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WEIGHTED PSEUDO ALMOST AUTOMORPHIC AND
S-ASYMPTOTICALLY w-PERIODIC SOLUTIONS TO
FRACTIONAL DIFFERENCE-DIFFERENTIAL EQUATIONS

EDGARDO ALVAREZ, CARLOS LIZAMA

ABSTRACT. We study weighted pseudo almost automorphic solutions for the
nonlinear fractional difference equation
A%u(n) = Au(n +1) + f(n,u(n)), n€Z,

for 0 < o < 1, where A is the generator of an a-resolvent sequence {Sa (1) }rnen,
in B(X). We prove the existence and uniqueness of a weighted pseudo almost
automorphic solution assuming that f(-,-) is weighted almost automorphic in
the first variable and satisfies a Lipschitz (local and global) type condition in
the second variable. An analogous result is also proved for S-asymptotically
w-periodic solutions.

1. INTRODUCTION

In this article, we study sufficient conditions for the existence and uniqueness of
discrete weighted pseudo almost automorphic solutions to the semilinear fractional
difference - differential equation

A%u(n) = Au(n+ 1) + f(n,u(n)), neZ, (1.1)

where 0 < o < 1, A is a closed linear operator with domain D(A) defined on a
Banach space X which generates an a-resolvent sequence {S,(n)}nen, C B(X) and
f:ZxX — X is a discrete weighted pseudo almost automorphic function in k € Z
satisfying suitable Lipschitz type conditions with respect to € X. The fractional
difference is understood in the sense defined in [I], which is analogous to the Weyl
fractional derivative in the continuous case. See Definition below. Difference-
differential equations appear in many practical situations, for instance in traffic
dynamics, theory of probability, theory of chain processes of chemistry, radioactiv-
ity and in biological models, see e.g. [9] [10, 11I]. Nonlinear difference equations has
been studied by several authors, see e.g. [5 [8l 14l 18] 19, 23, [24]. First studies on
extensions of the notion of almost automorphic sequences are due to Fink [I7]. The
concept of discrete weighted pseudo almost automorphic functions was introducing
by Abbas [2] in 2010 as a further generalization of almost automorphic sequences.
Agarwal et al. [7] obtained almost automorphic solutions to a nonlinear Volterra
difference equation. Ding et al. [I6] studied the weighted pseudo almost periodic
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solutions for a class of discrete hematopoiesis model. Xia [29] extended the space
of weighted pseudo almost automorphic sequences with the help of two weights,
proved fundamental properties of this type of functions and apply his results to
Volterra difference equations. Then, Li and Sun proved applications to some semi-
linear difference equations [22]. Abbas et al. defined the concept of Stepanov type
weighted pseudo almost automorphic sequences and proved an important composi-
tion theorem [3]. An interesting application of almost automorphic sequences to a
model of a cellular neural network was shown by Abbas [4]. For a recent application
to discrete delayed neutral systems, see [G]. For other developments, see [12].

Recently, Abadias and Lizama [I] proved the existence and uniqueness of almost
automorphic solutions for , where A is the generator of a Cy-semigroup. There
the authors introduced the concept of fractional difference in the Weyl-like sense
and the notion of a-resolvent sequence.

Our motivation for this article stems from the fact that equations of type (1.1)
can arise in many problems of science and engineering either directly or as part
of a discretization process [20, 21] and that the study of weighted pseudo almost
automorphic solutions for fractional difference-differential equations does not exist
at this time. Since the qualitative behavior of the solutions is crucial in order
to better understand the underlying structure, the existence of weighted pseudo
almost automorphic solutions for such equations seems to be highly important. We
observe that the research on these properties for fractional difference equations is
in its early stages. For some limited results we refer the reader in particular to [23],
[24] and [25].

