(n)e™, te€

[—7, 7], where {f(n)}nez are the Fourier coefficients of f, that is

1 (" ;
= 2/ f(t)e " at, n €7z,
™ —T

with the norm || f|| (1) == D0 |£(n)|, and A4 (T) be the closed convolution subalgebra of

A(T) where the functions satisfy that f(n) = 0 for n < 0. Note that both A(T) and ¢}, and
A, (T) and ¢! are isometrically isomorphic, where Z% denotes the complex summable sequences
indexed by Z.

Katznelson and Tzafriri proved in 1986 the following well-known theorem: if 7' € B(X) is
power-bounded and f € A, (T) is of spectral synthesis in A(T) with respect to o(7') N T, then

lim | 7"6(f)|| = 0,

n—oo
see [23, Theorem 5]. Moreover, for T' € B(X) a power-bounded operator, one has lim ||7" —
n—oo

T" | = 0 if and only if o(T) N'T C {1}, see [23, Theorem 1].

The authors have got some similar results for (C, «)-bounded operators, which will appear in
a forthcoming paper. We define A*(T) a new regular Wiener algebra contained in A(T), and
A%(T) a convolution closed subalgebra of A%*(T), which is isometrically isomorphic to 7 (k**1).
The result states that if « > 0, T' € B(X) is a (C, «)-bounded operator and f € A% (T) is of
spectral synthesis in A%(T) with respect to o(7') N'T, then

1 Y .
nh_?gOWHA T(n)o(f)ll =
On the continuous case, Katznelson-Tzafriri theorems have been proved for Cy-semigroups
and extended later for a-times integrated semigroups, see [14] and [16] respectively.
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