ATTRACTIVITY FOR FUNCTIONAL VOLTERRA INTEGRAL EQUATIONS
OF CONVOLUTION TYPE

EDGARDO ALVAREZ AND CARLOS LIZAMA

ABSTRACT. In this paper we investigate the existence of attractive and uniformly locally attrac-
tive solutions for a functional nonlinear integral equation with a general kernel. We use methods
and techniques of fixed point theorems and properties of measure of noncompactness. We ex-
tend and generalize results obtained by other authors in the context of fractional functional
differential equations.

1. INTRODUCTION

During the past years the theory of functional Volterra integral equations have undergone
rapid development. The growth has been strongly promoted by the large number of applications
that this theory has found in physics, engineering, and biology [22].

In this paper we study attractive and uniformly locally attractive solutions for the following
functional Volterra integral equation of convolution type

t

(1.1) ul(t) = ¢(to) +/t a(t —s)f(s,us)ds t > to,

0

gb(t) to—O’StSto.

where a € L} (R.) is an scalar kernel, ¢ € C([to —o,to],R), f : [to,0) x C([—0,0],R) — R and
us : [—0,0] — R is defined by us(7) := u(s + 7) for all 7 € [—0,0].

Nonlinear integral equations have been studied extensively in the literature as regard to several
qualitative aspects of the solutions. This include existence and uniqueness, perturbation [22,
Chapter 11], differentiability [22, Chapter 11], maximal and minimal solutions [22, Chapter 13]
and asymptotic behavior [22, Chapter 15] among others.

However, the study of existence of attractive solutions for integral equations has been little
exploited. Some research in this topic are, for instance, the study of local attractivity of solutions
of a nonlinear quadratic Volterra integral equation of fractional order [1], locally attractive
solutions for quasi-periodically forced systems [16], global attractivity of solutions of a nonlinear
functional integral equation [5], functional integral equations [7], [8] and fractional integro-
differential equations involving Riemann-Liouville and Caputo fractional calculus [17], [24], [10].

The equation (1.1) was studied by F. Chen and Y. Zhou in [18] and (joint with J.J. Nieto)

in [17] for the case a(t) = % for 0 < o < 1. Recently, J. Losada et al. in [24] proved the
existence of attractive solutions on the Fréchet space C([top — 0,00),R) and the existence of

uniformly locally attractive solutions in the Banach space BC([tg — o,00),R). In this case, the
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authors took a(t) = Y /", %;:11)
fractional functional differential equations appear in [2, 12, 13, 14, 17, 23, 27| among others.
The starting point of our research in this paper, is the above observation that some of these
fractional problems are particular cases of functional integral equations of the type (1.1).
Then it is natural to ask for the following problem: For which class of kernels a(t) there exist
attractive and uniformly locally attractive solutions for (1.1)?.

We have success to solve this problem for the class of kernels a(t) that satisfy the following
1
condition: There exists 0 < § < 1 such that a € L?([0,00),R) and

. Other works on attractivity of solutions in the context of

t
(1.2) lim/ la(r + h) — a(7) |5 dr =0, >0,
h—0 0

holds.

It is interesting to note that the class of kernels defined by a(t) = %e
sumptions under some mild restrictions on the parameters o > 0 and § > 0. This class of kernels
naturally appears in the theory of integral equations of convolution type. They corresponds to
power type materials in the case 1 < a < 2 and 6 = 0 [28, Chapter 5, p.131] (creep compliance),
and to Maxwell type materials in the case of @« = 1 and § > 0 (relaxation modulus), see [25,
Chapter 2, section 2.4]. Some concrete examples are provided in the last section of this paper.

In order to obtain our results, we first show the existence of attractive solutions using the
Schauder fixed point theorem and Carathéodory type conditions on f, among other conditions.
Second, we use the properties of measure of noncompactness and a consequence of Darbo-
Sadovskii fixed point theorem (see [4, 6]) to prove the existence of uniformly locally attractive
solutions under a locally Lipschitz type condition on the nonlinear term f.

The outline of this paper is as follows: Section 2 is devoted to preliminaries, recalling the
definitions of attractive and uniformly locally attractive solutions. Let us notice that the concept
of uniform local attractivity of solutions is equivalent to the concept of asymptotic stability
introduced in [15]. We also recall the Schauder fixed point theorem in the context of Hausdorff
topological vector spaces. After remind the notion of measure of noncompactness, we mention a
generalization of Darbo fixed point theorem due to Aghajani, Bands and Sabzali [4, Theorem 2.2].
See also the book [11] for and updated reference on the theory of measures of noncompactness
and their applications.