In this article we prove the following new results: Let 0 < o < 1 and A be the
generator of an exponentially stable Cy-semigroup T'(t) with growth bound wg(A).
Suppose that f:Z x X — X can be decomposed as f = g + ¢ where f is discrete
almost automorphic and ¢ is weight mean ergodic. Assume also that f is globally
Lipschitz with constant satisfying the estimate L < ﬁ. Then, there exists a
unique solution in a mild sense, that can also be decomposed as u = v 4+ v where
v and v have the same regularity as g and ¢, respectively. See Corollary for a
precise description of this result. Using the same methods, we obtain an analogous
result on the regularity of solutions for those data f with the property that there
exists an integer number w such that f(n+w)— f(n) goes to zero in weighted mean.
Nonlocal versions of this results are also provided. See Theorem and Corollary
In order to prove this kind of results, we introduce a new convolution theorem,
which provides regularity for the linearized version of . See Theorem m

This article is organized as follows: Section 2 is devoted to preliminaries, where
we prove a convolution theorem which is new in the context of a-resolvent families
associated with the operator that appears in . In Section 3 we present our main
results on the existence and uniqueness of weighted pseudo almost automorphic
and S-asymptotically w-periodic solutions. Finally, in Section 4 we give a concrete
example to illustrate the main findings.

2. PRELIMINARIES
In this section, we give the basic definitions and essential results that we will be
used later. We first introduce the following spaces of sequences.

(i) s(Z,X) is the vector space of all vector valued sequences.
(ii) BS(Z,X) :={f:Z = X :[[flloc = suppez [ f(n)[| < o0}
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(iii) (2, X) == {f : Z — X : |flr == X0l _ If(m)|IPp(n) < oo} where
p:Z — (0,00) is a positive sequence.

(iv) Co(Z,X) :={f € BS(Z,X) : lim,_, || f(n)| = 0}.

(v) Co(Z,X)={f € BS(Z,X) : f is w-periodic}.

(vi) UE(Z x X, X) is the set of all functions f : Z x X — X satisfying that for
all € > 0 there exists § > 0 such that

[f(kz) = f(ky)ll <€

for all k € Z and for all z,y € X with ||z — y| < J.

Let U be the set of all sequences p : Z — (0,00) which are locally summable
over Z. For a given p € U and K € Z; we denote

K

ma(K,p) = > p(k).

k=—K
Define

U ={peU: Klim mq(K, p) = oo},
Up={p €Us :0< inf p(k) <supp(k) < oo}.
kEZ kEZ

We have that U, C Uy, C U.

Let p1,p2 € Uso. p1 is said to be equivalent to ps if p1/ps € Up. In this case we
write p1 ~ pa. It can be proved that Us, = Upecv. {0 € Uss : p ~ 0}.

Let p € Uy, and m € Z. We define p,,,(n) = p(n +m) for n € Z and

Ur ={p €U :p~ pm for each m € Z}.

A sequence f : Z — X is called almost automorphic if for every integer sequence
{k..}, there exists a subsequence {k,} such that

F(k) = T f(k+ k)

is well defined for each k € Z and lim,, o, f(k — k,) = f(k), see [8, Definition 2.1]
and references therein. We denote by AA4(Z,X) the set of almost automorphic
sequences. It is well known that the set AA44(Z, X ) endowed with the norm || f||oo :=
supycz || f (k)| is a Banach space, see [8, Theorem 2.4]. A typical example is f(k) =
sin m) k € Z. A sequence f :Z x X — X is said to be almost
automorphic if f(k,x) is almost automorphic in k € Z for any x € X. We denote
this space by AA4(Z x X, X).
Let p1 € Us. Define the ergodic space (see [2]) by

PAAS(Z,X,p1) = {1 € BS(Z,X): Jim -~ K = Z LF (R} |1 (k) = 0}

Particularly, for p1, p2 € U (see [29]),

PAAGS(Z, X, p1,p2) = {f € BS(Z,X) : Klgnoodepl Z £ (k)|lp2(k) = 0}.

Remark 2.1. Note that if p; ~ py then
PAA()S<Z,X7 p17p2> == PAAQS(Z,X, pl) == PAA()S(Z,X7 p2)
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Let p1,p2 € Uso- A sequence f : Z — X is called discrete weighted pseudo
almost automorphic if it can be expressed as f = g + ¢, where g € AA4(Z, X)
and ¢ € PAAGS(Z,X, p1,p2), see [29, Definition 8] and references therein. The
set of such functions is denoted by WPAA4(Z, X). Tt is well known that the set
WPAA4(Z,X) is a Banach space with the norm || f|oc = supycy || (k)| (see [29,
Lemma 10]). A classical example is the function f(k) = signum(cos 2k@) + e~ I
with p1(k) = pa(k) =1+ k? for k € Z (see [2]).

