WEIGHTED PSEUDO ANTIPERIODIC SOLUTIONS FOR
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS IN BANACH
SPACES.
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ABSTRACT. In this paper we prove the existence of weighted pseudo antiperiodic mild
solutions for fractional integro-differential equations in the form

De(t) = Au(t) + /_ a(t — s)Au(s) ds + f(t,u(t)),

where f(-,u(+)) is Stepanov weighted pseudo antiperiodic and A generates a resolvent
family of bounded and linear operators on a Banach space X, a € L}OC(R+) and a > 0.
Also, we give a short proof to show that the vector-valued space of Stepanov-like weighted
pseudo antiperiodic functions is a Banach space.

1. INTRODUCTION

Let us consider the equation

(1.1) L(u) = f,

where L is a linear, possibly unbounded operator, and the forcing term f belongs to some
space of vector-valued functions, say M. It is well known that mathematical understand-
ing of the linear Equation (1.1) is meant as a preliminary critical step for the subsequent
analysis of full nonlinear models. Usually, one is interested in to find conditions on the
operator L such that the solution u belongs to the same space of vector-valued functions
than f. Then, fixed point arguments are used to obtain the desired solution of associated
nonlinear problems.

We ask ourselves the following: (@) Can the solution u be more regular that f7. In
other words, is it possible to find a subspace N' C M such that uv € N7.

This problem has begun to be studied in the last years and there are some cases in the
literature where the answer is positive. For instance, Diagana, N’Guérékata and Mophou
[8] solved the problem (Q) taking M as the space of Stepanov-like weighted pseudo almost
automorphic functions, L(u) := D{u — Au and N as the subspace of weighted pseudo
almost automorphic functions. Here A is a closed and linear operator defined on a Banach
space X and D® denotes fractional derivative of order o > 0. A further generalization
when the forcing term f also depends on a given operator was studied recenty by Mishra
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and Bahuguna [12]. Previously, Diagana [6] studied the case a = 1 with M the space of
Stepanov-like pseudo almost automorphic functions and A the subspace of pseudo almost
automorphic functions. The nonautonomous case, that is L(u) = v’ — A(t)u, was very
recently studied by Xia [17, Theorem 42]. He consider M as the space of Stepanov-like
weighted pseudo periodic functions and A as the subspace of weighted pseudo periodic
functions. We also note that Xia and Fan [18] have solved problem (@) for some interesting
classes of partial neutral functional differential equations, nonlinear Volterra equations of
scalar type and semilinear equations with delay.

In this paper, we are able to give an affirmative answer to (Q) taking M as the space of
Stepanov-like weighted pseudo antiperiodic functions; N as the space of weighted pseudo
antiperiodic functions and the class of operators is defined by

t

(1.2) L(u)(t) = Du(t) — Au(t) — / a(t — s)Au(s) ds,
where A generates a resolvent family {S,(¢)};>0 on Banach space X, a € L{ (R,) and
a > 0. Equation (1.1) with L defined by (1.2) has been in studied in [15]. The study
of existence of solutions to such class of fractional differential equations is an important
topic due to its significance and applications in physics, probability, modelling, mechanics
and other areas. However, to the best of our knowledge, the existence of weighted pseudo
antiperiodic solutions to (1.2) in the case when the forcing term f is Stepanov weighted
pseudo antiperiodic is an untreated original problem, which constitutes one of the main
motivations of this work.

Parallell to this, we note that the existence and uniqueness of antiperiodic solutions to
evolution equations is an important topic that have been studied in several works. We

(3], H.L.Chen [4], Y.Q. Chen [5], Haraux [9], Okoshi [14], and N’Guérékata and Valmorin
[13].

This paper is organized as follows. In Section 2, we first present some definitions and
basic results of Stepanov-like type spaces and then we give a short and direct proof to the
fact that the space of Stepanov-like weighted pseudo antiperiodic functions is a Banach
space (Theorem 2.15). In Section 3, we first prove a composition Theorem in the space of
Stepanov-like weighted pseudo antiperiodic functions, assuming a compactness condition
(Theorem 3.3). Then, we show sufficient conditions in order to ensure the existence
and uniqueness of weighted weighted antiperiodic mild solutions where the input data f
belongs to the space of Stepanov-like weighted pseudo antiperiodic functions. We finish
this paper with an illustrative example to find existence and uniqueness of mild solutions
for a concrete semilinear problem is given.