Section 3 shows the existence of at least one attractive solution of (1.1) on the Fréchet space
C([to — 0,00),R) by using an application of Schauder fixed point theorem together with three
hypothesis on the kernel a(t) and the function f (A Carathédory type condition of f and
condition (1.2) on a(t)). The attractivity is ensured by means of one additional hypothesis
about the existence of a positive and strictly decreasing function 4 that controls the size of the
solution.

In Section 4, we prove the existence of at least one uniformly locally attractive solution for
the problem (1.1), this time on the Banach space BC([tg — 0,0),R), by using arguments of
measure of noncompactness, a consequence of Darbo-Sadovskii fixed point theorem and, again,
certain hypothesis on the kernel and the function f.

Finally, in Section 5, we give some concrete examples of our main results considering as exter-

nal nonlinear force the functions f(s,v) = e~ e~ sm%¥(=1) and g(s,v) = 1_‘?% In(1 + [¢(—m/2)])
as well as the coupling of the Maxwell and power type materials in the kernel a(t) = ';1(;; e 0t Tt

—0 gatisfy our as-

is interesting to observe that for this function f the existence of at least one attractive solution
on C([tg — 0,00),R) is ensured by means of the hypothesis § > v > 0, whereas that for g this
existence is granted in the space BC([typ — 0, 00),R) by means of the condition § > 1.
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2. PRELIMINARIES
Let tp € R, 0 > 0 be given and
C([to — 0,00),R) :={u: [tg — 0,00) = R : u is continuous}.
We know that C([tyg — 0,00),R) equipped with the seminorms
lulln = sup fu(t)] (n=>1)
te(to—o,n]
is a Fréchet space. We recall the following facts:

(A1) A sequence (xp)nen is convergent to z in C([tp — 0,00),R) if and only if is uniformly
convergent to x on compact subsets of [to — o,00). (Consequence of the definition of
Fréchet’s spaces).

(A2) A family § C C([to— o, 00),R) is relatively compact if and only if for each R > typ—o, the

restrictions to [tg — o, R] of all functions from § form an equicontinuous and uniformly
bounded set. (Consequence of [26, Lemma 3.3]).

Definition 2.1 ([18]). A solution u(t) of the Equation (1.1) is attractive if there exist a constant
bo that depends of tg such that
|p(s)] < by forall tg—o <s<ty implies lim u(t)=0.

t—ro0
Let BC(I,R) be the space of all continuous and bounded real valued functions defined on
I := [ty — 0,00) with the usual norm

lull o ry = sup |u(t)].
t>to—o

Suppose that € is nonempty subset of BC(I,R).

Definition 2.2 ([13]). We say that the solutions of Equation (1.1) are uniformly locally attrac-
tive if there exists a ball B(ug,r9) in the space BC(I,R) such that for each ¢ > 0 there exists
T > 0 such that for arbitrary solutions u,v € B(ug,9) N we have

(2.1) lu(t) —v(t)] <e t>T.

Theorem 2.3 (Schauder fixed point theorem). Let K be a nonempty convex subset of a Haus-
dorff topological vector space X. Let T' be a continuous mapping of K into itself such that T'(K)
s contained in a compact subset of K. Then T has a fized point in K.

Now, we mention some results and facts about measure of noncompactness.

Let E be a Banach space. We denote by X and Conv X the closure and the convex closure of
X as a subset of F, respectively. Further, we denote by 91 the family of all nonempty bounded
subsets of F and R its subfamily consisting of all relatively compact sets.

Definition 2.4 ([12]). A mapping pn: Mg — RT is said to be a measure of noncompactness in
E if satisfies the following conditions:

(a) The family kerp ={X € Mg : w(X) =0} is nonempty and kerp C REg.

(b) X CY implies u(X) < p(Y).

(¢) W(X) = p(X).

(d) p(Conv (X)) = p(X).

(e) For all X € ]0,1],

HOX + (1= NY) < Aa(X) + (1= Vpu(Y).