Remark 2.2. If p; ~ py, then WPAA4(Z, X) coincide with the discrete weighted
pseudo almost automorphic functions WPAAS(Z) defined in [2].

Similarly, we define (see [29])
PAA()S(Z X X, )(7 P1, pg)

—{reBs@xx.x): Klgnoodep Z £k, ) p2(k) =

uniform in x € X}.

A function f : Zx X — X is said to be discrete weighted pseudo almost automorphic
ink € Z for each z € X, if it can be decomposed as f = g+, where g € AA;(Zx X)
and ¢ € PAA)S(Z x X, X, p1,p2). Denote by WPAA,(Z x X, X) the set of such
functions.

Throughout the rest of this paper, we denote by V., the set of all functions
p1,p2 € Uy satisfying that there exists an unbounded set 2 C Z such for all
m € 7,

p p2(k +m) o0,

|k|—o00,keQ p1(k)
k
im Zke([—K,K]\Q)+m p2(k)

=0.
K—o0 md(K, Pl)

Xia [29] proved the following composition theorem.

Theorem 2.3 ([29, Th. 16]). Assume that p1, p2 € Voo, and that f € WPAA4(Z x
X, X)NUE(Z x X, X) and h € WPAAY(Z, X). Then f(-,h())) € WPAAY(Z, X).

We recall that a function f : Z x X — X is said to be locally Lipschitz with
respect to the second variable if for each positive number r, for all k € Z and for
all 2,y € X with [l < r and [ly]| < r, we have [|£(k,z) — F(k,p)] < L)l — yll,
where L : Ry — R, is a nondecreasing function.

The previous theorem admits a new version with local conditions on the function

I
Corollary 2.4. Let p1,ps € V. Let f: Z x X — X be a discrete weighted pseudo

almost automorphic function in the first variable and locally Lipschitz in the second
variable. Then the conclusion of the previous theorem holds.

A function f € BS(Z,X) is called discrete asymptotically w-periodic if there
exist g € C,(Z,X), ¢ € Cy(Z,X) such that f = g+ ¢. The collection of such
functions is denoted by AP, (Z,X). A function f € BS(Z,X) is called discrete
S-asymptotic w-periodic if there exists w € Z* \ {0} such that lim, . (f(n+w) —
f(n)) = 0, see [30, Definition 5] and references therein. The collection of such
functions is denoted by SAP,(Z, X).
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Let p € Uy. A function f € BS(Z,X) is called discrete pseudo-S-asymptotic
w-periodic if there exists w € Z*1 \ {0} such that

tim o= S Gk +w) — SR =0

n—o00
k=—n

see [30}, Definition 6]. The collection of such functions is denoted by PSAP,,(Z, X).
Let p € Us. A function f € BS(Z,X) is called discrete weighted pseudo-S-
asymptotic w-periodic if there exists w € Z* \ {0} such that

lim —— (k+w)— f(k k)=0,
Jim s k;nl\f Fp(k)

see [30, Definition 7]. The set of such functions is denoted by WPSAP,,(Z, X, p).
It is clear that AP,(Z,X) C PSAP,(Z,X) C WPSAP,(Z,X,p). It is well
known that the set WPSAP,(Z, X, p) is a Banach space with the norm || f|| =
supgez || f (k)| (see [30, Lemma §]).
Remark 2.5 ([30]). If p1,p2 € Uss and p1 ~ p2 then
WPSAP,(Z, X, p1) = WPSAP,(Z, X, ps),
WPSAP,(Z, X, p1/ps) = PSAP,(Z, X).
Theorem 2.6 ([30, Th. 12]). Assume that p € Us and that f € WPSAP,,(Z x
X, X,p)NUC(Z x X,X) and h € WPSAP,(Z,X,p). Then
f(.h(-)) € WPSAP,(Z, X, p).

Now, we present an alternative version of the preceding theorem with local con-
ditions on f.

