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Abstract. In this paper we investigate the existence of attractive and uniformly locally attrac-
tive solutions for a functional nonlinear integral equation with a general kernel. We use methods
and techniques of fixed point theorems and properties of measure of noncompactness. We ex-
tend and generalize results obtained by other authors in the context of fractional functional
differential equations.

1. Introduction

During the past years the theory of functional Volterra integral equations have undergone
rapid development. The growth has been strongly promoted by the large number of applications
that this theory has found in physics, engineering, and biology [22].

In this paper we study attractive and uniformly locally attractive solutions for the following
functional Volterra integral equation of convolution type

(1.1) u(t) =

 φ(t0) +

∫ t

t0

a(t− s)f(s, us) ds t > t0,

φ(t) t0 − σ ≤ t ≤ t0.

where a ∈ L1
loc(R+) is an scalar kernel, φ ∈ C([t0−σ, t0],R), f : [t0,∞)×C([−σ, 0],R)→ R and

us : [−σ, 0]→ R is defined by us(τ) := u(s+ τ) for all τ ∈ [−σ, 0].
Nonlinear integral equations have been studied extensively in the literature as regard to several

qualitative aspects of the solutions. This include existence and uniqueness, perturbation [22,
Chapter 11], differentiability [22, Chapter 11], maximal and minimal solutions [22, Chapter 13]
and asymptotic behavior [22, Chapter 15] among others.

However, the study of existence of attractive solutions for integral equations has been little
exploited. Some research in this topic are, for instance, the study of local attractivity of solutions
of a nonlinear quadratic Volterra integral equation of fractional order [1], locally attractive
solutions for quasi-periodically forced systems [16], global attractivity of solutions of a nonlinear
functional integral equation [5], functional integral equations [7], [8] and fractional integro-
differential equations involving Riemann–Liouville and Caputo fractional calculus [17], [24], [10].

The equation (1.1) was studied by F. Chen and Y. Zhou in [18] and (joint with J.J. Nieto)

in [17] for the case a(t) = tα−1

Γ(α) for 0 < α < 1. Recently, J. Losada et al. in [24] proved the

existence of attractive solutions on the Fréchet space C([t0 − σ,∞),R) and the existence of
uniformly locally attractive solutions in the Banach space BC([t0 − σ,∞),R). In this case, the
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authors took a(t) =
∑m

i=0
tα−αi−1−1

Γ(α−αi−1) . Other works on attractivity of solutions in the context of

fractional functional differential equations appear in [2, 12, 13, 14, 17, 23, 27] among others.
The starting point of our research in this paper, is the above observation that some of these

fractional problems are particular cases of functional integral equations of the type (1.1).
Then it is natural to ask for the following problem: For which class of kernels a(t) there exist

attractive and uniformly locally attractive solutions for (1.1)?.
We have success to solve this problem for the class of kernels a(t) that satisfy the following

condition: There exists 0 < β < 1 such that a ∈ L
1
β ([0,∞),R) and

(1.2) lim
h→0

∫ t

0
|a(τ + h)− a(τ)|

1
1−β dτ = 0, t > 0,

holds.
It is interesting to note that the class of kernels defined by a(t) = tα−1

Γ(α)e
−δt satisfy our as-

sumptions under some mild restrictions on the parameters α > 0 and δ > 0. This class of kernels
naturally appears in the theory of integral equations of convolution type. They corresponds to
power type materials in the case 1 < α < 2 and δ = 0 [28, Chapter 5, p.131] (creep compliance),
and to Maxwell type materials in the case of α = 1 and δ > 0 (relaxation modulus), see [25,
Chapter 2, section 2.4]. Some concrete examples are provided in the last section of this paper.

In order to obtain our results, we first show the existence of attractive solutions using the
Schauder fixed point theorem and Carathéodory type conditions on f, among other conditions.
Second, we use the properties of measure of noncompactness and a consequence of Darbo-
Sadovskii fixed point theorem (see [4, 6]) to prove the existence of uniformly locally attractive
solutions under a locally Lipschitz type condition on the nonlinear term f .

The outline of this paper is as follows: Section 2 is devoted to preliminaries, recalling the
definitions of attractive and uniformly locally attractive solutions. Let us notice that the concept
of uniform local attractivity of solutions is equivalent to the concept of asymptotic stability
introduced in [15]. We also recall the Schauder fixed point theorem in the context of Hausdorff
topological vector spaces. After remind the notion of measure of noncompactness, we mention a
generalization of Darbo fixed point theorem due to Aghajani, Banás and Sabzali [4, Theorem 2.2].
See also the book [11] for and updated reference on the theory of measures of noncompactness
and their applications.