4 EDGARDO ALVAREZ AND CARLOS LIZAMA

(f) If (Xp)nen is a sequence of closed sets from Mg such that
Xpn+1 C Xy, forall n=1,2,3... and lim p(X,)=0,

n—o0

then -

n=1

The family kerp described in (a) is said to be the kernel of the measure of noncompactness .
The following result will be the key tool in the proof of one of our main results.

Theorem 2.5. [4, Theorem 2.2] Let C' be a nonempty, bounded, closed, and convex subset of a
Banach space E and let T : C' — C' be a continuous function satisfying

W(T(W)) < o(u(W))

for each W C C, where p is an arbitrary measure of noncompactness and ¢ : [0,00) — [0,00) is
a monotone increasing (not necessarily continuous) function with

1i_>m ¢"(t)=0 forall t>0.
Then T has at least one fixed point in C.

3. EXISTENCE OF ATTRACTIVE SOLUTIONS

In this section we investigate attractive solutions of the problem

t
(5.1) wy={ ot + [ at-apeuds et
(1) to —o <t <to,
where a € L}, (Ry) is an scalar kernel, ¢ € C([tg — o,t],R), f : [to,0) x C([~0,0,R) — R
and us : [—0,0] — R is given by us(7) := u(s + 7) for all 7 € [—0,0] and s > ¢y, where

u: [tg —o,00) = R.
We need the following assumptions
(H1) (a) For each ¢ € C([to — 0,00),R) the function ¥ : [tg,00) — R defined by ¥(t) =
f(t, 1) is Lebesgue measurable.
(b) For each t > tp the function F' : C([—0,0],R) — R defined by F(¢) = f(t,v) is
continuous.
(H2) There exists an strictly decreasing function H : [0,00) — [0,00) such that for all ¢ €
C([to -0, OO), R)a

‘gb(to) + /t a(t —s)f(s,s)ds| < H(t —tyg) forall t >,

to

and
tlggo H(t) = 0.
(H3) There exists 0 < 8 < 1 such that
1
(a) f € L7 ([to,00) x C([-0,0};R),R),

(b) a € L7 ([0, 00), R) satisfies

t
lim/ \a(7—|—h)—a(7’)|ﬁd7':0, t > 0.
h—0 0
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Next, we present the main theorem of this section.

Theorem 3.1. Suppose that the hypothesis (H1)-(H3) hold. Then the Equation (1.1) has at
least one attractive solution in C([tg — 0,00),R).

Proof. Define the set
S:={ueC([to—0,0),R) : |u(t)] < H(t —ty) forall t>tp}.

It can be easily verified that S is nonempty and convex. We show that S is bounded. Indeed,
using (H2) we have

H(s) if s +t9 > to,
sup |u(t)| = sup |u(s + to)| < sup |u(s+to)| =M if —o<s<0 <max{H(0), M},
t>to—o s>—0 —0<s<0
proving the claim. We define
t
(32) G = | 0+ [ at=9ieuas s,
o) to—o <t <t

for every u € C([tg — 0,00),R). We have that G(S) C S by (H2). Now, we prove that G is
continuous. Let (u™),en be a sequence in S such that lim, o, u™ = u uniformly on compact
subsets of [tg — 0, 00). By (H2) we have that #H vanish at the infinity and is strictly decreasing,
therefore given € > 0 there exists 1" > tg such that

(3.3) H(t —tyg) <e forall ¢t>T.
On the other hand, by (H1) item (b), there exists 6 > 0 such that
(3.4) |1 = ollc(-o0,r) <O implies [f(Z,4) — f(t,40)| <.

For this § > 0 there exists N € N such that |u"(t) — u(t)| < § for all n > N and for all ¢
uniformly on compact subsets of [ty — 0,00). Now, note that
(3.5) luslcq-oom = _suwp Jus@)]=_suwp Juls+t)]= suwp_fu()

—o<t<0 —o<t< s—o<7<s

for all s > tg. Therefore |[ug — us||c([—o,0,R) = SUPs_g<r<s U™ (T) — u(T)| < 0 for all s > to. It
follows from (3.4) that

<36) \f(s,u?) - f(S,’U,S)‘ <,
for all s > tg. Now, we divide the proof of continuity in three intervals. First, we observe that
for to <t <T we have by Holder inequality, (H3) and (3.6) that the following estimate holds

t

G(u™)(#) =GO < [ lalt = s)|[f(s,ug) = f(s,us)| ds

to

t 1-8 ) B
< ( la(t — s)|T= 5 ds < (s,ul) — f(s,us)|? ds>
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Second, for T' < t we have by (H2), the S-invariance of G and (3.3) the following estimate
G(u™)(®) = G(u)(B)] < 1G(W") ()] +1G(u)(t)] < 2H(t - to) < 2e.
Finally, for the interval tg — o <t <ty we have by definition that |G(u")(t) — G(u)(t)| = 0. It

follows from (A1) that lim,, - G(u™) = G(u) uniformly on compact subsets of [ty — 0, 00). This
proves that G is continuous.