Corollary 2.7. Let p € Uy. Let f : Z x X — X be a discrete S-asymptotic
w-periodic function in the first variable and locally Lipschitz in the second variable.
Then, the conclusion of the previous theorem is true.

The following definition of discrete derivative in Weyl sense is due to Abadias
and Lizama [1]. We define the forward Euler operator A : s(Z, X) — s(Z, X) by

Af(n)=fn+1)— f(n), nez.
Recursively we define
AMTL = AFA = AAF, kN,
and AY = T is the identity operator. It is easy to see that

k
_i(k .
a4 = Y0 () v )

— J

7=0
In particular A! = A. In addition, for & > 0, we consider the scalar sequence
{k%(n)}nen, defined by

I'(n+ «a)

T(a)l(n+1)
We note that the kernel k% satisfies the semigroup property in Ny, that is,

k*(n) =

(k* % k%) (n Zko‘n NEP(5) = kB (n)
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with n € Ng and «, 8 > 0.

Definition 2.8. Let a > 0 be given and p(n) = |n|*~,n € Z. The a-th fractional
sum of a sequence f € [}(Z, X) is defined by

ATf(n):= Y k*(n=5)f(j), neZ

Jj=—00
See also [23] for related work on a slight variant of this definition.

Remark 2.9. The previous definition can be numerically compared with the con-
tinuous fractional integral in the sense of Weyl, see [26], Section 3.3]. Moreover, we

observe that as a consequence of the semigroup property of the kernel k% we have
that A—*A=F = A—(e+8) = A=BA-2,

Definition 2.10. Let a > 0 be given and p(n) = |n|*! for n € Z. The a-th
fractional difference of a sequence f € I}(Z, X) is defined by

A“f(n) == AmMAT=Y f(p), e,
with m = [a] + 1.

A sequence {S(n)}nen, C B(X) is called summable if ||S]|; := >~ [|S(n)| <
oo. The following definition is introduced in [23].

Definition 2.11. Let a > 0 and A be a closed linear operator with domain D(A)
defined on a Banach space X. An operator-valued sequence {S,(n)}nen, C B(X)
is called a discrete a-resolvent family generated by A if it satisfies the following
conditions

(i) Sa(n)Az = AS,(n)zx for n € Ny and 2 € D(A);

(il) Se(n)x = k*(n)x + A(k® % S,)(n)z, for all n € Ny and =z € X.

We recall the following practical criteria for summability of a-resolvent families.

Theorem 2.12 ([I, Th. 3.5]). Let 0 < o < 1 and A be the generator of an
exponentially stable Cy-semigroup {T(t)}+>0 defined on a Banach space X. Then
A generates a discrete a-resolvent family {So(n)}nen, defined by

0o oo n
Sa(n)x := / / eftﬁfsya(t)T(s):c dsdt, mneNpy, zeX. (2.1)
o Jo !

Moreover, {So(n)}nen, is summable. (Here fso(t) is the function called stable
Lévy process, see [1]).

Let M(Z,X) .= {WPAA4Z,X),WPSAP,(Z,X,p)} and M(Z x X, X) :=
{WPAA,(Z x X,X),WPSAP,(Z x X, X, p)}. The following is our main result on
regularity under convolution of the above mentioned spaces.

Theorem 2.13. Let0 < a < 1, p1,p2 € Vi and p € Up. Assume that A generates

a summable discrete a-resolvent family {So(n)}nen, C B(X). If f belongs to one
of the spaces @ € M(Z,X) then

um= Y Suln—1-JG) me?)

j=—o0

belongs to the same space €.
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Proof. First note that u is well defined since ||u(n)|| < ||Sall1]|f|ls, for all n € Z.
First, we consider f € WPAA (Z,X). Let u= f1+ fa, where f1 € AA4(Z, X) and
f2 S PAA()S(Z X, pl,pg) Then

Z Sa(n —1=j)f1(j Z Sa(n =1 = j)f2(j) =t ua(n) + ua(n).

