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ABSTRACT. We establish sufficient conditions for the existence and uniqueness of
(N, X)-periodic solutions for the following abstract model
A%u(n) = Au(n + 1) + f(n,u(n)), neZ,

where 0 < a < 1, A is a closed linear operator defined in a Banach space X, A“
denotes the fractional difference operator in the Weyl-like sense and f satisfies
appropriate conditions.

1. INTRODUCTION

In this article, we investigate the existence of a class of solutions for the abstract
fractional difference equation

(1.1) A%u(n) = Au(n+ 1) + f(n,u(n)), n €Z,

called (N, \)-periodic solutions. In (II]), A is a possibly unbounded operator defined
on a Banach space X and f : Z x X — X is given. This class of (IV, A)-periodic
functions was introduced in the reference [6] as the discrete counterpart of the notion
of (w, ¢)-periodic functions [10], a notion that has been studied by various authors,
see e.g. [8, (9] (15 [16], 17, 18, 20} 26] and [30]. Tt is worth noting that class of (N, \)-
periodic functions contains the classes of discrete periodic (A = 1), discrete anti-
periodic (A = —1), discrete Bloch-periodic (A = ¢*V k € Z fixed) and unbounded
functions.

Existence and uniqueness of (N, \)-periodic solutions for scalar models, such as
Volterra difference equations with infinite delay, were recently investigated in [6].
Anticipating a growing theoretical and practical interest in this class of solutions,
we study in this article the existence and uniqueness of solutions for the abstract
Cauchy problem (ILT)). This problem extends the class of models under study so
far, to the broader context of partial difference-differential equations, that is vector-
valued models, since A could be an unbounded operator defined in a Banach space X,
e.g. the Laplacian operator on L?(R%). In fact, as we will reveal in this investigation,
when A is the generator of a Cy-semigroup that is strictly contractive, plus other
conditions on the non-linear term, then the existence of (N, A)-periodic solutions for
(LI) can be guaranteed.
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Discrete fractional calculus has received considerable interest in recent years due to
its interaction with applied mathematics and computation. We refer to the articles
[13] for applications to interval-valued systems, [3] for applications to chaotic systems
with short memory and image encryption, [14] for applications to variable-order
fractional discrete-time recurrent neural networks, [31] for applications to image
enhancement and [32] for applications to Lyapunov functions for Riemann-Liouville-
like fractional difference equations.

The existence of solutions for the abstract model (ILI]) began to be studied in the
articles [21] and [I2] in its linearized form. Subsequently, maximal regularity in
Lebesgue spaces of sequences was studied in [23]. In case A is bounded, weighted
bounded solutions were studied in [24]. In [I] the existence of almost automorphic
mild solutions was studied.

However, the existence and uniqueness of (IV, A)-periodic solutions is an open topic
that deserves to be investigated. The objective of this work is to solve this problem.

As methods, we use the technique of resolvent sequences of operators, a tool that
was introduced in 2017 by Lizama [2I] and has been used in several articles since
then. Using this method, an explicit representation of the solution for (II]) can be
obtained, which allows the use of several fixed point theorems.

Recently it has been shown that resolvent sequences of operators can be related to
each other by means of a subordination principle [7], at least when 0 < o < 1. In
this work, we will refine the results in [7] observing that the only necessary condition
to obtain the existence of resolvent sequences of operatorsis: 1 € p(A), the resolvent
set of A. This crucial observation is stated in the Theorem [3.1] below, and follows
from the subordination principle which we will generalize here by using an extension
of the discrete version of the Lévy a-stable distribution.

So our main result regarding the solubility of (ILI]) can be proved and it says the
following: Suppose that 1 € p(A) and

(1.2) ra=(I-A)7" <1
Assume that there exists (NV,A) € N x (C\ D) and a constant L > 0 such that
f(n+ N, \x) =Af(n,z) for all (n,z) € Z x X and
1f(n,2) = f(n,y)ll < Lilz =yl
for all z,y € X and all n € Z. If

(1.3) L<(1—W)a+(%—1),

then equation (LI]) has a unique (NN, A)-periodic solution in a mild sense.