Section 3 shows the existence of at least one attractive solution of (1.1) on the Fréchet space
C([t0 − σ,∞),R) by using an application of Schauder fixed point theorem together with three
hypothesis on the kernel a(t) and the function f (A Carathédory type condition of f and
condition (1.2) on a(t)). The attractivity is ensured by means of one additional hypothesis
about the existence of a positive and strictly decreasing function H that controls the size of the
solution.

In Section 4, we prove the existence of at least one uniformly locally attractive solution for
the problem (1.1), this time on the Banach space BC([t0 − σ,∞),R), by using arguments of
measure of noncompactness, a consequence of Darbo-Sadovskii fixed point theorem and, again,
certain hypothesis on the kernel and the function f .

Finally, in Section 5, we give some concrete examples of our main results considering as exter-

nal nonlinear force the functions f(s, ψ) = e−γse− sinψ(−1) and g(s, ψ) = s2

1+s4
ln(1 + |ψ(−π/2)|)

as well as the coupling of the Maxwell and power type materials in the kernel a(t) = tα−1

Γ(α)e
−δt. It

is interesting to observe that for this function f the existence of at least one attractive solution
on C([t0 − σ,∞),R) is ensured by means of the hypothesis δ > γ > 0, whereas that for g this
existence is granted in the space BC([t0 − σ,∞),R) by means of the condition δ > 1.
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2. Preliminaries

Let t0 ∈ R, σ > 0 be given and

C([t0 − σ,∞),R) := {u : [t0 − σ,∞)→ R : u is continuous}.
We know that C([t0 − σ,∞),R) equipped with the seminorms

‖u‖n = sup
t∈[t0−σ,n]

|u(t)| (n ≥ 1)

is a Fréchet space. We recall the following facts:

(A1) A sequence (xn)n∈N is convergent to x in C([t0 − σ,∞),R) if and only if is uniformly
convergent to x on compact subsets of [t0 − σ,∞). (Consequence of the definition of
Fréchet’s spaces).

(A2) A family F ⊂ C([t0−σ,∞),R) is relatively compact if and only if for each R > t0−σ, the
restrictions to [t0 − σ,R] of all functions from F form an equicontinuous and uniformly
bounded set. (Consequence of [26, Lemma 3.3]).

Definition 2.1 ([18]). A solution u(t) of the Equation (1.1) is attractive if there exist a constant
b0 that depends of t0 such that

|φ(s)| ≤ b0 for all t0 − σ ≤ s ≤ t0 implies lim
t→∞

u(t) = 0.

Let BC(I,R) be the space of all continuous and bounded real valued functions defined on
I := [t0 − σ,∞) with the usual norm

‖u‖BC(I,R) := sup
t≥t0−σ

|u(t)|.

Suppose that Ω is nonempty subset of BC(I,R).

Definition 2.2 ([13]). We say that the solutions of Equation (1.1) are uniformly locally attrac-
tive if there exists a ball B(u0, r0) in the space BC(I,R) such that for each ε > 0 there exists
T > 0 such that for arbitrary solutions u, v ∈ B(u0, r0) ∩ Ω we have

(2.1) |u(t)− v(t)| ≤ ε t ≥ T.

Theorem 2.3 (Schauder fixed point theorem). Let K be a nonempty convex subset of a Haus-
dorff topological vector space X. Let T be a continuous mapping of K into itself such that T (K)
is contained in a compact subset of K. Then T has a fixed point in K.

Now, we mention some results and facts about measure of noncompactness.

Let E be a Banach space. We denote by X and Conv X the closure and the convex closure of
X as a subset of E, respectively. Further, we denote by ME the family of all nonempty bounded
subsets of E and RE its subfamily consisting of all relatively compact sets.

Definition 2.4 ([12]). A mapping µ : ME → R+ is said to be a measure of noncompactness in
E if satisfies the following conditions:

(a) The family kerµ = {X ∈ME : µ(X) = 0 } is nonempty and kerµ ⊂ RE.
(b) X ⊂ Y implies µ(X) ≤ µ(Y ).
(c) µ(X) = µ(X).
(d) µ(Conv (X)) = µ(X).
(e) For all λ ∈ [0, 1],

µ(λX + (1− λ)Y ) ≤ λµ(X) + (1− λ)µ(Y ).



4 EDGARDO ALVAREZ AND CARLOS LIZAMA

(f) If (Xn)n∈N is a sequence of closed sets from ME such that

Xn+1 ⊂ Xn for all n = 1, 2, 3... and lim
n→∞

µ(Xn) = 0,

then

X∞ =
∞⋂
n=1

Xn 6= ∅.