Jj=—00 Jj=—00

It follows from [I, Theorem 4.5] that u; € AA4(Z,X). It remains to prove that
us € PAA(S(Z, X, pl,pg) Indeed,

Z [[uz (k)| p2 (K
e SIS 1=y

Jj=—00

< 3 1aml (s S stk ~ 1 m)lpa(8).
m=0 ’ k=—K

Since PAAoS(Z,X, p1,p2) is invariant under translation by [29, Lemma 10] we
obtain that fo(-—m) € PAAS(Z, X, p1, p2). By Lebesgue dominated convergence
theorem, we have

lim

Hence u € WPAA4(Z,X). Tt proves the claim for such space. Now, let f €
WPSAP,(Z, X, p). Then,

K

1
(K. p) k;K [u(k +w) —u(k)|[p(k)

1 K k+w—1 ' .
= ma(K, p) k;K j;ooSa(ker—l—J)f(J)
k—1
- Y Salk =16 o)
< ZK]_ZOC”S k= 1= DG +w) = FG)lotk)
<3 1atml (5 Stk — 1= m ) — £~ 1~ m)l).
m=0 ma{ts, P) "k

Since WPSAP,,(Z, X, p) is invariant under translation by [30, Lemma 10] we obtain
that f(- — 1 —m) € WPSAP,(Z,X,p). By Lebesgue dominated convergence
theorem, we have

ZHU k+w) —u(k)|lp(k) = 0.

K—>oo md

Hence w € WPSAP,(Z, X, p). The proof is complete. (I
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3. SOLUTIONS FOR NONLINEAR FRACTIONAL DIFFERENCE EQUATIONS

We consider the fractional difference equation
A%u(n) = Au(n+1) + f(n,u(n)), ne€Z, (3.1)

for 0 < ao < 1, where A is the generator of a discrete a-resolvent family {Sq (n) }nen,
in B(X), and A® is the fractional difference of the sequence u of order .

Since our objective is to study the solubility of in the spaces M(Z, X),
where the forcing term f is only bounded, we need to use the definition of mild
solution introduced by Abadias and Lizama in [I].

Definition 3.1. Let 0 < a < 1, A be the generator of a discrete a-resolvent family
{Sa(n)nen, C B(X), and f: Z x X — X. We say that a sequence u:Z — X is a
mild solution of (3.1) if m — So(m)f(n —m) is summable on Ny, for each n € Z

and wu satisfies
n

uln+1)= Y Sa(n—j)fGuj), nez

j=—o00

Our first result in this section provides a simple criterion for the existence
and uniqueness of discrete weighted pseudo almost automorphic and discrete S-
asymptotic w-periodic mild solutions. The proof is based on the Banach fixed
point theorem.

Theorem 3.2. Let 0 < a < 1, p1,p2 € Voo and p € Up. Assume that A generates
a summable discrete a-resolvent family {So(n)}nen, C B(X). If f € Q@ € M(Z x
X, X) and it is globally Lipschitz in the following sense:

I f(n,z) = f(n,y)| < Lllz —yll, foralln€Z and all x,y € X,
where L < ﬁ, then (3.1) has a unique mild solution u which belongs to the
corresponding subset 1 € M(Z, X).

Proof. Let f € WPAA4(Zx X, X) and consider the operator T : WPAA4(Z, X) —
WPAA4(Z,X) defined by

n—1
(Tu)(n):= 3 Saln—=1=)fGu(i), neZ (3:2)
j=—00
Since u € WPAA4(Z, X) it follows from Theorem that f(-,u(-)) belongs to
WPAA4Z,X). Now, from Theorem we have that Tu € WPAAL(Z,X).
Hence T is well-defined. In addition, for u,v € WPAA4(Z,X) and n € Z the
following inequality holds,

[(Tu)(n) = (Tw)(n)|| < Z_: [Sa(n =1 =3)(f (G, u(d)) — f( v

n—1
< 2 18altn = 1= pllllu() = v()]

< LfiSallillu = vlfoo-

By hypothesis we conclude that T is a contraction, and using Banach fixed
point theorem we get that there exists a unique discrete weighted pseudo almost
automorphic mild solution of (3.1)) .
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The proof for the space of S-asymptotic w-periodic sequences is analogous. [

Using [I, Remark 3.6] we have a precise estimate for ||S,||1 that can be used
to prove the following Corollary. The proof use Theorem and the proof of
Theorem B2

Corollary 3.3. Let 0 < oo < 1, p1,p2 € Vo, p € Ur and A be the generator of
a Co-semigroup T(t) such that ||T(t)|| < Me™*t, for some M > 0 and w > 0. If
f e M(Z x X,X) is globally Lipschitz with constant L < 1/w then has a
unique mild solution u which belongs to the same space as f.