This article is organized as follows: Section 2 is devoted to the preliminaries about
the notion of fractional order difference operator A® that we will use. We will also
remember the notion of Mittag-Leffler sequence and of (u,v)-resolvent sequence
of operators. We end this section by remembering the definition of (N, \)-periodic
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sequence. Section 3 introduces the notion of a scaled Wright sequence and lists some
of its main properties. Also in this section we establish the important Theorem [B.1]
showing that the condition 1 € p(A) is sufficient for the existence of (p, v)-resolvent
sequence of operators. Then we prove the Theorem [3.4] which says that under the
condition (L.2) the summability of (v, v)-resolvent sequences can be ensured. Using
this relevant fact, we solve in Section 4 the problem of existence and uniqueness
of (N, A)-periodic solutions for the equation (LI). See Theorem A5l Finally, an
example is given where A is the one-dimensional Laplacian in X = L*(0,1).

2. PRELIMINARIES.

Let X be a complex Banach space with norm || - || and B(X) denotes the Banach
space of all bounded operators defined on X. For a real number a, we denote
N, :={a,a+1,a+2,---} and when a = 1 we write N . We recall that the finite
discrete convolution * of two sequences f, g : Ny — X is defined by

= Z fn—3)g(j), n €N

We denote by s(Z, X) the vector space consisting of all vector-valued sequences
f:Z — X. For f € s(Z,X), we recall that the forward difference operator
A:s(Z,X)— s(Z,X) is defined by

Af(n):=f(n+1)— f(n), neZ.
On the other hand, for an arbitrary a € C\ {0,—1,—-2,...} the Cesaro sequence
{k*(n)}nen,, introduced in [21] (see also [33]), is defined by

I'(a+n)
[(a)n! ’

In case a = 0 we define k°(n) := dy(n) the Kronecker delta.

(2.1) k*(n) == n € Ny.

The following equality and estimate holds: for a > 0

K (n) = nl%w (1 10 (%))

1 1
<k%(n) < =——— e N.
om0 <ggee "
Further, given «, 5 > 0, the sequence k* satisfies the semigroup property in Ny, that
is,
(2.3) (E* * kP)(n) = k*"F(n), Vn € Ny,

see [2 Section 2|. Given a > 0, we define the set

e;(Z,X)::{feSZX Z |t f y<oo}

n=—oo

and for 0 < a0 < 1,

(2.2)
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It is clear that £}, (Z, X ) is a Banach space under the norm || f|[, := Z [n*tf(n)]|.

n=—oo

If a = 1 then we simply write ¢*(Z, X). Now, suppose that 0 < o < 1. Observe
that, if f € ¢/(Z, X) then

Il = D In @) < Y 1)l < co.

Hence, (*(Z,X) C LL(Z,X) for 0 < a < 1.

The theory and applications of operators defined by means of the Cesaro sequences
defined on Ny have been worked in different investigations (see for example [2, [7], 1T,
211, 22 27]). In this paper we will work with the following fractional sum operator
defined on Z in the reference [1].

Definition 2.1 ([I]). Given 0 < o < 1 the a-th fractional sum operator A~ :
MZ,X) — s(Z,X) is defined by means of the formula

(2.4) A f(n) = Y k*(n—5)f(), feZX).

j=—o00

Remark 2.2. Note that, for « =0, A= f(n) = f(n).

The next definition about fractional differences operators in the sense of Riemman-
Liouville and Caputo was introduced by Abadias and Lizama in [1].

Definition 2.3. Let 0 < a < 1 and f € (*(Z,X). The Caputo fractional difference
operator of order « is defined by

A f(n) == ATTIAF(n),
and the Riemann-Liouville fractional difference operator of order o is defined by

(2.5) rRAYf(n) == AN~ f(p),

Given f € (}(Z, X), it was proved in [I] that
rAYf(n) = A%f(n), n € Z.
Therefore, from now on, we will simply denote by A% either RA“ or .A°.

Now, we recall the notion of Mittag-Leffler sequence defined and studied in the
references [7, 21} 25] 27].