2. PRELIMINARIES

In this section, we introduce some basic definitions, notations and preliminaries facts
that we will use in the paper. Particularly, we give an alternative proof to show that the
space of Stepanov-like weighted pseudo antiperiodic functions is a Banach space.
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Throughout the paper (X, ||-||x) and (Y, ||-]|y) are complex Banach spaces and B(X,Y’)
is the Banach space of bounded linear operators from X to Y; when X =Y we simply
write B(X).

We denote by

BCR,X):={f:R — X : f is continuous, ||f||s :=sup||f(t)|| < oo},
teR

the Banach space of X-valued bounded and continuous functions on R, with natural norm.
Given a function g : R — X, the Caputo (or Weyl) fractional integral of order o > 0 is
defined by

t

D™ %g(t) := ﬁ/ (t—s)*lg(s)ds, tER,

when this integral is convergent. The Caputo (or Weyl) fractional derivative D®g of order
a > 0 is defined by
D%g(t) := %D_(”_O‘)g(t), t eR,
where n = [a] + 1. It is known that D*D~%g = ¢ for any o > 0, and D" = gt—z holds with
n € N. See [11] for more details.
The Mittag-Leffler function (see e.g. [10]) is defined as follows:

- P 1 ueh
Eop(z) = _— = — el dp, «o,p>0,z¢€C,
s2) kZ;F(ozk:—kﬁ) 2772/Ha ,uo‘—zu P
where Ha is a Hankel path, i.e. a contour which starts and ends at —oo and encircles the
disc || < |z|** counterclockwise. The Laplace transform of a variant of the Mittag-Leffler
function is given by:
P

b TEws

We recall the following definition [15] (see also [16] for a general treatment on resolvent
families).

L7 B p(—pt™)) () p € C,ReA > [p[/o.

Definition 2.1. Let A be a closed and linear operator with domain D(A) defined on a
Banach space X, and o > 0. Given a € L (R,), we say that A is the generator of an

loc
a-resolvent family, if there exist w > 0 and a strongly continuous function S, : [0,00) —

B(X) such that {H/\Ta(,\) : ReA > w} C p(A), the resolvent set of A, and for all v € X,
(A= (1+ d()\))A)_lx _ ( AR A> _1x = /OO e MS, (t)xdt, Rel > w
1+a(\) \1+a(\) 0 “ ’ '

In this case, {S.(t)}i>0 is called the a-resolvent family generated by A.
Now, we recall the definitions of antiperiodic functions.

Definition 2.2. A function f € C(R,X) is said to be antiperiodic if there exists a
w € R\ {0} with the property f(t +w) = —f(t) for all t € R. If there exists a least
positive w with this property, it is called the anti-period of f. The collection of those
functions with the same anti-period w is denoted by P,.,(R, X).
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Remark 2.3. Note that if f € P,q,(R, X), then f € Py, (R, X), where Py, (R, X) denotes
the Banach space of all 2w-periodic functions.

Definition 2.4. A function f € C(R x X, X) (resp., C(R x X x X, X)) is said to be
antiperiodic in t € R and uniformly in w € X (resp. in (u,v) € X x X) if there exists
aw € R\ {0} with the property f(t +w,u) = —f(t,u) for allt € R, u € X. (resp.
flt +w,u,v) = —f(t,u,v) for all t € R, (u,v) € X x X). The collection of those
w-antiperiodic functions is denoted by Pa,(R x X, X)) (resp., Poap(R x X x X, X)).

Let U be denote the set of all functions p : R — (0,00) in L}, (R) such that p(t) > 0
for all t € R a.e. For a given r > 0 and for each p € U, we set

m(r, p) = /T p(t) dt.

