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ABSTRACT. Using a generalization of the semigroup theory of linear operators, we prove
existence and uniqueness of mild solutions for the semilinear fractional order differential

equation
Dyttu(t) + pDfu(t) — Au(t) = f(tu(t), t>0, 0<a<B<1,pu>0,

with the property that the solution can be written as w = f + h where f belongs
to the space of periodic (resp. almost periodic, compact almost automorphic, almost
automorphic) functions and h belongs to the space Py(R4,X) := {¢ € BC(R4,X) :

lim7 o0 7 fOT [|#(s)||ds = 0}. Moreover, this decomposition is unique.

1. INTRODUCTION

Our concern in this paper is the existence, uniqueness and regularity of bounded solu-

tions for fractional order differential equations of the form
(L1) DEFult) + pbu(t) — Au(t) = f(t,ult), >0,

with prescribed initial conditions «(0) and u'(0), and where A : D(A) C X — X is sec-
torial of angle 87/2, f is a vector-valued function, and D] denotes the Caputo fractional

derivative of order 7.
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Fractional order differential equations represent a subject of increasing interest in dif-
ferent contexts and areas of research, see e.g. [1, 3, 13, 14, 16, 27, 29], the survey paper
[11] and the references therein. Our motivation to study equation (1.1) comes from recent
investigations on the subject. Indeed, in the article [24] the author studied existence and
uniqueness of solutions for the abstract equation (1.1) in the special case a =  and in
the article [31] the authors studied the nonlinear two-term time fractional diffusion wave
equation (1.1) with0 <a < f—1and A = %.

In the recent paper [15], asymptotic behavior for mild solutions of (1.1) was stud-
ied. However, to the best of our knowledge, no study has investigated the existence and
uniqueness of pseudo asymptotic mild solutions for equation (1.1).

The concept of pseudo asymptotic solutions, which is the central subject in this paper,
was introduced by Zhang [33], [34], [35] for almost periodic functions in the early nineties.
Since then, such a notion became of great interest. For more on the concepts of pseudo-
almost periodicity, pseudo-almost automorphy and related issues, we refer the reader to
[32] and [17].

In [15] the authors proved that it is possible to give an abstract operator approach to
equation (1.1) by defining first an ad-hoc solution family of strongly continuous operators
Sa,p(t) for (1.1) in case f = 0. It turns out, that it is a particular case of an (a,k)-
regularized family [19] and a generalization of the semigroup theory. Then, the solution
of equation (1.1) can be written in terms of a kind of variation of constants formula. It
give us the necessary framework to apply an operator theoretical approach in the analysis
of pseudo asymptotic solutions for the abstract fractional order differential equation (1.1).

We outline the plan of the paper as follows. In section 2, we recall the concept of
fractional order derivatives and some properties of (¢, #),-regularized families. In section
3 we consider the linear case, that is f(¢,u(t)) = f(t) and show existence and uniqueness
of pseudo asymptotic solutions of our problem. The existence, uniqueness and the pseudo

asymptotic behavior of mild solutions of the semi-linear problem is investigated in Section
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4. Existence is proved by means of the contraction mapping theorem. Finally, we conclude
the paper by giving a concrete example where the situation in the previous sections can

be applied.

2. PRELIMINARIES

Let @« > 0, m = [a| and u : [0,00) — X, where X is a complex Banach space. We
denote by R, the closed interval [0, 00). The Caputo fractional derivative of u € C(Ry)

of order « is defined by

t
Diu(t) := /o Gm—a(t — s)ul™(s)ds, t >0,

where gg(t) = %, t >0, 8>0,and in case § = 0 we set go(t) := do, the Dirac measure

concentrated at the origin. When a = n is integer, we define D} := jt—z, n € N.

We denote by
BC(X):={f:R— X : fis continuous, ||f||e :=sup||f(t)|] < oo},
teR

the Banach space of X-valued bounded and continuous functions on R, with natural norm.
Now we turn our attention to the family of function spaces built on X and which will

play a key role in our study.