Let o, 5 > 0 and o € C be such that |o| < 1. We define

(2.6) Eaployn) = ok (n), n € No.
j=0
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Note that the series on the right hand side of (2.6]) converges by (2.2)). Furthermore,
the Z-transform of the Mittag-Leffler sequence exists for |z| > 1 (see [7]), and is

given by
z 1\’ 2 \"\ "
N _
o= (2 (e ()

Motivated by [7, (the proof of ) Proposition 4.6], we get the following result regarding
the asymptotic behavior of the Mittag-Leffler sequence.

(2.7)

M

Il
o

J

Theorem 2.4. Let 0 < o < 2, ,C > 0 and 0 € C be such that |o| < 1. The
Mittag-Leffler sequence (2.6)) satisfies the following inequality
C

ga — U, < )
Eus—om)| < T

nENO

Proof. By (2.6), the inequality (2.2) and [28, Theorem 1.6] the result follows. [

Next, we recall the concept of discrete (v, o)-resolvent sequence defined in [7, Section
4, Definition 4.4]. Also, useful results related with this definition are given.

Definition 2.5. Let o, > 0 be given and A be a closed linear operator with domain
D(A) defined on a Banach space X. An operator-valued sequence {Sp ,(1) tnen, C
B(X) is called a discrete (a, o)-resolvent sequence generated by A if it salisfies the
following conditions:

(1) Sap(n)x € D(A) for all x € X and S, ,(n)Ax = AS, ,(n)x for each n € Ny
and x € D(A);

(17) Sap(n)r = ke(n)z + A(k® % Sap)(n)x for alln € Ny and each x € X.
We finish this section recalling the notion of (N, A)-periodic sequences and their

main properties. The notion of (IV, \)-periodic sequences was introduced in [6] as a
discrete counterpart of the concept of (w, ¢)-periodic functions defined in [10].

Definition 2.6 ([6]). A vector-valued function f :Z — X is called (N, \)-periodic
discrete function (or (N, X)-periodic sequence) if there exist N € N and A € C\ {0}
such that f(n + N) = Af(n) for all n € Z. N is called the A-period of f. The
collection of those sequences with the same \-period N will be denoted by Py (Z, X).

The following result is central for the theory.

Proposition 2.7 ([6]). A function f is (N, \)-periodic discrete function if and only
if there exists u € Pn(Z, X) such that
(2.8) f(n) = X'(n)u(n), for all n € Z,

where \\(n) := XN,
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The vector-valued space of sequences Py, (Z, X) is a Banach space with the norm
(2.9) [ fllwa == max [[A*(=n)f(n)].
nel0,N]

3. THE DISCRETE SCALED WRIGHT FUNCTION AND SUMMABILITY OF
RESOLVENT SEQUENCES

In [7], the authors introduced a discrete version of the Lévy a-stable distribution
which can be defined as

(3.1) lo(n,j) = Z <‘Z) (=)' “(n), 0<a<l, n,j€eN,.

The sequence [, is a probability density function in n, which means that

(3.2) 0<la(n,j) and ) la(n,j) =1

This representation of the discrete Lévy function allowed to establish a subordina-
tion principle which relates a discrete (a, g)-resolvent sequence with a C-semigroup
generated by a given closed linear operator A defined on a Banach space X (see [7]).
The following result is a consequence of this fact.

Theorem 3.1. Let 0 < a < ¢ < 1 be given. Let A be a closed and linear operator
defined on a Banach space X such that 1 € p(A). Then the family

o0

(3.3) Sap()z =Y (k7 x1o(-,§)(n)(I = A0z, neNg, z€X,

5=0
is a discrete (o, p)-resolvent sequence generated by A.
Proof. By hypothesis, C':= (I — A)~! exists and the operator {7 (n)}.en, given by
T (n) = (I — A)~™*1) is bounded on X. On the other hand,

7'( ) ([ A) (n+1) _ Cf(nfl)T<1)n

Hence, the operator {7 (n)},en, is a the discrete C-semigroup (see [7]). Thus, the
result follows from Theorem 4.5 of [7]. O

The concept of scaled Wright function in the continuous case was introduced by
Abadias and Miana in [5]. Motivated by the above theorem, we propose in this
paper the following definition.

Definition 3.2. Let 0 < a < 1 and 0 < 8 be given. For n € Ny the discrete scaled
Wright function ¢, g is defined by

(3.4 o) :Z() 145 ).
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Some properties of the discrete scaled Wright function can be deduced from those
properties of the Lévy a-stable distribution. They are stated in the following remark.