The family kerµ described in (a) is said to be the kernel of the measure of noncompactness µ.

The following result will be the key tool in the proof of one of our main results.

Theorem 2.5. [4, Theorem 2.2] Let C be a nonempty, bounded, closed, and convex subset of a
Banach space E and let T : C → C be a continuous function satisfying

µ(T (W )) ≤ φ(µ(W ))

for each W ⊂ C, where µ is an arbitrary measure of noncompactness and φ : [0,∞)→ [0,∞) is
a monotone increasing (not necessarily continuous) function with

lim
n→∞

φn(t) = 0 for all t ≥ 0.

Then T has at least one fixed point in C.

3. Existence of attractive solutions

In this section we investigate attractive solutions of the problem

(3.1) u(t) =

 φ(t0) +

∫ t

t0

a(t− s)f(s, us) ds t > t0,

φ(t) t0 − σ ≤ t ≤ t0,

where a ∈ L1
loc(R+) is an scalar kernel, φ ∈ C([t0 − σ, t0],R), f : [t0,∞) × C([−σ, 0],R) → R

and us : [−σ, 0] → R is given by us(τ) := u(s + τ) for all τ ∈ [−σ, 0] and s > t0 where
u : [t0 − σ,∞)→ R.

We need the following assumptions

(H1) (a) For each ψ ∈ C([t0 − σ,∞),R) the function Ψ : [t0,∞) → R defined by Ψ(t) =
f(t, ψt) is Lebesgue measurable.

(b) For each t > t0 the function F : C([−σ, 0],R) → R defined by F (ψ) = f(t, ψ) is
continuous.

(H2) There exists an strictly decreasing function H : [0,∞) → [0,∞) such that for all ψ ∈
C([t0 − σ,∞),R),∣∣∣∣φ(t0) +

∫ t

t0

a(t− s)f(s, ψs) ds

∣∣∣∣ ≤ H(t− t0) for all t ≥ t0,

and
lim
t→∞
H(t) = 0.

(H3) There exists 0 < β < 1 such that

(a) f ∈ L
1
β ([t0,∞)× C([−σ, 0];R),R),

(b) a ∈ L
1
β ([0,∞),R) satisfies

lim
h→0

∫ t

0
|a(τ + h)− a(τ)|

1
1−β dτ = 0, t > 0.
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Next, we present the main theorem of this section.

Theorem 3.1. Suppose that the hypothesis (H1)-(H3) hold. Then the Equation (1.1) has at
least one attractive solution in C([t0 − σ,∞),R).

Proof. Define the set

S := {u ∈ C([t0 − σ,∞),R) : |u(t)| ≤ H(t− t0) for all t ≥ t0}.
It can be easily verified that S is nonempty and convex. We show that S is bounded. Indeed,
using (H2) we have

sup
t≥t0−σ

|u(t)| = sup
s≥−σ

|u(s+ t0)| ≤

{
H(s) if s+ t0 ≥ t0,

sup
−σ≤s≤0

|u(s+ t0)| =: M if − σ ≤ s ≤ 0 ≤ max{H(0),M},

proving the claim. We define

(3.2) (Gu)(t) =

 φ(t0) +

∫ t

t0

a(t− s)f(s, us) ds t > t0,

φ(t) t0 − σ ≤ t ≤ t0
for every u ∈ C([t0 − σ,∞),R). We have that G(S) ⊂ S by (H2). Now, we prove that G is
continuous. Let (un)n∈N be a sequence in S such that limn→∞ u

n = u uniformly on compact
subsets of [t0 − σ,∞). By (H2) we have that H vanish at the infinity and is strictly decreasing,
therefore given ε > 0 there exists T > t0 such that

(3.3) H(t− t0) < ε for all t > T.

On the other hand, by (H1) item (b), there exists δ > 0 such that

(3.4) ‖ψ − ψ0‖C([−σ,0],R) < δ implies |f(t, ψ)− f(t, ψ0)| < ε.

For this δ > 0 there exists N ∈ N such that |un(t) − u(t)| < δ for all n > N and for all t
uniformly on compact subsets of [t0 − σ,∞). Now, note that

(3.5) ‖us‖C([−σ,0],R) := sup
−σ≤t≤0

|us(t)| = sup
−σ≤t≤0

|u(s+ t)| = sup
s−σ≤τ≤s

|u(τ)|

for all s > t0. Therefore ‖uns − us‖C([−σ,0],R) = sups−σ≤τ≤s |un(τ) − u(τ)| < δ for all s > t0. It
follows from (3.4) that