Let Pr(X) :={f € BO(X): f(t+T) = f(t) Vt € R} be the space of all vector-valued
periodic functions, with fixed period 7' > 0. We denote by AP(X) the space of almost
periodic functions (in the sense of Bohr) which consists of all functions f € BC(X) such
that for each € > 0 there exists a T' > 0 such that every subinterval of R of length T
contains at least one point 7 such that || f(t+7)— f(¢)||cc < €. This definition is equivalent
to the so-called Bochner criterion (cf. [26, Theorem 3.1.8]), namely, f € AP(X) if and
only if for every sequence of reals (s/,) there exists a subsequence (s,,) such that (f(-+s$,))

is uniformly convergent on R.
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The space of compact almost automorphic functions will be denoted by AA.(X). Recall
that a continuous bounded function f belongs to AA.(X) if and only if for all sequence
(s],) of real numbers, there exists a subsequence (s,,) C (s/,) such that lim, ., f(t+s,) =:
f(t) and lim,,_ f(t — s,,) = f(t) uniformly over compact subsets of R.

The space of almost automorphic functions is defined as follows

AA(X) :={f € BC(X): for all (s)), there exists (s,) C (s},) such that

lim f(t+s,) =: f(t) and lim f(t —s,) = f(t)Vt € R},

n—o0 n—o0

and is endowed with the norm || - ||o.. Almost automorphic functions were introduced by
Bochner in connection to some aspects of differential geometry [6, 5, 4, 7]. For more details
about this topic we refer to the book [26] where the author gave an important overview
about the theory of almost automorphic functions and their applications to differential
equations. We note that more general classes of function spaces have been introduced
and recently applied to semi-linear differential equations (see [18] and references therein).

We have that Pr(X), AP(X), AA.(X) and AA(X) are Banach spaces with the norm

|| - || and the following inclusions hold:
Pr(X) C AP(X) C AA(X) C AA(X) C BC(X).

Now we define the space Py(Ry, X) := {f € BC(Ry,X) : limy o0 fOT [|f(s)]|ds =
0}, and define the space of pseudo asymptotically periodic functions as PPr(Ry, X) =
Pr(X) @ Py(R4, X). Analogously, we define the space of pseudo asymptotically almost
periodic functions PAP(R,, X) := AP(X) @ Py(R,, X), the space of pseudo asymptot-
ically compact almost automorphic functions, PAA.(R,, X) = AA.(X) & B(R,, X),
and the space of pseudo asymptotically almost automorphic functions PAA(R, X) :=
AAX) @ Py(Ry, X).
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We have the following natural inclusions
PPr(Ry, X) C PAPR,,X)C PAA.(R.,X) C PAAR,,X) C BCO(R,4, X).

Note that all the inclusions are proper. Let A € {Pr(X), AP(X), AA.(X), AA(X)}.

Definition 2.1. We say that a function u is a pseudo asymptotic solution of the equa-
tion (1.1) if u is a solution and belongs to any of the spaces PPr(R,, X), PAP(R,, X),
PAA.(R,, X) or PAA(R,, X).

Lemma 2.2. Let X be a Banach space, h € L}OC(R+,X). If limy,oo || R(2)]] = O then
he Py(R., X).

Proof. We apply the Theorem 4.1.2 of [2] to the function f(t) := ||h(t)|| and obtain the

conclusion of the lemma. O

Lemma 2.3. Let {S(t)}>0 C L(X) be a uniformly integrable and strongly continuous
family. Let g € A and set z(t) := ffoo S(t—s)g(s)ds. Then z € Py(R,, X).

Proof.

< [ Ie=9)llg(e)ds < lle [ 151 ds 0. (¢ = o).

t

Jot = | [ ste—spate) s

It follows from Lemma 2.2 that z € Py(R;, X). O

Lemma 2.4. Let {S(t)}>0 C L(X) be a uniformly integrable and strongly continuous
family. If h € Py(Ry, X) then S+ h € Py(Ry, X).

Proof. Let h € Py(Ry, X). Note that the function defined by ¢r(s) := + OT_S |h(w)]| du

is decreasing on R, Furthermore, ¢r(0) = 7 fOT |h(u)]] du — 0 as T — oo by hypothesis.
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From Fubini’s Theorem we have that
LTS e m@lde < L/[/usw»mm s a

::TA[[nﬂ|Ww—sM@@
%AW&)M/uhvwnﬂds
= [ison [z [ weiad o

- AnﬂﬁWA@s

< /0 HS(S)”(SOT(O))dsS(,OT(O)/ 1S(s)|| ds — 0, (as t — o).

0

Hence S« h € Py(Ry, X). O

In order to give an operator theoretical approach to equation (1.1) we have the following

definition.