—-r

Thus the space of weights U, is defined by
Us :={p€U: lim m(r,p) = co}.
T—>00
Now, for p € Uy, we define

1
PAANR, X) = BCR,X): li
0( ) ) {f € C( ) ) r‘g{olo m(r, p)

/ Ol di = 0}

PAAR XY, X):={fe BC(RxY,X) : f(-y) is bounded for each y € Y

1 T
andrlijgo ) /T (&, y)|lp(t)dt = 0, uniformlyiny e Y}.

Definition 2.5 ([7]). Let p € Ux. A function f € BC(R, X) (respectively f € BC(R x
Y, X)) is called weighted pseudo antiperiodic if it can be expressed as f = g+ h where g €
Pap(R, X) (respectively Pq.,(R x Y, X)) and h € PAAN(R, X) (respectively PAAy(R x
Y, X)). We denote by WPP,,,(R, X) (respectively W PP,,,(RxY, X)) the set of all such
functions.

Definition 2.6 ([8]). The Bochner transform f°(t,s) with t € R,s € [0,1] of a function
f:R — X s defined by

fi(t.s) = f(t+s).
Definition 2.7 ([8]). The Bochner transform f(t,s,u) witht € R,s € [0,1],u € X of a
function f : R x X — X is defined by

Fot, s, u) == f(t+s,u) forall ueX.

Definition 2.8 ([8]). Let p € [1,00). The space BSP(R,X) of all Stepanov bounded
functions, with exponent p, consist of all measurable functions f : R — X such that
fo e L>=(R, LP(0,1; X)). This is a Banach space with the norm

t+1 %
1 fllse := I f° || zos & Lr) = sup (/ I1f ()" dT>
teR t

Definition 2.9. A function f € BSP(R,X) is called Stepanov antiperiodic if f° €
Pap(R, LP(0,1; X)). We denote the set of all such functions by P,q,SP(R, X).
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Remark 2.10. We note that the preceding definition implies

t+1 1/p
sup ( [ f(S)deS) 0

teR

which is equivalent to say that f(t+w) = —f(t) a.e. t € R; that is; || f(t+w)+ f(t)]|, = 0.
We observe that this coincide with the definition of Xia in [17].

Definition 2.11. A function f : Rx X — Y with f(-,u) € BSP(R,Y), for eachu € X, is
called Stepanov antiperiodic function int € R uniformly foru € X if f(t+w,u) = —f(t,u)
a.e. t € R and each u € X. We denote by P,,,S?(R x X,Y') the set of all such functions.

Now, we introduce a (natural) linear operator from BSP(R, X)) into L*(R, LP(0,1; X))
which will be an important tool in order to clarity some concepts and achieve our goals.

Definition 2.12. We define the map
B:BSP(R, X) — L*=(R, L*(0,1; X))
f= (B)()(s) = f(t+s).

Remark 2.13. It follows from the definitions that the operator B is a linear isometry
between BSP(R, X)) and L*(R, LP(0,1; X)). More precisely

1Bflloe = [If1|BSr®.x)-

Remark 2.14. The definition of Stepanov-like weighted pseudo antiperiodic functions
given by Xia in [17] can be rewritten using the preceding notation. Thus, for p € Uy, we
say that a function f is Stepanov-like weighted pseudo antiperiodic (or SP—weighted pseudo
antiperiodic) if and only if f € B (Puap(R, LF(0,1; X))) + B-Y(PAA(R, L?(0,1; X))),
where by notation B~*(M) := {f € BSP(R,X) : B(f) = g for some g € M} for M C
L>*(R, L*(0,1; X)) In other words,
(2.1) WPP,.,SP(R, X) = B (P,ep(R, LP(0,1; X))) + B 1 (PAA(R, LF(0,1; X)))
Moreover, since B is an isometry and P,.,(R, LP(0,1; X)) N PAAy(R, LP(0,1; X)) = {0}
then the sum in (2.1) is direct, that is,

WPP,,SP(R, X) = B (Pugp(R, LP(0,1; X))) & B~ (PAA(R, LP(0, 1; X))).

Based in the definition of operator B, we prove that WPP,,,SP(R, X) is a Banach
space when endowed with their natural norm.

Theorem 2.15. WPP,,,,S?(R, X) is a Banach space with the norm
1 flwpPowpsr@x) = llgllBsr@x) + 1Pl Bsr(.x)
where f = g+ h with g € B™Y(P,4(R, LP(0,1; X))) and h € B (PAA(R, LP(0,1; X))).