(3.6) |f(s, uns )− f(s, us)| < ε,

for all s > t0. Now, we divide the proof of continuity in three intervals. First, we observe that
for t0 < t ≤ T we have by Hölder inequality, (H3) and (3.6) that the following estimate holds

|G(un)(t)− G(u)(t)| ≤
∫ t

t0

|a(t− s)||f(s, uns )− f(s, us)| ds

≤
(∫ t

t0

|a(t− s)|
1

1−β ds

)1−β (∫ t

t0

|f(s, uns )− f(s, us)|
1
β ds

)β
≤
(∫ T

t0

|a(t− s)|
1

1−β ds

)1−β (∫ T

t0

|f(s, uns )− f(s, us)|
1
β ds

)β
≤
(∫ T−t0

0
|a(τ)|

1
1−β dτ

)1−β (∫ T

t0

ε
1
β ds

)β
<

(∫ T−t0

0
|a(τ)|

1
1−β dτ

)1−β

(T − t0)βε.
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Second, for T < t we have by (H2), the S-invariance of G and (3.3) the following estimate

|G(un)(t)− G(u)(t)| ≤ |G(un)(t)|+ |G(u)(t)| ≤ 2H(t− t0) < 2ε.

Finally, for the interval t0 − σ ≤ t ≤ t0 we have by definition that |G(un)(t) − G(u)(t)| = 0. It
follows from (A1) that limn→∞ G(un) = G(u) uniformly on compact subsets of [t0− σ,∞). This
proves that G is continuous.

Let ε > 0, u ∈ S be given and T > t0 such that (3.3) holds. We claim that G(S) is equicon-
tinuous on [t0, T ]. Indeed, first we consider the case t1, t2 ∈ (t0, T ]. Without loss of generality,
we can assume t1 < t2. Then by Hölder inequality and (H3) we obtain

|G(u)(t2)− G(u)(t1)| =
∣∣∣∣∫ t2

t0

a(t2 − s)f(s, us) ds−
∫ t1

t0

a(t1 − s)f(s, us) ds

∣∣∣∣
≤
∫ t1

t0

|a(t2 − s)− a(t1 − s)||f(s, us)| ds+

∫ t2

t1

|a(t2 − s)||f(s, us)| ds

≤
(∫ t1

t0

|a(t2 − s)− a(t1 − s)|
1

1−β ds

)1−β (∫ T

t0

|f(s, us)|
1
β ds

)β
+

(∫ t2

t1

|a(t2 − s)|
1

1−β ds

)1−β (∫ T

t1

|f(s, us)|
1
β ds

)β
=

(∫ t1−t0

0
|a((t2 − t1) + τ)− a(τ)|

1
1−β dτ

)1−β (∫ T

t0

|f(s, us)|
1
β ds

)β
+

(∫ t2−t1

0
|a(τ)|

1
1−β dτ

)1−β (∫ T

t1

|f(s, us)|
1
β ds

)β
≤
(∫ T−t0

0
|a((t2 − t1) + τ)− a(τ)|

1
1−β dτ

)1−β (∫ T

t0

|f(s, us)|
1
β ds

)β
+

(∫ t2−t1

0
|a(τ)|

1
1−β dτ

)1−β (∫ T

t1

|f(s, us)|
1
β ds

)β
→ 0 as t2 → t1.

Secondly, suppose that T < t1, t2. Then by (H2), the S-invariance of G and (3.3) we obtain

|G(u)(t2)− G(u)(t1)| ≤ |G(u)(t2)|+ |G(u)(t1)| ≤ H(t2 − t0) +H(t1 − t0) < 2ε.

Finally, suppose that t0 < t1 < T < t2. Then, by the preceding cases, we have

|G(u)(t2)− G(u)(t1)| ≤ |G(u)(t2)− G(u)(T )|+ |G(u)(T )− G(u)(t1)| → 0 (t2 → t1).

Consequently, we conclude that G(S) is equicontinuous on each compact interval [t0, T ] for all
T > t0, proving the claim. It follows from the Arzela-Ascoli theorem that G(S) is relatively
compact set in C([t0, T ],R) for all T > t0.

Now, we show that G(S) is uniformly bounded. Indeed, by definition of the set S and since
H is strictly decreasing, we have

sup
u∈G(S)

sup
t>T
|u(t)| ≤ H(T − t0),

therefore from (H2) we obtain
lim
T→∞

sup
u∈G(S)

sup
t>T
|u(t)| = 0.

It follows from (A2) that the family G(S) is relatively compact in C([t0−σ,∞),R). By Schauder
fixed point theorem we have that the operator G has a fixed point in S. Hence the Equation
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(1.1) has at least one solution u0 ∈ S. Choosing b0 := supt∈[t0−σ,t0] |u0(t)| we have |φ(t)| ≤
b0, t ∈ [t0 − σ, t0] and from

|u0(t)| ≤ H(t− t0) t ≥ t0,
it follows that the solution of (1.1) is attractive.