Let € > 0,u € S be given and T' > ¢y such that (3.3) holds. We claim that G(S) is equicon-
tinuous on [tg, T']. Indeed, first we consider the case t1,to € (tg,7]. Without loss of generality,
we can assume t1 < to. Then by Hélder inequality and (H3) we obtain

1G(u)(t2) — G(u)(t1)] = / a(ty — 8)f(s,us) ds — / Ca(ty — 8)f(s,us) ds

to to
< /t:l la(ty — s) —a(ty — s)||f(s,us)| ds + /ﬂt2 lats — )| f (s, us)| ds

to—11 1 1- T 1 B
+ </ la(T)| -7 dr> (/ |f(s,us)|? ds) —0 as ty —ti.
0 1

Secondly, suppose that T' < t1,t9. Then by (H2), the S-invariance of G and (3.3) we obtain
|G (u)(t2) — G(u)(t1)] < |G(u)(t2)] 4 |G(u)(t1)] < H(t2 —to) + H(t1 — to) < 2e.
Finally, suppose that tg < t; < T < ta. Then, by the preceding cases, we have
|G (u)(t2) — G(u)(t1)] < |G(u)(t2) = G(u)(T)| + [G(u)(T) = G(u)(t1)| = 0 (t2 — t1).

Consequently, we conclude that G(.S) is equicontinuous on each compact interval [tg,T] for all
T > tp, proving the claim. It follows from the Arzela-Ascoli theorem that G(S) is relatively
compact set in C([to, T],R) for all T > ty.

Now, we show that G(S) is uniformly bounded. Indeed, by definition of the set S and since
‘H is strictly decreasing, we have

sup sup |u(t)| < H(T — tp),
ueg(S) t>T

therefore from (H2) we obtain

lim sup sup |u(t)| = 0.

T—00 4eg(8) t>T
It follows from (A2) that the family G(5) is relatively compact in C([to — o, 00), R). By Schauder
fixed point theorem we have that the operator G has a fixed point in S. Hence the Equation
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(1.1) has at least one solution ug € S. Choosing by := SUPycy,—0.4] [U0(t)| We have [¢(t)] <
by, t € [to — o, tp] and from

luo(t)| < H(t —to) > to,
it follows that the solution of (1.1) is attractive.

O
As a particular case, we recover [18, Theorem 3.2].
Corollary 3.2. Suppose (H1) and the following
(H2)" There exists y1 > 0 such that
t (t _ S)lel
é(to) —I—/ ——————f(s,us)ds| < (t —tg)™ " forall t>to,
to F(a)
(H3)" There exists 0 < 5 < a such that f € L%([tg,oo) x C([—o,0];R),R).
Then the Equation
t (t _ S)Oé—l
t — s)d t > to,
(3.7) u(t) = (o) + /to (o) f(s,us)ds > o
o(t) to—o <t <to,
has at least one attractive solution in C([ty — 0,00),R) for each 0 < o < 1.
Proof. Let a(t) = % in Theorem 3.1. In view of (H2)' we can choose H(t) = ¢t~ 7" and therefore

(H2) in Theorem 3.1 holds. From (H3)’ there exists 0 < 8 < « such that

b tT a—1 _ _a—1y1/1-8 4 1 tT a1
r(a)liza/o[( th) Ird Sf(al—lﬁ/o[( +h)

)
1 1— a—p a—p a—
B S AR = s = = (NN

()77 @B
as h — 0, where we have used the inequality (p — ¢)" < p" —¢", p > ¢ > 0,7 > 0. This shows
(H3) and the conclusion follows from Theorem 3.1.