Remark 3.3. (i) Note that, by 23) and (BJ)
9004,5(77'7.].) = (kﬁ * la(a]))(”)

and, in particular, ©q0(n,j) = lo(n, 7).

(17) Since the sequence l, is non-negative, then the discrete scaled Wright function
Pa,p 1S non-negative.

(7i1) The formula (B3) can be written as

(3.5) Sao(n) = Z Poo-a(: 3)T (7).

(iv) By Proposition 4.6 of [1], we have

Z@a,ﬁ(n,j) (1 + )\)_(j—H) = ga,aJrﬁ(—)\,n), n < N, ‘)\| < 1.
j=0

(v) Let A=w € C and |w| < 1. In this case, the discrete C-semigroup generated
by A is given by T(n) = (1 —w)~ V. Then, by Theorem[31, A generates
discrete (o, a)-resolvent and («, 1)-resolvent sequences given by

(3.6) Saa(n) =Y a0(n, ))T(j) = Exalw,n), n €Ny,
j=0
and
(3.7) Sa1(n) =Y Pat-a(m, )T () = Ear(w,n), neN,
7=0

where we have used (iii) and (iv).

We recall that an operator-valued sequence {S(n)},en, € B(X) is said to be sum-
mable if

IS =Y _[IS(n)]| < oo.
n=0

We finish this section with a useful result which is a direct consequence of the above
considerations.

Theorem 3.4. Let A be a closed linear operator and suppose that 1 € p(A) and
(3.8) (I —A)1 <1

Then A generates a summable discrete (o, o)-resolvent sequence {Sa. q(n)}nen, -
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Proof. Since 1 € p(A), then by Theorem 3] the family
Sa,Oz(n)x = Z ()Oa,(](naj)<[ - A)i(jJrl)l} n e N07 T e X7
=0

is a discrete («,«)-resolvent sequence generated by A. We will prove that it is
summable. Indeed, since 0 < ¢, (n,j) <1 for j € Ny, then

D 1Sl <D0 @an(n, HIT = A7V <Y (1 - A0
n=0 e

n=0 j=0

<=4 Z I = A)7HP < oo

OJ

The following example provide concrete conditions on A under which the condition

(3:8) holds.
Example 3.5. Let A be the generator of a Cy-semigroup strictly contractive. For
instance, on X := L'(R) we define

Bf(t+s) if se[-t0]
(T()f)(s) =

f(t+s) otherwise,

where 0 < B < 1 is arbitrary. Then T(t) is a Cy-semigroup and ||T'(t)|| = B < 1
(since [|T(6) o] = Bl Lpgll )-

We deduce that 1 € p(A) and ||(I — A)7Y|| < 1. Indeed,

= =1 [ e i < [Tl <5 <L
0 0
The last part of the earlier example shows the following result.

Corollary 3.6. Let A be the generator of a Cy-semigroup strictly contractive, then
1€ p(A) and ||[(I — A)7Y| < 1.
4. (N, \)-PERIODIC SOLUTIONS FOR FRACTIONAL DIFFERENCE EQUATIONS ON Z

In this section, we study regularity of solutions to the linear fractional difference
equation

A%(n) = Au(n+1) +g(n), neZ,
and the nonlinear fractional equation
A%(n) = Au(n+ 1) + f(n,u(n)), neZ.
in Pya(Z, X), where A be a closed linear operator with domain D(A) defined on X.
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4.1. The linear case.
Let 0 < a@ < 1 and A be a closed linear operator with domain D(A) defined on a
Banach space X. We consider the linear fractional difference equation

(4.1) A%u(n) = Au(n + 1)+ g(n), n€Z.

We recall from [I, Definition 4.1] that a sequence u € (*(Z, X) is called a strong
solution for equation (A1) if u(n) € D(A) for all n € Z and u satisfies (4.1]).

Definition 4.1 ([I]). Let A be the generator of a discrete («, «)-resolvent family
{Sa,a(n)}nen, and g : Z — X. The sequence

(4.2) u(n) = i Saan—1—7)g(j), neZ.

j=—o0

is called a mild solution for equation (A1) if m — Su.a(m)g(n —m) is summable on
Ny for each n € Z.