�

As a particular case, we recover [18, Theorem 3.2].

Corollary 3.2. Suppose (H1) and the following

(H2)’ There exists γ1 > 0 such that∣∣∣∣φ(t0) +

∫ t

t0

(t− s)α−1

Γ(α)
f(s, us) ds

∣∣∣∣ ≤ (t− t0)−γ1 for all t ≥ t0,

(H3)’ There exists 0 < β < α such that f ∈ L
1
β ([t0,∞)× C([−σ, 0];R),R).

Then the Equation

(3.7) u(t) =

 φ(t0) +

∫ t

t0

(t− s)α−1

Γ(α)
f(s, us) ds t > t0,

φ(t) t0 − σ ≤ t ≤ t0,
has at least one attractive solution in C([t0 − σ,∞),R) for each 0 < α < 1.

Proof. Let a(t) = tα−1

Γ(α) in Theorem 3.1. In view of (H2)′ we can chooseH(t) = t−γ1 and therefore

(H2) in Theorem 3.1 holds. From (H3)′ there exists 0 < β < α such that

1

Γ(α)
1

1−β

∫ t

0
[(τ + h)α−1 − τα−1]1/1−βdτ ≤ 1

Γ(α)
1

1−β

∫ t

0
[(τ + h)

α−1
1−β − τ

α−1
1−β ]dτ

=
1

Γ(α)
1

1−β

1− β
α− β

[(t+ h)
α−β
1−β − h

α−β
1−β − t

α−β
1−β ]→ 0,

as h → 0, where we have used the inequality (p − q)r ≤ pr − qr, p > q > 0, r > 0. This shows
(H3) and the conclusion follows from Theorem 3.1.

�

Remark 3.3. In the same way as in the above corollary, we recover [24, Theorem 3.2]. We

only need to choose a(t) =

m∑
i=1

tα−αi−1

Γ(α− αi)
where 0 < αi < α, α > 0 in order to have (H2) and

0 < β < min
0≤i≤m

{α− αi} in order to obtain (H3).

4. Uniform local attractivity

Let B ⊂ BC(I,R) be a bounded subset and T > t0 − σ given, where I := [t0 − σ,∞). For
ε > 0 and u ∈ B we denote

ωTt0−σ(u, ε) := sup{|u(t)− u(s)| : t, s ∈ [t0 − σ, T ], |t− s| ≤ ε},
ωTt0−σ(B, ε) := sup{ωTt0−σ(u, ε) : u ∈ B},
ωTt0−σ(B) := lim

ε→0
ωTt0−σ(B, ε),

ωt0−σ(B) := lim
T→∞

ωTt0−σ(B).
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If t ≥ t0 − σ is a fixed number, then let us denote

B(t) := {u(t) : u ∈ B},
and

diam B(t) := sup
u,v∈B

|u(t)− v(t)|.

Finally, we consider the mapping µ defined on the family MBC(I,R) by

µ(B) := ωt0−σ(B) + lim sup
t→∞

diam B(t).

It can be shown that µ is a measure of noncompactness on BC(I,R) in the same way that in [12].

In this section we will need the following hypothesis.

(H4) f : [t0−σ,∞)×C([t0−σ, t0],R)→ R is continuous and there exists h : [t0−σ,∞)→ [0,∞)
continuous such that

|f(t, u)− f(t, v)| ≤ h(t)H(‖u− v‖) for all t ≥ t0 − σ, u, v ∈ C([t0 − σ, t0],R),

where H : [0,∞)→ [0,∞) is superadditive, that is,

H(a) +H(b) ≤ H(a+ b) a, b ≥ 0.

(H5) The following properties hold

A := sup
t≥t0

∫ t

t0

|a(t− s)||h(s)|ds < 1;

B := sup
t≥t0

∫ t

t0

|a(t− s)||f(s, 0)| ds <∞;

and

lim
n→∞

AnHn(t) = 0, t > 0.

(H6) There exists a positive solution r0 of the inequality[
sup

t∈[t0−σ,t0]
φ(t)

]
+AH(r) +B ≤ r.

Remark 4.1. Note that H is an nondecreasing function on [0,∞). Indeed, given a, b ≥ 0 with
a ≤ b we obtain that

H(b) ≥ H(b− a) +H(a) ≥ H(a).

The following is the main result of this section.

Theorem 4.2. Suppose that (H3)-(H6) hold. Then the Equation (1.1) has at least one solution
in BC(I,R). Moreover, these solutions are uniform locally attractive.