Proof. Let (f,) be a Cauchy sequence in WPP,,,S?(R, X). Then || f,— fu|lwpp,.,se@.x) —
0asn,m — oo. Let f,, = gn+h, and fr, = g+ With g, g € B (Poap(R, LP(0, 1; X))
and hy,, h,, € BT1(PAAN(R, LP(0,1; X))). If n,m — oo, then

||Bgn - BQmHLoo(R,LP) = ||9n - gmHBSP(R,X) < ||fn - meWPPWPSP(R,X) — 0
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and

”Bgn - BgmHLoo(R,Lp) = ||gn - 9m||BSP(R,X) < ||fn - fm”WPPwapSP(R,X) — 0.
This implies that (Bg,) and (Bh,) are Cauchy sequences in P,,,(R, Lp(O, 1; X)) and
PAA(R, LP(0,1; X)) respectively. Since Pq,(R, L*(0,1; X)) and PAA(R, L?(0,1; X))
are Banach spaces (see [13] and [?] resp.) then there exist g € P,4,(R, LP(0,1; X)) and
h e PAAs(R, L*(0,1; X)) such that

|1Bgn — gllLo@,ry = 0, ||Bhyn — h|| @ zry = 0 (n — 00).

Let f1 = B1({g}) € B (Pugy(R, L7(0,1; X)) and fy := B-L({h}) € B-L(PAA(R, L?(0, 1; X))).
Note that f; and fy are uniquely defined because B is injective. Let f := f1 + fo €
WPP,.,S?(R, X). Then

fn = fllwpPPoapsr@x) = [I(gn + ha) — (f1 + f2) lwPPowpsr (e x)
= [lgn — fillBsr®,x) + [[hn — foll Bsp(®,x)
= [|Bgn — BfillL=®,rr) + [[Bhn — B2l rr)
= ||Bgn — gllzoo®,1r) + [|Bhn — h|| Lo,y = 0 (0 — 00).

Therefore WPP,,,S?(R, X) is a Banach space. U

Theorem 2.16. Let p € Uy, be given and let S : R, — B(X) be strongly continuous.
Suppose that there exist a function ¢ € L'(R,) such that

(a) IS < ¢(t) t>0;

(b) o(t) is increasing;

(¢) >0 d(n) < oo

Suppose that f € WPP,,,S?(R, X). Then

(S f)t) := /t S(t—s)f(s)ds € WPP,,,(R, X).

—00

Proof. See [17, Lemma 36]. O

3. WEIGHTED PSEUDO ANTIPERIODIC MILD SOLUTIONS

In this section we consider the problem of existence and uniqueness of weighted pseudo
antiperiodic mild solutions for the following class of integro-differential equations

t
(3.1) Du(t) = Au(t) + / a(t — s)Au(s) ds + f(t, u(t)),
where A generates an a-resolvent family {S,()};>0 on a Banach space X, a € Li. (R,),
a > 0 and the fractional derivative is understood in the sense of Caputo Note that
Equation (3.1) has the form of Equation (1.1) with Lu = D®u(t) — Au(t) — ffoo a(t —
s)Au(s) ds.
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Definition 3.1. A function u : R — X is said to be a mild solution of (3.1) if
t
u(t) = / Sa(t —s)f(s,u(s))ds (te€R)

where {S,(t) }+>0 is the a-resolvent family generated by A, whenever it exists.
Now, we present the following composition theorems.

Theorem 3.2. Assume that F : R x X — X is a bounded function that satisfies
(a) There exists w > 0 such that F(t +w,—x) = —F(t,z) for a.e. t € R and for all
r € X;
(b) There exists L > 0 such that ||F(t,z) — F(t,y)|| < L||lx —y|| for all z,y € X and
t e R;
(c) u € PpSP(R, X).
Then F(-,u(-)) € PoapSP(R, X).
Proof. Since |[F(t, )~ F(t, )|l < Llw—yl| implies | F(t,2)— F(t, )], < Lilz — yl» then
[+ w, ut +w)) + F(t u®)lp, = [F( 4w, ult +w) = F(t +w, —u@))],
+[[F +w, —u(t) + F & ut))l,
< Lfu(t +w) +u(@)lp
+ I+ w, —u(t) + F(Eu@))], = 0.
Therefore F(t + w,u(t + w)) = —F(t,u(t)) a.e. t € R and consequently F(-,u(-)) €
PR, X). U

Our next result assume a compactness condition in order to obtain invariance under
composition of functions for the space of Stepanov weighted pseudo antiperiodic functions.