Note that if g € ¢1(Z, D(A)) then each mild solution is a strong one, see [I, Theorem
4.2].

In the following theorem, we establish the existence of (N, A)-periodic mild solutions
for equation (4.T]).

Theorem 4.2. Let 0 < a < 1. Assume that A be a closed linear operator defined
on a Banach space X, 1 € p(A) and

17— A7 < 1.

If g € PyA(Z, X)), then there is an (N, \)-periodic mild solution of (&Il given by
the sequence

(4.3 u(m) = 3 Soaln—1- ). neZ

j=—00

where {Sa.a(n) tnen, is discrete (o, a)-resolvent sequence defined in (3.3]).

Proof. By Theorem B4 A generates a summable discrete («, «)-resolvent sequence
{Sa,a(n)}nen given by

Saa(mz = @ao(n, j)(I — A) 0z, neNy, z€X.
=0

Since ¢ is bounded and {S, o(n) }nen, is summable, it follows that the sequence u is

a mild solution of (Z.]).

It remains to prove that u € Pyy(Z, X).
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Indeed,
n+N—1 n—1
un+N)= > Saaln+N—=1-7)g(j) = Y Saaln—1-p)glp+N)
j=—o00 p=—00
n—1
= Z Sa,a(” —1- p)g<p) = )\U('I’L),
p=—00

getting that u € Py (Z, X).

4.2. The semilinear case.
In this subsection, we consider the following fractional difference equation

(4.4) A%u(n) = Au(n+ 1) + f(n,u(n)), n €Z,

where 0 < a < 1, A satisfies the hypotheses in Theorem B.4] and f satisfies suitable
conditions.

Inspired in the solution of the linear case, we give the following definition of mild
solution for the semilinear case.

Definition 4.3. Let A be the generator of a discrete (o, a)-resolvent family {Sa.a (1) bnen,
and [ : Zx X — X. We say that a sequence u : Z — X is a (N, \)-periodic mild
solution of (A4 if u € PyA(Z,X), satisfies

(45) wm) = 3 Saaln—1-)fGu(i)), nez,

j=—o0

where m — Sq.o(m) f(n —m,x) is summable on Ny for each n € Z.

Let f:Zx X — X, ¢ € Pyr(Z,X) and denote by N(¢)(:) := f(-,¢(-)) the
Nemytskii discrete composition operator.

To prove the main theorem we will need to recall the following.

Theorem 4.4 ([0]). Let f:Z x X — X. Then the following assertions are equiva-
lent:

(i) For every ¢ € Pya(Z,X) we have that N (¢) is (N, \)-periodic discrete.
(13) f is N-periodic in the first variable and homogeneous in the second variable,
that is f(n + N, \x) = Af(n,x) for all (n,x) € Z x X.
Let D :={\ € C: |\ < 1}. The following is our main result.

Theorem 4.5. Let f : 7Z x X — X be given and let A be a closed linear operator
defined on a Banach space X such that 1 € p(A) and

(4.6) ra= (I —-A)7Y < 1.



EXISTENCE OF (N, A\)-PERIODIC SOLUTIONS 11

Assume the following conditions:

Hy. There exists (N,\) € N x (C\ D) such that f(n+ N, x) = Af(n,x) for all
(n,z) € Z x X.

H,. There exists a constant L > 0 such that
1£(n, ) — f )l < Ll =yl
forallz,y € X and alln € 7Z.
H;. The constant L in Hy is such that

1 “ 1
L < (1_|)\|1/N) +(a—1).

Then, equation ([A4) has a unique (N, \)-periodic mild solution.