Proof. We define

(4.1) (Gu)(t) =

 φ(t0) +

∫ t

t0

a(t− s)f(s, us) ds t > t0,

φ(t) t0 − σ ≤ t ≤ t0,
for every u ∈ BC(I,R).

We first prove the existence of at least one solution. In order to do this, we proceed to verify
the hypothesis of Theorem 2.5 dividing the proof in four steps.
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Step 1. BC(I,R) is invariant under G. Indeed, for any u ∈ BC(I,R) and t > t0 we get from
(H4) and (H5)

|(G(u))(t)| ≤ |φ(t0)|+
∫ t

t0

|a(t− s)||f(s, us)− f(s, 0)| ds+

∫ t

t0

|a(t− s)||f(s, 0)| ds

≤ |φ(t0)|+
∫ t

t0

|a(t− s)|h(s)H(‖us‖C([−σ,0],R)) ds+

∫ t

t0

|a(t− s)||f(s, 0)| ds

≤ |φ(t0)|+
∫ t

t0

|a(t− s)|h(s)H(‖u‖BC(I,R)) ds+

∫ t

t0

|a(t− s)||f(s, 0)| ds

≤ |φ(t0)|+AH(‖u‖BC(I,R)) +B,

where in the third inequality we have used (3.5). This shows that G(u) is bounded in [t0,∞).
Since φ ∈ C([t0 − σ, t0],R) we conclude that G(u) ∈ BC(I,R).

Let r0 > 0 be the real number given in (H6). We set

C := {u ∈ BC(I,R) : ‖u‖BC(I,R) ≤ r0}.

Step 2. We show that G(C) ⊂ C. Indeed, let u ∈ C and t > t0. Then by step 1 and (H6),
we obtain

|G(u)(t)| ≤ |φ(t0)|+AH(‖u‖BC(I,R)) +B ≤ sup
t0−σ≤t≤t0

|φ(t)|+AH(r0) +B ≤ r0,

where we used Remark 4.1. On the other hand, for t0 − σ ≤ t ≤ t0 we have

|G(u)(t)| = |φ(t)| ≤ sup
t0−σ≤t≤t0

|φ(t)| ≤ sup
t0−σ≤t≤t0

|φ(t)|+AH(r0) +B < r0.

Hence G(C) ⊂ C.
Step 3. We prove that

lim sup
t→∞

diam (G(W ))(t) ≤ AH(lim sup
t→∞

diam W (t)),

for any W ⊂ C. In fact, let u, v ∈W and t > t0. Then by (H4), (H6) and (3.5) we obtain

|(G(u))(t)− (G(v))(t)| ≤
∫ t

t0

|a(t− s)||f(s, us)− f(s, vs)| ds ≤
∫ t

t0

|a(t− s)|h(s)H(‖us − vs‖) ds

≤ AH(‖u− v‖).

Since H is increasing, the inequality ‖u − v‖ ≤ supu,v∈W ‖u − v‖ implies H(‖u − v‖) ≤
H(supu,v∈W ‖u− v‖). It follows that

diam (G(W ))(t) ≤ AH(‖u− v‖) ≤ AH( sup
u,v∈W

‖u− v‖) ≤ AH(diam W (t)).

Hence

lim sup
t→∞

diam (G(W ))(t) ≤ AH(lim sup
t→∞

diam W (t)).

Since for t0 − σ ≤ t ≤ t0 we have |(G(u))(t)− (G(v))(t)| = 0, and the claim follows.

Step 4. We prove that µ(G(W )) ≤ ϕ(µ(W )) where ϕ(t) := AH(t), t > 0 and µ is an arbitrary
measure of noncompactness.
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Indeed, note that by (H5) we have limn→∞ ϕ
n(t) = 0 for all t > 0. Let u ∈ W ⊂ C,

t1, t2 ∈ [t0 − σ, t0], t1 < t2, T > t0, ε > 0 and |t1 − t2| ≤ ε. Then

|G(u)(t2)− G(u)(t1)| ≤
∣∣∣∣∫ t2

t0

a(t2 − s)f(s, us) ds−
∫ t1

t0

a(t1 − s)f(s, us) ds

∣∣∣∣
≤
∫ t1

t0

|a(t2 − s)− a(t1 − s)||f(s, us)| ds+

∫ t2

t1

|a(t2 − s)||f(s, us)| ds

≤
∫ t1

t0

|a(t2 − s)− a(t1 − s)||f(s, us)| ds

+

∫ t2

t1

|a(t2 − s)||f(s, us)− f(s, 0)| ds+

∫ t2

t1

|a(t2 − s)|f(s, 0)| ds

≤
∫ t1

t0

|a(t2 − s)− a(t1 − s)||f(s, us)| ds

+

∫ t2

t1

|a(t2 − s)| [h(s)H(‖us‖) + |f(s, 0)|] ds

≤
∫ t1

t0

|a(t2 − s)− a(t1 − s)||f(s, us)| ds

+

∫ t2

t1

|a(t2 − s)| [h(s)H(r0) + |f(s, 0)|] ds

≤ ωT1 (f, ε) + ωT2 (f, ε) +AH(ωTt0−σ(u, ε));