Next, we show that the conclusion of the previous theorem holds with a local
Lipschitz condition on f.

Theorem 3.4. Let0 < o < 1, p1,p2 € Vi and p € Up. Assume that A generates a
summable discrete a-resolvent family {Sq(n)}nen, C B(X). Let f € M(Z x X, X)
that satisfies a local Lipschitz condition. If there exist ro > 0 such that

su k,0
Iall (£(r0) + 2L LBy <
then (3.1) has a unique mild solution u which belongs to the same space as f with
[tlloo := supy, [[u(k)]| < 7o.

Proof. First, we consider f € WPAA;(Zx X, X). Note that T : WPAA4(Z,X) —
WPAA4(Z,X) given by is well defined by Corollary and Theorem m

Let B, (0) := {u € WPAAWZ,X) : ||ulloc < ro} be the ball of radius ¢ on
WPAA4(Z, X). We show that T(B,,(0)) C By, (0). Indeed, let u be in By, (0).
Since f is locally Lipschitz, we obtain

I1f (ks u(RDI < N1 f (R, w(k)) = f (R, O) | + [1f (R, 0)] < Lro) [lu(k)]| + [Lf (, 0],

for k € Z. Moreover, we have the estimate

7))

< 3 USaln = 1= DG = FGO+ Y [Saln =1~ 1760l
n—1

<L) 3 [18a(n— 1= DI + Sull sup 71,0l

< [8alh (£(ro) + 22 LHEOLY ) <

proving the claim. On the other hand, for u,v € B,,(0) we have that
[Tu(n) = To(n)]|

< i [Sa(n =1 =DISG @) = FG G

j=—o00

<L) 3 I1Saln— 1= Dla(i) — o)

j=—o00

< [1SalliL(ro)l[u = v]oo-
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Observing that ||Sa||1L(ro) < 1, it follows that T is a contraction in B,,(0). Then
there is a unique u € B,,(0) such that Tu = u.

The proof for f € WPSAP,(Z x X,X,p) is similar, we just have to take
B, (0) :== {u € WPSAP,(Z,X,p) : ||ullcc < T0} be the ball of radius ry on
WPSAP,(Z, X, p). O

The following corollary is an immediate consequence of the previous results.

Corollary 3.5. Let 0 < a < 1, p1,p2 € Us, p € Ur and A be the generator of
a Cy-semigroup T(t) such that |T(t)|| < Me=%*, for some M > 0 and w > 0. If
feM(Zx X, X) is locally Lipschitz and satisfy

1 k,0

L (1o + U0

w To
for some rq > 0, then (3.1)) has a unique mild solution u which belongs to the same
space as f.

We finish this article with a simple example to illustrate how our abstract results
apply.
Example 3.6. We consider the fractional difference equation

_vg(kju(k)
1 + supy, |u(k)]
where 0 < a < 1 act as a tuning parameter for the difference Equation ([3.3)), the
operator A is the generator of an exponentially stable Cy-semigroup on a Banach
space X, v is a parameter and g(k) = signum(cos 27k6) + e~ !*l. We know by [2]
that g € WPAA4(Z, X) where p = 1+ k2. Now, it can be shown that the function
vg(k)x
flkz) = ————, keZ zelX,
1+ [|l2]loo

is a discrete weighted pseudo almost automorphic function on Z x X. We have the
estimate

A%u(k) = Au(k + 1) + , keZ, (3.3)

1k, 2) = f(k,y)lloe < wllglloo (X + [lyID NIz = ylloo-

Therefore, we can choose L(r) = v||g|leo(1 + 1), 7 > 0, to deduce that f(k,x)
is locally Lipschitz. Since f(k,0) = 0, we obtain that for sufficiently small v the
condition ||S,|1L(r) < 1 is satisfied. We conclude, by Theorem that the frac-
tional model admits a unique discrete weighted pseudo almost automorphic
solution.
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