Definition 2.5. ([15]) Let n > 0 and 0 < «, 8 < 1 be given. Let A be a closed linear
operator with domain D(A) defined on a Banach space X. We call A the generator

of an («, B),-reqularized family if there exist w > 0 and a strongly continuous function

Sap: Ry — B(X) such that {\*T' + u) : ReX > w} C p(A) and
HN\)z =2\ 4+ )\ — A) e = / e MS,s(t)xdt, Red>w, z€X.
0

Because of the uniqueness theorem for the Laplace transform, if 4 = 0 and a = 0, this
corresponds to the case of a Cy-semigroup whereas the case p = 0, a = 1 corresponds
to the concept of cosine family. For more details on the Laplace transform approach to
semigroups and cosine functions, we refer to the monograph [2].

Let us recall that a closed and densely defined operator A is said to be w-sectorial of

angle 0 if there exists 6§ € [0,7/2) and w € R such that its resolvent exists in the sector
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wH Sy ={w+A:A€C, |arg(N)] < § +0}\ {w}, and

(2.1) Il — A7 < A€ w+ Sp.

A —wl’

These are generators of holomorphic semigroups. In case w = 0 we merely say that A is
sectorial of angle §. We should mention that in the general theory of sectorial operators,
it is not required that (2.1) holds in a sector of angle 7/2. Our restriction corresponds to
the class of operators used in this paper.

Sufficient conditions to obtain generators of an (o, 3),-regularized family are given in

the following result.

Theorem 2.6. ([15]) Let 0 < a < <1, p >0 and A be a w sectorial operator of angle

pr/2. Then A generates a bounded (c, 3),-reqularized family.

We next consider the linear fractional differential equation
(2.2) Dt u(t) + pDPu(t) — Au(t) = DOF(t), t>0, 0<a<B<1,pu>0,

with initial conditions u(0) = x, v/(0) = y and A is a w-sectorial operator of angle S /2.
Recall that a function u € C'(R,;X) is called a strong solution of (2.2) on R, if
u(t) € D(A) and (2.2) holds on R;. We have the following result.
If A is w-sectorial of angle fm/2 then, by [15, Cor.3.4] and Theorem 2.6, a strong
solution for (2.2) always exists and is given by:
(2.3)

u(t) = Sop(t)r+(91%5,6) ()Y +11(g1 40— Sas () T+ (Sapx)(t), 0 <a<B<1, p>0,

where z,y € D(A); f : Ry — D(A) and S, (t) is the (a, ) ,-regularized family generated
by A. If merely z,y € X and f: R, — X instead of the domain of A, we say that u given

by the formula (2.3) is a mild solution of the linear equation (2.2).
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In order to study the pseudo asymptotic behavior of mild solutions, we need the fol-

lowing result on the integrability of the («, 3),-regularized family generated by A.

Theorem 2.7. ([15]) Let 0 < a < 8 < 1, u > 0 and w < 0. Assume that A is an
w-sectorial operator of angle B /2, then A generates an (o, B),-reqularized family Sq 5(t)

satisfying the estimate

C

2.4 <
24) ISs(tll < Ty

t>0

?

for some constant C' > 0 depending only on «, 3.

3. PSEUDO ASYMPTOTIC SOLUTIONS: THE LINEAR CASE

Let M(X) € {PPr(Ry, X), PAP(R, X), PAA.(R;, X), PAA(R,, X)}. We can prove

the following theorem which is the main result in this section.

Theorem 3.1. Let 0 < o < <1 and p > 0. Assume that A is an w-sectorial operator
of angle Bm/2 with w < 0. Then for each f € M(X) there ezists a unique mild solution
u of equation (2.2) such that v € M(X).

Proof. Let f € M(X) be given. By Theorem 2.7, A generates a uniformly integrable
(o, B),-regularized family S, g(t) on the Banach space X, and the unique mild solution
for (2.2) is given by (2.3), that is;

u(t) = Sa,p(t)T+(91%50,6) ()Y +1(g1+a—s%Sa,8(t)) T+ (Sasx f)(t), 0<a<B <1, pu>0,

where z,y € X. Let A € {Pr(X),AP(X), AA.(X),AA(X)}. We claim that S, 5 * f €
M(X). In fact, for f = g+ h where g € A and h € Py(R, X), we have that

t 0

(Sap* f)(t) = / Sap(t —s)g(s)ds — / Sa,p(t —s)g(s)ds + /0 Sa,p(t — s)h(s)ds.