Theorem 3.3. Let p € Uy, p > 1, f = g+ ¢ € WPP,,SP(R x X, X) with g €
B~ P,qp(R x X, LP(0,1; X))) and ¢ € BT (PAAR x X, LP(0,1; X))). Assume that

(i) There exists w > 0 such that f(t +w, —x) = —f(t, x).
(i1) There exist constants Lg, L, > 0 such that

1F () = f(& o)l < Lyllu =l llg(t,u) = g(t, )| < Lyllu —of| £ €R, u,0 € X,

(iii) h = a + B € WPP,,SP(R, X) with o € B (P,ep(R,LP(0,1;X))) and 8 €
B~ (PAAy(R, L?(0,1; X))) is such that the set

K :={a(t): teR}
is compact in X. Then f(-,h(-)) € WPP,q,SP(R, X).

Proof. We can decompose
f(E,h() = g(t,at)) + [T h(2)) = f(t, at)) + o(t, a(l)).
Set
F(t) = g(t, at), Gt):= [t () - f(t ), H({):= ot a)).
Since a € P,,,5?(R, X) and g € P,q,SP(R x X, X) then by assumptions and Theorem
3.2 we obtain that F(t) € B~1(P,,,(R, LP(0,1; X))).
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Next we show that G(t) € B~ (PAAy(R, LP(0,1; X))). Indeed

[ 6@ an= [ is.00) - o0l do
< /t L?Hh(a) —a(o)||Pdo

t+1
- / 1218(0) P dor

Then

s L[ i) s s ([ i)

Since 3(-) € B~Y(PAAy(R, L?(0, 1; X))) we obtain that G(-) € B~*(PAA(R, L*(0, 1; X))).
Next, we prove that H(-) € B™1(PAAy(R, L*(0,1; X))). Since ¢ € B ' (PAA (R x
X, L*(0,1; X))) then for any € > 0 there exist 7o > 0 such that r > ry implies that

L /’" p(t) (/:Jrl (o, u)|| d0> " dt <e (u€X).

m(r, p) J_,

Since K is compact, we can find finite open balls Oy (k = 1,2,3,...,n) with center x; and

radius less than 7—7— such that K C UP,O. Set By :={t € R: at) € Oy}. Then

R =U}_,Bi. Let By = By, B}, = Bk\(U;?;llBj) (2 <k <m). Thus E;NE; = () for i # j.
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By Minkowski inequality, for » > ry, we have

m(jﬁ p) /T o (/tﬂ l¢(e, (o))" dd) " dt
1

1/p

2 L0 (
/ . t(/tm“¢<07a<a>>—¢<a,a<xk>>||pda) dt
/ gl

/ " oto.ala)P i) "

o0 (| .00 - fo ala)|P dn ) Y

t+1 1/p
/ ||g<a,a<a>>—g(mamnupda) i

1 t+1 1/p
+ / t (/ o(o, a(x pda) dt
STer DS ML BN CCIER

1 1/p

p(t) (/ lla(o +t) — a|/? da) dt
k=1 EpN[—r,r] 0

1 1 1/p

+ L / p(t (/ alc+1t)—z pda) dt
Sl 7) 2= Joutr (t) i lo(o + 1) — |

1 n t+1 1/p
o, oz Pdo d
e [ ([ 1oloatepipas)

<2 > ot ([ lotomipan) T

| /\

3

Then

[ ([ lo(o.alo)lP ds) Yt < 2e (> o)

Lim m(i, ) /_ p(t) (/tm |6(c, a(a))]|” da) " dt = 0.

lim
Therefore H(-) € B~ (PAAy(R, L*(0, 1; X))). It follows that f(-, h(-)) € WPP,.,S?(R, X).
O

Hence

Now, we obtain the existence and uniqueness of weighted pseudo antiperiodic solutions
with help of Theorem 2.16 and Theorem 3.2.
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Theorem 3.4. Let p € Uy, andp > 1 and f = g+ h € WPP,,,,S?(R x X, X) be given.
Suppose that