Proof. First, let us define the operator G : Pyy(Z, X) — Pna(Z, X) by

= 3 Saaln—1-)fGuld))

j=—o00

Let u € PyA(Z,X) and g(n) := f(n,u(n)). By H; and Theorem 4] we get that
g € PyA(Z, X). As in the linear case, we can see that G(u) € Pyy(Z, X). It follows
that G is well defined. Now, for u,v € Pyy(Z, X),

G ) = Gl = max A" (=n—1) Z Saaln =1=3)[f(G,u(i) = (G, 0()]|

j=—00

where we have by H, that

n—1

IM(=n — 1) jZ_joo Saa(n =1 = 4) [f(j,u() = FG0()] |

= | J_Zoo A =(n =1 =j))Saaln =1 =N (=5) [f(G,u(d) — f(G,0G)] ]

< jZOO AN (=(n =1 = )ISaa(n — 1= DI DI Guld) = fG 6]
< LJ_ZOO A (=(n =1 = 5)[Saa(n =1 = HIIN(=3) [u(F) —v()] ]

< Ju=vlnaL Y 1S7a(k)
k=0
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where S, (n) = A\ (—=n)Sq,(n). Then,

G) = Gl = mae X' (=n) 37 Soaln = 1=5) ()~ FGoG)] |

< Llju = vllmallSqalle < llu =vllna,
where by Theorem [3.1, Remark (iv) and (27) we have

—n/N 1 n/N _i
Mul<2w Z%onw zw sm(l n)

|)\|a/N 1

IR (e PYEAR (T Ly FRy

TA

Therefore, the conclusion follows from Hs. For the above, it follows that there
exists a unique function u € Pyy(Z, X) such that Gu = u. Hence u is the unique
(N, A)-periodic mild solution of equation (Z.4]). O

Remark 4.6. Regarding condition H3 we observe that is enough to have the weaker
condition L||S7 |1 < 1 where Sy ,(n) := \'(=n)Sa,a(n) and {Saa(n)}nen, is the
(cv, av)-resolvent sequence generated by A.

We finally finish with an application of the main result presented in this paper.

Example 4.7. Let 0 < o < 1 and |\| > 1. We consider the following fractional
difference-differential equation in X = L*(0,1)
(4.7)

A%u(n,x) = 88—;u(n +1,2) 4+ g(n, x) cos(h(n, x)u(n, x)), neZ, xec(0,1),

u(n,0) = u(n,1) =0,
where g € Pna(Z,L*(0,1)), h € Py1(Z, L*(0,1)) and

o —1/2
—1/N\¢ 1
(48)  max lg(mh(m)ls < (1= A7) + (mm) -1

We define
D(A) ={f € L*(0,1): f" € L*(0,1), f(0) = f(1) = 0},
Af=f" Vfe D(A).

Then (@) can be written in the abstract setting ([E4)). It is well known that A is the
generator of an analytic semigroup {T(t)}i>0 on L?(0,1) (see [19]) which is given

by
t)f = Ze Tt f e))e;,

Jj=0
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where {e;} is the standard basis in L*(0,1). Moreover, we can represent the generator
A as

(e o]

Af = — Z(mw)z(f, €m)em, feD(A).

m=1

Then, for each f € L*(0,1) we have 1 € p(A) and
C 1

(1= A) " 72 =) WKﬂ em)|”.
Note that
- . 1/2 L 1/2 .
ra = ”fil;p:l (L —A)" fll2 = (; 1+ (mﬁ)2)2> < (szﬂﬁ> = \/—9—() <1,

where we have used the formula [29, Pag. 651] in the last equality. Then, the
condition (L) is satisfied. Now, we shall verify all the hypotheses in Theorem [{.2.
Indeed, the sequence f(n, &) := g(n)cos(h(n)§), &€ € L*(0,1), satisfies:

f(n+ N, X)) = g(n+ N)cos(h(n+ N)XE) = Ag(n) cos (%h(n))@)
= Ag(n) cos(h(n)§) = Af(n, ),
and
1f(n, &) = f(n, )2 < Nlg(n)h(n)ll2ll€ = ¢llee < LIE = ]l .2,

where

L= h .
gl

From equation ([L8) and the fact that ry < 1, we obtain that

L<|(1 ! ) + ! 1
IA[/N A ’
satisfying Hs. Thus, we have checked all the hypotheses of Theorem [4.5. Hence

equation (A1) has a unique (N, X)-periodic mild solution.

Finally, observe that in case |\| = 1, we have that

1
L= h < — —1.
e [lg(mh(n)]oe < -

and therefore condition Hs independent of . This happens precisely in the standard
cases of discrete periodic, discrete anti-periodic and discrete Bloch periodic functions.
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