—0o0 —00
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By [25, Th. 3.3] we conclude that the first term on the right hand side of the above
equality belongs to A. On other hand, Lemma 2.3 and Lemma 2.4 imply that the second
and third term on the right hand side belong to Py(R4, X).

Now, note that by (2.4) we have lim;_,« ||Sa5(t)|| = 0. From the Lemma 2.2 we obtain
that S, 5(t) € Py(R4, X). Hence S, 5 € M(X). We now prove that g, ¥ S, 3 € M(X).
In fact, by (2.4) we have sup,.., ||tS,5(t)|| < 0o, for each 7 > 0. Since A is an w-sectorial
of angle 35 then 1Sas(N)|| = 0 as A — 0. Thus, by the vector-valued Hardy-Littlewood
theorem (see [2, Theorem 4.2.9]) we conclude that |[(g1 * Su)(t)]| — 0 as ¢t — oo. The
conclusion follows from Lemma 2.2. It remains only to show that gi1q-p % Sa s € M(X)
for a < B. To see this, we estimate ||g11a—p * Sa5(t)|| as follows. Let 0 < e < f — a be

given, then
t
91405 * Sap®)] = |T(B—a—e¢) /0 Gia—p(t = T)gg—a—e()TOPTHLS, 5(7)dr ]|
¢
< (== [ grraslt = gaa-dr P Su(r)ldr
0

where, thanks to (2.4), we have that

MTa—,B—f—e—l MT—5+6
['(B—a—erePrel|S, s(1)| < = , 7>0.
(B =am e Sl < P =

Since € < 3, there exists a constant C' > 0 such that 7@=#+<+1||S, 5(7)|| < C. Therefore,

t
110 % Sas(®l] < C [ grracslt = Pigs-ardr)dr = Corft) = CE
0

which shows that ||g1+a-p* Sas(t)]| — 0 as t — co. By Lemma 2.2 we can conclude that
G1+a—p*Sa5(t) € Po(R4, X). Therefore g14o-p* Sa s € M(X) and finally, we have shown
that u € M(X). O

For further use, we state the following immediate corollaries. The first, shows existence

and uniqueness of pseudo almost periodic mild solutions of equation (2.2).
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Corollary 3.2. Let 0 < a < <1 and > 0. Assume that A is an w-sectorial operator
of angle fr/2 with w < 0. Then for each f € PAP(Ry, X) there exists a unique mild
solution u of equation (2.2) such that uw € PAP(Ry, X).

We next give existence and uniqueness of pseudo almost automorphic mild solutions of

equation (2.2).

Corollary 3.3. Let 0 < a < <1 and > 0. Assume that A is an w-sectorial operator
of angle fm/2 with w < 0. Then for each f € PAA(R,, X) there exists a unique mild
solution u of equation (2.2) such that u € PAA(R,, X).

4. PSEUDO ASYMPTOTIC SOLUTIONS: THE SEMILINEAR CASE

Define the Nemytskii superposition operator N (¢)(-) := f(-,¢(+)) for p € M(X). We
define the set M(R,. x X;X) to consist of all functions f : Ry x X — X such that
f(-,x) € M(X) uniformly for each z € K, where K is any bounded subset of X. From

now on, we also denote
1 (T
Py(RyxX,X)={f e BOR xX,X): Tlim T/ ||f(t,x)||dt = 0 uniformly on any subset of X}.
— 00 0

In what follows we study existence and uniqueness of solutions in M(X) for the semi-

linear fractional order differential equation
(4.1) DX lu(t) + ,quu(t) — Au(t) = Dy f(t,u(t)), t>0, 0<a<p<I1, wu>0,

where A is an w-sectorial operator of angle S7/2 with w < 0, u(0) = z and «/(0) = v.

In view of the linear case, the following definition of mild solution is natural. Note
that in the borderline case = 0 and o = 1 it corresponds to the notion of mild solution
for the semi-linear problem " (t) = Au(t) + f(¢, u(t)) under the hypothesis that A is the
generator of a cosine family C(t). In fact, in this case: S o(t) = C(¢) and the associate

sine family is equal to (g1 * S10)(%).
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Definition 4.1. Suppose 0 < a < <1, u > 0. A function u: R, — X is said to be a

mild solution to Equation (4.1) if it satisfies

(4.2) UG):=SEﬁ(ﬂa*+(91*SAﬁ)@)y4—th+a—ﬁ*SEﬁ(ﬂ)ﬁ%—jg Sap(t —s)f (s, u(s))ds,

for eacht € Ry and z,y € X.
We next give a result on existence of mild solutions for the semi-linear problem.