where

ωT1 (f, ε) := sup

{∫ t1

t0

|a(t2 − s)− a(t1 − s)||f(s, us)| ds : t1, t2 ∈ [t0 − σ, T ], |t2 − t1| < ε, ‖u‖ ≤ r0

}
,

and

ωT2 (f, ε) := sup

{∫ t2

t1

|a(t2 − s)| [h(s)H(r0) + |f(s, 0)|] ds : t1, t2 ∈ [t0 − σ, T ], |t2 − t1| < ε

}
.

Thus

ωTt0−σ(G(u), ε) ≤ ωT1 (f, ε) + ωT2 (f, ε) +AH(ωTt0−σ(u, ε)).

Then

ωTt0−σ(G(W ), ε) ≤ ωT1 (f, ε) + ωT2 (f, ε) +AH(ωTt0−σ(W, ε)).

It follows from (H3) that

ωTt0−σ(G(W )) = lim
ε→0

ωTt0−σ(G(W ), ε) ≤ AH(ωTt0−σ(W )).

Consequently

ωt0−σ(G(W )) = lim
T→∞

ωTt0−σ(G(W )) ≤ AH(ωt0−σ(W )).

By the superadditivity of H

µ(G(W )) := ωt0−σ(G(W )) + lim sup
t→∞

diam (G(W ))(t) ≤ AH(ωt0−σ(W )) +AH(lim sup
t→∞

diam W (t))

≤ AH
[
ωt0−σ(W ) + lim sup

t→∞
diam W (t)

]
= ϕ(µ(W )).(4.2)
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From steps 1-4 we have that all the hypothesis of Theorem 2.5 are satisfied and hence G has a
fixed point on BC(I,R).

Finally, we prove that all solutions of Equation (1.1) are uniformly locally attractive in the
sense of Definition 2.2. Indeed, let Br0 = {u ∈ BC(I,R) : ‖u‖ ≤ r0}, B1

r0 := Conv G(Br0),

B2
r0 := Conv G(B1

r0) and so on. Then B1
r0 ⊂ Br0 , Bn+1

r0 ⊂ Bn
r0 for n = 1, 2, ... . It is clear that

these sets are nonempty, closed and convex. Using the inequality (4.2) and by an inductive
argument we obtain that

µ(Bn
r0) ≤ AnHn(µ(Br0)) n = 1, 2, 3, ... .

From (H5) we conclude that
lim
n→∞

µ(Bn
r0) = 0.

Let B = ∩∞n=1B
n
r0 . As in [24, Theorem 4.8], we get that the set B is nonempty, bounded, closed,

convex and invariant under G. Then

lim
t→∞

sup
u,v∈B

|u(t)− v(t)| ≤ ωt0−σ(B) + lim
t→∞

diam B(t) = µ(B) ≤ lim
k→∞

µ(Bk
r0) = 0.

We conclude that all solutions are uniformly locally attractive. �

5. Applications

Example 5.1. We consider the following integral equation

(5.1) u(t) =


∫ t

0

(t− s)α−1

Γ(α)
e−δ(t−s)e−γse− sinu(s−1) ds t > 0,

te−t −1 ≤ t ≤ 0.

where δ > γ > 0 and α > 0. Choosing φ(t) := te−t for t ∈ [−1, 0], a(t) := tα−1

Γ(α)e
−δt, t ≥ 0,

and f(s, ϕ) := e−γse− sinϕ(−1) where ϕ ∈ C([−1, 0],R) we have that (5.1) is in the form of
(3.1) with t0 = 0 and σ = 1. Observe that us : [−1, 0] → R, us(−1) = u(s − 1) and therefore

f(s, us) = e−γse− sinu(s−1). We will verify the conditions (H1)-(H3).

(H1) (a) For every u ∈ C([−1,∞),R) we have the function

t 7→ f(t, ut) = e−γte− sinu(t−1)

is Lebesgue measurable since it is a continuous function for all t ≥ 0.
(b) Let ψ ∈ C([−1, 0],R). We see that the function

F : C([−1, 0],R)→ R
ψ 7→ f(t, ψ)

is continuous. Indeed, let (ψn)n∈N be a sequence in C([−1, 0],R) such that ‖ψn−ψ‖C([−1,0],R) → 0
as n→∞. Applying the mean value theorem we obtain

|f(t, ψn)− f(t, ψ)| = e−γt|e− sinψn(−1) − e− sinψ(−1)| ≤ e−γte|ψn(−1)− ψ(−1)|
≤ e1−γt‖ψn − ψ‖ → 0 (n→∞).