O
Remark 3.3. In the same way as in the above corollary, we recover [24, Theorem 3.2]. We
m .
tafalfl
only need to choose a(t) = Z_Zl Tla—ap) where 0 < a; < o, o« > 0 in order to have (H2) and

0 < B < min {a— «a;} in order to obtain (H3).
0<i<m

4. UNIFORM LOCAL ATTRACTIVITY

Let B ¢ BC(I,R) be a bounded subset and 7' > ¢y — o given, where I := [ty — 0,00). For
e > 0 and u € B we denote

Wiy (u,€) = sup{lu(t) —u(s)|: t,s € [to — o, T], [t — 5| < €},
WtTo—a(Ba € = Sup{wtj;_g(u, €):u € B},

wtj;_g(B) = lil)rg)wtj;—a(Bv 6)7

wtO_U(B) = lim W,Z(;,U(B).

T—o00
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If t > ty — o is a fixed number, then let us denote
B(t) :=={u(t) : u € B},

and

diam B(t) := sup |u(t) — v(t)].
u,vEB

Finally, we consider the mapping u defined on the family Mpc (7 r) by
w(B) = wi,—o(B) + limsup diam B(t).
t—00

It can be shown that u is a measure of noncompactness on BC(I, R) in the same way that in [12].

In this section we will need the following hypothesis.
(H4) f: [to—0,00)xC([to—0,to],R) — Ris continuous and there exists h : [tg—0, 00) — [0, 00)
continuous such that

|f(t,u) — f(t,v)] < h(E)H(||u —v||) forall t>ty—o, u,ve C(ty — o,to],R),
where H : [0,00) — [0, 00) is superadditive, that is,
H(a) +H(b) < H(a+b) a,b>0.
(H5) The following properties hold

t
A:=sup [ |a(t— s)||h(s)|ds < 1;
t>tg Jig

¢
B :=sup [ l|a(t—s)||f(s,0)|ds < oc;
t>to Jtg
and
lim A"H™(t) =0, t>0.

n—o0

(H6) There exists a positive solution ry of the inequality

[ sup  ¢(t)| + AH(r)+ B <.
te|

to—o,to]

Remark 4.1. Note that H is an nondecreasing function on [0,00). Indeed, given a,b > 0 with
a < b we obtain that

H(b) > H(b—a)+ H(a) > H(a).
The following is the main result of this section.

Theorem 4.2. Suppose that (H3)-(H6) hold. Then the Equation (1.1) has at least one solution
in BC(I,R). Moreover, these solutions are uniform locally attractive.

Proof. We define

t
t t— Lug)d t> to,
(4.1) (Qu)(t) _ ¢( 0) + /to CL( S)f(S us) S 0
(1) to — o <t < to,
for every u € BC(I,R).
We first prove the existence of at least one solution. In order to do this, we proceed to verify
the hypothesis of Theorem 2.5 dividing the proof in four steps.



ATTRACTIVITY FOR FUNCTIONAL VOLTERRA INTEGRAL EQUATIONS OF CONVOLUTION TYPE 9

Step 1. BC(I,R) is invariant under G. Indeed, for any v € BC(I,R) and t > tg we get from
(H4) and (H5)
t t

[(G(u)(B)] < [o(to)] + t la(t — s)[[f (s, us) — f(s,0)|ds + t la(t = s)[|f(s,0)[ ds

t
< [o(to)| + ) Ia(t—S)\h(S)H(Ilusllcqo,O],R))d8+/t la(t = s)[[f(s,0)[ ds
t

< [o(to)| + \a(t—8)\h(8)H(HUHBcu,R))dS+/t la(t = s)|[f(s,0)| ds

to
< [o(to)| + AH(||ull e ,r)) + B
where in the third inequality we have used (3.5). This shows that G(u) is bounded in [tg, 00).
Since ¢ € C([tg — 0, to],R) we conclude that G(u) € BC(I,R).

Let ro > 0 be the real number given in (H6). We set
C:={ue BO(LR) : |ullpcar) < 7o}

Step 2. We show that G(C) C C. Indeed, let uw € C and ¢t > to. Then by step 1 and (H6),
we obtain

G(w)(t)] < |o(to)| + AH(lullper) + B < sup  [¢(t)] + AH(ro) + B < 70,

to—o<t<tg

where we used Remark 4.1. On the other hand, for t) — o <t <ty we have

G(w)(@) = o) < sup [o(t)[ < sup |o(t)| + AH(ro) + B < ro.

to—o<t<tp to—o<t<to

Hence G(C) C C.
Step 3. We prove that

limsup diam (G(W))(t) < AH(limsup diam W (t)),

t—00 t—00
for any W C C. In fact, let u,v € W and t > tg. Then by (H4), (H6) and (3.5) we obtain
t t
[(G(w)(#) = (G()(B)] < t la(t = s)||f(s,us) = f(s,05)| ds < t |a(t = s)|h(s)H([Jus — vsl|) ds
< AH(Jlu = vl).