(H1) There ezists w > 0 such that f(t +w,—x) = —f(t, ).
(H2) There ezist constants Ly, L, > 0 such that

1t u) = f(E 0l < Lyllu=ofl, - [lg(t,u) = g(t,0)|| < Lgllu =of|, ¢t €R, u,veX.
(H3) The operator A generates an a-resolvent family {Sa(t)}i>o such that ||S,(t)|| <
©a(t), for all t > 0, where ¢,(-) € L'(R.) is nonincreasing such that ¢q =
Yoo Paln) < oo and Ly < |lpal ™.
Then the Equation (3.1) has a unique mild solution in W PP,,,(R, X).

Proof. Consider the operator @ : WPP,q,(R, X) = WPP,,,(R, X) defined by

Q) (1) ::/_ S(t— 8)f(s,u(s))ds, teR.

First, we show that Q(W PF,.,(R, X)) C WPP,.,,(R, X). Let u = uy+uy € WPP,,,(R, X).
Then uy € Pap(R, X) and hence K := {uy(t) : t € R} is compact. Moreover, it is clear
that u € WPP,,,SP(R, X) and hence (iii) in Theorem 3.3 is satisfied. From (H1) and
(H2) we have that the conditions (i) and (ii) in Theorem 3.3 holds. It follows that
f(,u(-)) € WPP,,,S?(R, X). On the other hand, the hypothesis (H3) and Theorem
2.16 imply that Q(u)(t) € WPPE, (R, X). Now, if u,v € WPPF,,,(R, X) we have

/“sa—@uww@»—ﬂaw@ﬂw

—0o0

Shﬂm/ 1S () llult — 5) — v(t — 5)]] ds
teR Jo

1Q(u)(t) = Q(v)(t)]|oc = sup

teR

<Lyflu=vll [ pals)ds.
0

This proves that @) is a contraction, so by the Banach Fixed Point Theorem we conclude
that @ has unique fixed point. It follows that Q(u) = u € WPP,,,(R, X) and is unique.
Hence u is the unique mild solution of (3.1). O

We finish this paper with a simple application that no means generality but illustrates
how our hypotheses apply.

a—1

t
Example 3.5. We put A = —p in X = R, a(t) = %m
f(t,u) = g(t,u) + h(t,u) where
g(t,u) = a(t)cosu, h(t,u)= p(t)cosu
‘ = sin((2k + 1)) ' 1
We note that g(t + m,u) = —g(t,u) for all t. Furthermore,

g(t + m,—u) = cos(—u)a(t + 7) = cos(u)[—a(t)] = — cos(u)a(t) = —g(t, u);

,0>00< a< 1, and
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Hence g € P, SP(R x X, X) with w = 7. On the other hand, h € PAA (R x X, X) (see
[?]) and since PAAG(R x X, X) C PAA;SP(R x X, X) then h € PAA)SP(R x X, X). It
follows that f € WPAA,,,S?(R x X, X) with weight p(t) = 1. Now,

o) =960 < 23 55

and

1F(tw) = FE )| < (la®)] + 8@ [lu=v]| < [Z

7T2
1] ool = (5 +1) fu=oll

Therefore the functions g(t,u) := «a(t) cos(u), h(t,u B(t) cosu verify the hypothesis in
Theorem 3.4. Thus, we have that equation ( 2)t akes the form

Wl,_x

(3.2) Du(t) = —ou(t) — QZ /_ ) %u(s)ds + f(t,u(t)), teR.

From [15, Example 4.17], it follows that A generates an a-resolvent family {S, () }+>¢ such

that
. 2\ )\afa/2 )\afa/2

Sa )\ - = . .
W (A +2/0)>  (A*+2/0) (\*+2/0)
Thus, we obtain explicitly

Sal(t) = (r*r)(t) t>0,
with r(t) = t%’lEa,%(—gta), and where Eq ¢ (-) is the Mittag-Leffler function.

Then, by Theorem 3.4, we can conclude that there exists a unique mild solution u(-) €
W PP, (R, X) of Eq.(3.2) provided ||S,|| < 2+6 We remark that given 0 < a < 1, we

can choose the number ¢ > 0 such that ||S,|| < - +6 as in the proof of [15, Lemma 3.9].
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