(H2) Let H : [0,∞)→ [0,∞) defined by

H(t) :=
e1−γt

(δ − γ)α
, t ≥ 0.
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Then H vanish at the infinity and for t ≥ 0 and we have∣∣∣∣∫ t

0
a(t− s)e−γse− sinu(s−1) ds

∣∣∣∣ = e

∫ t

0
a(t− s)e−γs ds = e

∫ t

0
a(τ)e−γ(t−τ) dτ

≤ e1−γt
∫ ∞

0
eγτa(τ) dτ =

e1−γt

(δ − γ)α
,

where in the last equality we have used [21, Formula 3.381(4)].
(H3) Let 1− α < β < 1. Using again [21, Formula 3.381(4)] we obtain

(5.2)

∫ ∞
0
|a(s)|1/βds =

∫ ∞
0

s
α−1
β

Γ(α)1/β
e
− δ
β
s
ds =

Γ(α−1+β
β )

Γ(α)1/β

(
β

δ

)α−1+β
β

.

Moreover, ∫ ∞
0
|f(s, ψ)|1/βds ≤

∫ ∞
0

e
− γ
β
s
e
− sinψ(−1)

β ds ≤ eβ

γ

for each ψ ∈ C([−1, 0],R). Finally, from the continuity of a(t) it is clear that

(5.3) lim
h→0

∫ t

0
|a(s+ h)− a(s)|

1
1−β ds = 0.

Hence, all conditions of Theorem 3.1 are satisfied and we can conclude that the Equation (5.1)
has at least one attractive solution in C([−1,∞),R) whenever δ > γ > 0 and α > 0.

Example 5.2. We consider the problem

(5.4) u(t) =


∫ t

0

(t− s)α−1

Γ(α)
e−δ(t−s)

s2

1 + s4
ln(1 + |u(s− 1/2)|) ds t > 0,

te
t
π −π

2 ≤ t ≤ 0,

where δ > 1 and α > 0. Here φ(t) := te
t
π for t ∈ [−π

2 , 0], a(t) := tα−1

Γ(α)e
−δt, t ≥ 0, and

f(s, ψ) :=
s2

1 + s4
ln(1 + |ψ(−π/2)|) for ψ ∈ C([−π

2 , 0],R). Equation (5.4) has the form of the

problem (3.1) with t0 = 0 and σ = π
2 . We will verify conditions (H3)− (H6).

(H3) Let 1− α < β < 1. From [21, Formula 3.251 (11)] we obtain that∫ ∞
0
|f(s, ψ)|1/βds = ln(1 + |ψ(−π/2)|)1/β

∫ ∞
0

s2/β

(1 + s4)1/β
ds <∞,

and from (5.2) and (5.3) we conclude that (H3) is verified for the kernel a(t).
(H4) It is clear that f is continuous. Taking h(t) := 1, t ≥ −σ and H(t) := ln(1 + t), t ≥ 0,

we obtain that

|f(t, u)− f(t, v)| = t2

1 + t4
ln
(1 + |u(−π/2)|

1 + |v(−π/2)|

)
≤ ln

(
1 +
|u(−π/2)| − |v(−π/2)|

1 + |v(−π/2)|

)

≤ ln(1 + |u(−π/2)− v(−π/2)|) ≤ ln(1 + ‖u− v‖C([−π
2
,0],R))

= h(t)H(‖u− v‖C([−π
2
,0],R)).

Finally, note by [4, Remark 3.2] that H is superadditive.
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(H5) Note that the condition δ > 1 implies A < 1. Also

B = sup
t≥0

∫ t

0
|a(t− s)|f(s, 0) ds = 0.

From [4, Lemma 2.1] we obtain
lim
n→∞

AnHn(t) = 0.

(H6) Since π
2

√
e = sup−π

2
≤t≤0 |te

t
π | we have that for any r > 0 such that

r ≥
π
2

√
e

1−A
we get

sup
−π

2
≤t≤0

|φ(t)|+AH(r) +B ≤ π

2

√
e+Ar ≤ r.

Hence the hypothesis of Theorem 4.2 are fulfilled and consequently the Equation (5.4) has at
least one uniformly locally attractive solution in BC([−π

2 ,∞),R) for any δ > 1 and α > 0.
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