Since H is increasing, the inequality [u — v|| < sup,,ew v — v|| implies H(|lu — v[[) <
H(supy, vew ||u — vl|). It follows that
diam (G(W))(t) < AH(JJu —v|)) < AH( sup |u—v|]) < AH(diam W (t)).

u,EW

Hence
limsup diam (G(W))(t) < AH(limsup diam W (t)).

t—o00 t—o0

Since for tg — o < t <ty we have [(G(u))(t) — (G(v))(¢)| = 0, and the claim follows.

Step 4. We prove that p(G(W)) < p(u(W)) where ¢(t) := AH(t), t > 0 and p is an arbitrary
measure of noncompactness.
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Indeed, note that by (H5) we have lim, o ¢"(t) = 0 for all ¢ > 0. Let u € W C C,
t1,t2 € [to —O',to], t1 < tg, T >ty, € >0 and |t1 —tg‘ < €. Then

1G(u)(t2) — G(u)(t1)] <

to t1
/ a(te — s)f(s,us)ds — / a(ty — s)f(s,us)ds
to to

t1 to

< [Matta =)~ atts = MGl + [ atta — s s
< [ latta =9~ attr = sl

[ latta = 9l - S0l as + [ a2 916,01

< [late2 ) ates = 1G5 )

[ latta = 1Rl + 115,00 0

< alta — ) — aftr — 5)[1£ (5, )| ds

# [t = 9l B + 15,00 s

<wi (f€) +wg (f.€) + AH (w5 (u,€));

where
t1
wlT(f, €) == sup{ la(ty — s) —a(ty — s)||f(s,us)|ds : t1,te € [to — 0, T, [ta — t1| <€, [Jul] < ro} ,
to
and
t2
sz(f, €) := sup{ la(ta — s)|[R(s)H(ro) + | f(s,0)|] ds: t1,ta € [to — 0, T, [ta — t1] < e} .
t1
Thus
wiy—(G(w),€) <wi (f,€) +wy (f,€) + AH(wf)_,(u,€)).
Then

Wig—a(G(W),€) S wi (f,€) +wy (f,€) + AH(wi,_o (W, €)).
It follows from (H3) that

w%_o(g(W)) = lim wtj;_g(g(W),e) < A’H(w%_U(W)).

0
Consequently
Wig— (GW)) = Jim_wy_ o (GW)) < AH(wiy—o(W)).
By the superadditivity of H
pGW)) := wiy—o(G(W)) + limsup diam (G(W))(t) < AH(wiy—o(W)) + AH(lim sup diam W (t))

t—00 t—o00

(4.2) < AH |wig—o(W) + lim sup diam W (t) | = o(u(W)).

t—o0
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From steps 1-4 we have that all the hypothesis of Theorem 2.5 are satisfied and hence G has a
fixed point on BC(I,R).

Finally, we prove that all solutions of Equation (1.1) are uniformly locally attractive in the
sense of Definition 2.2. Indeed, let B,, = {u € BC(I,R) : |lul| < ro}, B}, := Conv G(B,,),
B2 := Conv G(B},) and so on. Then B}, C By, Bt € Bl for n =1,2,.... It is clear that
these sets are nonempty, closed and convex. Using the inequality (4.2) and by an inductive
argument we obtain that

w(Br) < A"H"(u(Br,)) n=1,2,3,....
From (H5) we conclude that
. ny
Jim_ p(By) = 0.
Let B =32, By, . Asin [24, Theorem 4.8], we get that the set B is nonempty, bounded, closed,

convex and invariant under G. Then

lim sup |u(t) — v(t)| < wiy—o(B) + lim diam B(t) = u(B) < lim p(BE) = 0.
=00 4 veB t—o0 k—ro00

We conclude that all solutions are uniformly locally attractive. (|

5. APPLICATIONS

Example 5.1. We consider the following integral equation

t a—1
/ (t — 5) efé(tfs)ef'ysef sinu(s—1) ds t >0,
(5.1) u(ty=4 Jo Tla)
te™ —-1<t<o.
where § > v > 0 and o > 0. Choosing ¢(t) = te™! for t € [-1,0], a(t) := %e“st, t >0,

and f(s,¢) = e e ¢ where ¢ € C([—1,0],R) we have that (5.1) is in the form of
(3.1) with to = 0 and o = 1. Observe that us : [—1,0] — R, us(—1) = u(s — 1) and therefore
f(s,us) = e~ e 50u=N  We will verify the conditions (H1)-(H3).