Theorem 4.2. Let 0 < a < <1 and pu > 0. Assume that A is an w-sectorial operator
of angle 67/2 and w < 0. Let f : Ry x X — X be a function on M(R, x X;X) and

assume that there exists a bounded integrable function Ly : Ry — R satisfying

(4.3) 1F () = f(E )l < L)l = yll,

for all x,y € X and t > 0. Then Equation (4.1) has a unique mild solution u € M(X).

Proof. Let S, (t) be the (o, §),-regularized family generated by A (cf. Theorem 2.7).
We define the operator K, s on the space M(X) by
(4.4)

(K 510)(£) = S (D)2 + (91 % S 5) (05 + 1101005 * S (1)) + / Sualt — ) f (5. u(s))ds.

From the proof of Theorem 3.1, we know that S, s(t)x + (g1 * Sa,8)(t)y + 1(g14a—p *

Sap(t))r € M(X). Moreover by [25, Theorem 4.1] we conclude that the function s —

f(s,u(s)) is in M(X). Then, by hypothesis and in the same way as in the proof of

Theorem 3.1, we arrive at the conclusion that /t Sa.p(t —s)f(s,u(s))ds is also in M(X)
0
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and thus K, g is well defined. Let u, v be in M(X). Observe that
t
|(Kapu)(t) = (Kapv) ()] < /O [15a,8(t = s)II[[.f (s, u(s)) — f(s,v(s))|lds
t
< [ St = DML luts) = ofs) s
t
< [|Sapllallu = Ul\oo/O Ly(s)ds < [[Sapllillu = vllool[Lfll1-

By induction, we find the following estimate:

I s0) = (20O < 2220 = ol | Ly ( | Lfmch)”_l ds
= WSl oy ([ 2yryar)

1Sl
< S fu = ol LI

Since %HLJ“H? < 1 for n sufficiently large, applying the contraction principle we

conclude that I has a unique fixed point u € M(X) such that (K, gu)(t) = u(t). O

The following corollaries are immediate consequences.

Corollary 4.3. Let 0 < a < <1 and p > 0. Assume that A is an w-sectorial operator
of angle /2 and w < 0. Let f : R, x X — X be a function on PAP(R, x X; X) and
assume that there exists a bounded integrable function Ly : Ry — Ry satisfying (4.3).
Then Equation (4.1) has a unique mild solution u € PAP(R,, X).

Corollary 4.4. Let 0 < a < <1 and > 0. Assume that A is an w-sectorial operator
of angle Br/2 and w < 0. Let f: Ry x X — X be a function on PAA(R, x X; X) and
assume that there exists a bounded integrable function Ly : Ry — Ry satisfying (4.3).

Then Equation (4.1) has a unique mild solution u € PAA(R,, X).

To finish, we present one example, which do not aim at generality but indicate how our

theorems can be applied to concrete problems.
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Example 4.5. Suppose that b € L*(Ry) and b(t) — 0 as t — oo. Then the equation
(4.5)

2

Dt (e, t)+pDlu(x, t) = %u(m,t)—l—Tu(:c,t)—l—Df‘[b(t) sin(u(t))], t>0, 0<a<p<I1,

where T < 0 s fixed, with initial and zero boundary conditions has a unique mild solution
u(t, ) which decomposes as a sum of a first part which is almost automorphic (possibly

zero) and a second part that belongs to the space Poy(Ry x X, X).

Indeed, the equation (4.5) is of the form (4.1) with Au = %u + 7u and f(t,u) =
b(t) sin(u(t)). Setting the Dirichlet boundary conditions u(0,t) = u(27,t) = 0 we consider
A with domain D(A) := {u € L*0,2n] : v" € L*0,27];u(0) = u(27) = 0} and f(¢,x) =
b(t) sin(x). Then it is wellknown that the operator A is w sectorial with w = 7 < 0 and
angle 7/2 (and hence of angle S7/2 for all 3 < 1). On the other hand, since b € L'(R.)

and b(t) — 0 as t — oo, we have

£t w) = f(t,0)]3 = /07r [b(t)[?| sin(u(s)) — sin(v(s))[*ds < [b(t)*[lu — v]}3,

and the condition (4.3) holds. Hence the hypothesis of Theorem 4.2 are satisfied and thus

the conclusion of the example follows.
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