(H1) (a) For every u € C(]—1,00),R) we have the function

tes f(t,u) =e Ve sinu(t—1)
1s Lebesgue measurable since it is a continuous function for all t > 0.
(b) Let ¢ € C([—1,0],R). We see that the function
F:C(-1,0,R) — R
Y= [t 1))

is continuous. Indeed, let (¥™)nen be a sequence in C([—1,0], R) such that ||¢" | c(—1,0,r) — 0
as n — 0o. Applying the mean value theorem we obtain

f(8 ") = f(t )] = e lem D e eED] < o fefy (1) — (1))
<l — g >0 (n - o0).
(H2) Let H : [0,00) — [0,00) defined by
1—~t

H(t) == G t>0.
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Then H wvanish at the infinity and for t > 0 and we have

t _ t t
/ a(t — 5)6—"186— sinu(s—1) ds| = 6/ a(t _ S)e—’YS ds = 6/ a(T)e—"{(t—’T) dr
0 0

0

1—~t

< el /OO ea(r)dr = 67,
0 (") (6 =)

where in the last equality we have used [21, Formula 3.381(4)].
(H3) Let 1 —a < < 1. Using again [21, Formula 3.381(4)] we obtain

a—1 a—1+4 az1+8
2 1/6 — / s _ES _ 7[3 P
(5.2) /O la(s)|™ /7 ds i a)l/ﬂ ds NORAE
Moreover,
o o0 sin y(—1)
/ |f(5a¢))’1//8d5 < / 6_%86_$d3 < %
0 0 ¥

for each ¢ € C(|—1,0],R). Finally, from the continuity of a(t) it is clear that
t
(5.3) mn/|as+m—ﬂ@nﬁmu:o.
h—0 0

Hence, all conditions of Theorem 3.1 are satisfied and we can conclude that the Equation (5.1)
has at least one attractive solution in C([—1,00),R) whenever § >~ >0 and a > 0.

Example 5.2. We consider the problem

/t (t—s) e0(t=s) ol In(1 + |u(s —1/2)|) ds t>0
v=° — _ :
54)  up)={ o T@ L+s
tex —I <1<,
where § > 1 and o > 0. Here ¢(t) = tex for t € (5.0, a(t) := Fa(;; =t t >0, and
2
s .
f(s,0) := T+t In(1 + |¢(=m/2)|) for ¢ € C([-35,0],R). Equation (5.4)

has the form of the
problem (3.1) with to = 0 and o = 5. We will verify conditions (H3) — (H6).

(H3) Let 1 —a < < 1. From [21, Formula 3.251 (11)] we obtain that

$2/6

[0 s = 2 [T s < o

and from (5.2) and (5.3) we conclude that (H3) is verified for the kernel a(t).
(H4) It is clear that f is continuous. Taking h(t) :==1, t > —o and H(t) :=In(1+1t), t > 0,
we obtain that

2 14+ |u(—m/2 u(—m/2)| — lv(—7/2
760 = 00 = e () <o (0 M)

<In(l+ |u(=7/2) = v(=7/2)]) <In(1 + [lu — vl (-7 0.7)

= h(O)H([lu = vllc(-z0m)-
Finally, note by [4, Remark 3.2] that H is superadditive.
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(H5) Note that the condition § > 1 implies A < 1. Also

¢
B = Sup/ la(t — s)|f(s,0)ds = 0.
0

t>0
From [4, Lemma 2.1] we obtain
lim A"H"(t) =0
n— o0

(H6) Since §+/e = SUp_z <;<o ]te%\ we have that for any r > 0 such that

3Ve

>
=174

we get
sup |¢(t)| + AH(r) + B < g\/é+ Ar <1,

s
~T<1<0

Hence the hypothesis of Theorem 4.2 are fulfilled and consequently the Equation (5.4) has at

least one uniformly locally attractive solution in BC([—%,00),R) for any 6 > 1 and o > 0.
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